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Series Preface

Mathematics is playing an ever more important role in the physical and
biological sciences, provoking a blurring of boundaries between scientific
disciplines and a resurgence of interest in the modern as well as the clas-
sical techniques of applied mathematics. This renewal of interest, both in
research and teaching, has led to the establishment of the series: Texts in
Applied Mathematics (TAM) .

The development of new courses is a natural consequence of a high
level of excitement on the research frontier as newer techniques, such as
numerical and symbolic computer systems, dynamical systems, and chaos,
mix with and reinforce the traditional methods of applied mathematics.
Thus, the purpose of this textbook series is to meet the current and future
needs of these advances and encourage the teaching of new courses.

TAM will publish textbooks suitable for use in advanced undergraduate
and beginning graduate courses, and will complement the Applied Mathe-
matical Sciences (AMS) series, which will focus on advanced textbooks and
research level monographs.



Preface

Consider a first order differential equation of form z’ = f(¢,z). In elemen-
tary courses one frequently gets the impression that such equations can
usually be “solved,” i.e., that explicit formulas for the solutions (in terms
of powers, exponentials, trigonometric functions, and the like) can usually
be found. Nothing could be further from the truth. In fact, only very ex-
ceptional equations can be explicitly integrated—those that appear in the
exercise sections of classical textbooks. For instance, none of the follow-
ing rather innocent differential equations can be solved by the standard
methods:

This inability to explicitly solve a differential equation arises even earlier
—in ordinary integration. Many functions do not have an antiderivative
that can be written in elementary terms, for example:

f@®) = et (for normal probability distribution),
f(t) = (t*+1)'/% (elliptic function),
f(t) = (sint)/t (Fresnel integral).

Of course, ordinary integration is the special case of the differential equa-
tion 2’ = f(t). The fact that we cannot easily integrate these functions,
however, does not mean that the functions above do not have any an-
tiderivatives at all, or that these differential equations do not have solu-
tions.

A proper attitude is the following:

Il

Differential equations define functions, and the object of the
theory is to develop methods for understanding (describing and
computing) these functions.

For instance, long before the exponential function was defined, the dif-
ferential equation =’ = rz was “studied”: it is the equation for the interest
z' on a sum of money z, continuously compounded at a rate r. We have
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records of lending at interest going back to the Babylonians, and the for-
mula that they found for dealing with the problem is the numerical Euler
approximation (that we shall introduce in Chapter 3) to the solution of the
equation (with the step h becoming the compounding period).

Methods for studying a differential equation fall broadly into two classes:
qualitative methods and numerical methods. In a typical problem, both
would be used. Qualitative methods yield a general idea of how all the
solutions behave, enabling one to single out interesting solutions for further
study.

Before computer graphics became available in the 1980’s, we taught qual-
itative methods by handsketching direction fields from isoclines. The huge
advantage now in exploiting the capabilities of personal computers is that
we no longer need to consume huge amounts of time making graphs or
tables by hand. The students can be exposed to ever so many more ex-
amples, easily, and interactive programs such as MacMath provide ample
opportunity and inducement for experimentation any time by student (and
instructor).

The origin of this book, and of the programs (which preceded it) was
the comment made by a student in 1980: “This equation has no solutions.”
The equation in question did indeed have solutions, as an immediate conse-
quence of the existence and uniqueness theorem, which the class had been
studying the previous month. What the student meant was that there were
no solutions that could be written in terms of elementary functions, which
were the only ones he believed in. We decided at that time that it should be
possible to use computers to show students the solutions to a differential
equation and how they behave, by using computer graphics and numeri-
cal methods to produce pictures for qualitative study. This book and the
accompanying programs are the result.

Generally speaking, numerical methods approximate as closely as one
wishes a single solution for a particular initial condition. These methods in-
clude step-by-step methods (Euler and Runge—Kutta, for instance), power
series methods, and perturbation methods (where the given equation is
thought of as a small perturbation of some other equation that is better
understood, and one then tries to understand how the solution of the known
equation is affected by the perturbation).

Qualitative methods, on the other hand, involve graphing the field of
slopes, which enables one to draw approximate solutions following the
slopes, and to study these solutions all at once. These methods may much
more quickly give a rough graph of the behavior of solutions, particularly
the long term behavior as ¢ approaches infinity (which in real-world math-
ematical modeling is usually the most important aspect of a solution). In
addition, qualitative techniques have a surprising capacity for yielding spe-
cific numerical information, such as location of asymptotes and zeroes. Yet
traditional texts have devoted little time to teaching and capitalizing on
these techniques. We shall begin by showing how rough graphs of fields of
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can be used to zero right in on solutions.

In order to accomplish this goal, we must introduce some new terminol-
ogy right at the beginning, in Chapter 1. The descriptive terms “fence,”
“funnel,” and “antifunnel” serve to label simple phenomena that have ex-
ceedingly useful properties not exploited in traditional treatments of dif-
ferential equations. These simple new ideas provide a means of formalizing
the observations made by any person familiar with differential equations,
and they provide enormous payoff throughout this text. They give simple,
direct, noniterative proofs of the important theorems: an example is the
Sturm comparison and oscillation theorem, for which fences and funnels
quickly lead to broad understanding of all of Sturm-Liouville theory. Ac-
tually, although the words like fences and funnels are new, the notions have
long been found under the umbrella of differential inequalities. However,
these notions traditionally appeared without any drawings, and were not
mentioned in elementary texts.

Fences and funnels also yield hard quantitative results. For example,
with the fences of Chapter 1 we can often prove that certain solutions to
a given differential equation have vertical asymptotes, and then calculate,
to as many decimal places as desired, the location of the asymptote for the
solution with a particular initial condition. Later in Part III, we use fences
forming an antifunnel to easily calculate, with considerable accuracy, the
roots of Bessel functions. All of these fruits are readily obtained from the
introduction of just these three well-chosen words.

We solve traditionally and explicitly few types of first order equations—
linear, separable, and exact—in Chapter 2. These are by far the most useful
classical methods, and they will provide all the explicit solutions we desire.

Chapter 4 contains another vital aspect to our approach that is not
provided in popular differential equations texts: a Fundamental Inequality
(expanding on the version given by Jean Dieudonné in Calcul Infinitésimal;
see the References). This Fundamental Inequality gives, by a constructive
proof, existence and uniqueness of solutions and provides error estimates.
It solidly grounds the numerical methods introduced in Chapter 3, where
a fresh and practical approach is given to error estimation.

Part I closes with Chapter 5 on iteration, usually considered as an en-
tirely different discipline from differential equations. However, as another
type of dynamical system, the subject of iteration sheds direct light on
how stepsize determines intervals of stability for approximate solutions to
a differential equation, and to gain understanding (through Poincaré map-
ping) of solutions to periodic differential equations, especially with respect
to bifurcation behavior.

In subsequent volumes, Parts II, III and IV, as we add levels of com-
plexity, we provide simplicity and continuity by cycling the same concepts
introduced in Part I. Part II begins with Chapter 6, where we extend
z' = f(t,z) to the multivariate vector version x’ = f(¢,x). This is also the
form to which a higher order differential equation in a single variable can



X Preface

be reduced. Chapter 7 introduces linear differential equations of the form
x' = Ax, where eigenvalues and eigenvectors accomplish transformation
of the vector equation into a set of decoupled single variable first order
equations. Chapters 8 and 9 deal with nonlinear differential equations and
bifurcation behavior.

In Part III, Chapters 10 and 11 discuss applications to electrical circuits
and mechanics respectively. Chapter 12 deals with linear differential equa-
tions with nonconstant coefficients, x' = A(t)x+q(t), and includes Sturm—
Liouville theory and the theory of ordinary singular points. Finally, Part
IIT again fills out the dynamical systems picture, and closes with Chapter
13 on iteration in two dimensions.

In Part IV, partial differential equations and Fourier series are introduced
as an infinite-dimensional extension of the same eigenvalue and eigenvector
concept that suffuses Part II. The remaining chapters of the text continue
to apply the same few concepts to all the famous differential equations
and to many applications, yielding over and over again hard quantitative
results. For example, such a calculation instantly yields, to one part in a
thousand, the location of the seventh zero of the Bessel function Jp; the

argument is based simply on the original concepts of fence, funnel, and
antifunnel.

Ithaca, New York John H. Hubbard
February, 1997 Beverly H. West
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Introduction

Differential equations are the main tool with which scientists make math-
ematical models of real systems. As such they have a central role in con-
necting the power of mathematics with a description of the world.

In this introduction we will give examples of such models and some of
their consequences, highlighting the unfortunate fact that even if you can
reduce the description of a real system to the mathematical study of a dif-
ferential equation, you may still encounter major roadblocks. Sometimes
the mathematical difficulties involved in the study of the differential equa-
tion are immense.

Traditionally, the field of Differential Equations has been divided into
the linear and the nonlinear theory. This is a bit like classifying people into
friends and strangers. The friends (linear equations), although occasionally
quirky, are essentially understandable. If you can reduce the description of
a real system to a linear equation, you can expect success in analyzing it,
even though it may be quite a lot of work.

The strangers (nonlinear equations) are quite a different problem. They
are strange and mysterious, and there is no reliable technique for dealing
with them. In some sense, each one is a world in itself, and the work of
generations of mathematicians may give only very partial insight into its
behavior. In a sense which is only beginning to be really understood, it is
unreasonable to expect to understand most nonlinear differential equations
completely.

One way to see this is to consider a computer; it is nothing but a sys-
tem of electrical circuits, and the time evolution of an electrical circuit is
described by a differential equation. Every time a program is entered, it
is like giving the system a set of initial conditions. The time evolution of
a computer while it is running a program is a particular solution to that
differential equation with those initial conditions. Of course, it would be
an enormously complicated differential equation, with perhaps millions of
voltages and currents as unknown functions of time. Still, understanding
its evolution as a function of the initial conditions is like understanding
all possible computer programs; surely an unreasonable task. In fact, it is
known (a deep theorem in logic) that there is no algorithm for determin-
ing whether a given computer program terminates. As such the evolution
of this differential equation is “unknowable,” and probably most differ-
ential equations are essentially just as complicated. Of course, this doesn’t
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mean that there isn’t anything to say; after all, there is a discipline called
computer science.

Consequently, most texts on differential equations concentrate on linear
equations, even though the most interesting ones are nonlinear. There are,
after all, far more strangers than friends. But it is mostly one’s friends that
end up in a photograph album.

There is an old joke, which may not be a great joke but is a deep metaphor
for mathematics:

A man walking at night finds another on his hands and knees,
searching for something under a streetlight. “What are you
looking for?”, the first man asks; “I lost a quarter,” the other
replies. The first man gets down on his hands and knees to help,
and after a long while asks “Are you sure you lost it here?”.
“No,” replies the second man, “I lost it down the street. But
this is where the light is.”

In keeping with this philosophy, this text, after Chapter 1, will also deal
in large part with linear equations. The reader, however, should realize that
the really puzzling equations have largely been omitted, because we do not
know what to say about them. But, you will see in Chapter 1 that with
the computer programs provided it is now possible to see solutions to any
differential equation that you can enter in the form z’ = f(t, z), and so you
can begin to work with them.

For now we proceed to some examples.

1. THE FRIENDLY WORLD
Example 0.1. Our model differential equation is
' = azx. (1)

You can also write this
dz/dt = ax(t),

and you should think of z(t) as a function of time describing some quantity
whose rate of change is proportional to itself. As such, the solutions of this
differential equation (1) describe a large variety of systems, for instance

(a) The value of a bank account earning interest at a rate of o percent;
(b) The size of some unfettered population with birth rate o;

(c) The mass of some decaying radioactive substance with rate of change
a per unit mass. (In this case « is negative.)
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As you probably recall from elementary calculus, and in any case as you

can check, the function
z(t) = moet—t0) (2)

satisfies this differential equation, with value zo at to. Thus we say the
equation has been solved, and almost any information you want can be read
off from the solution (2). You can predict how much your bank account will
be worth in 20 years, if the equation were describing compound interest.
Or, if the equation were describing radioactive decay of carbon 14 in some
ancient artifact, you may solve for the time when the concentration was
equal to the concentration in the astmosphere. A

Example 0.1 gives an exaggeratedly simple idea of linear equations. Most
differential equations are more complicated. The interest rate of a bank
account, or the birth rate of a population, might vary over time, leading to
an equation like

z' = a(t)z. (3)

Other linear differential equations involve higher order derivatives, like
az” 4+ bz’ +cx =0, (4)

which describes the motion of harmonic oscillators (damped, if b # 0),
and also of RLC circuits. It has also been used to model the influence of
government spending on the economy, and a host of other things.

The study of equation (4) is quite a bit more elaborate than the study of
equation (1), but it still is essentially similar; we will go into it at length in
Chapter 7. Again this is a success story; the model describes how to tune
radios and how to build bridges, and is of constant use.

These differential equations (1), (3), and (4) are called linear differential
equations, where each term is at worst the product of a derivative of z and
a function of ¢, and the differential equation is a finite sum of such terms.
That is, a linear differential equation is of the form

an(t)2™ + a1 )z + -+ ag(t)z” + 01 (t)2 + ao(t)r = q(t), (5)

where z(") means the n* derivative d"z/dt".

The friendly world of linear differential equations is very accessible and
has borne much fruit. In view of our next example, it may be interest-
ing to note that the very first mathematical texts we have are Babylonian
cuneiform tablets from 3000 B.C. giving the value of deposits lent at com-
pound interest; these values are precisely those that we would compute
by Euler’s method (to be described in Chapter 3) as approzimations to
solutions of =’ = az, the simplest linear equation (1).
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2. THE STRANGE WORLD

It is easy to pinpoint the birth of differential equations: they first appeared
explicitly (although disguised in geometric language) in 1687 with Sir Isaac
Newton’s book Philosophiae Naturalis Principia Mathematica (Mathemat-
ical Principles of Natural Philosophy). Newton is usually credited with
inventing calculus, but we think that accomplishment, great as it is, pales
by comparison with his discovering that we should focus on the forces to
which a system responds in order to describe the laws of nature.
In Principia, Newton introduced the following two laws:

(a) A body subject to a force has an acceleration in the same direction as
the force, which is proportional to the force and inversely proportional
to the mass.

(F = ma).

(b) Two bodies attract with a force aligned along the line between them,
which is proportional to the product of their masses and inversely
proportional to the square of the distance separating them.

(The Universal Law of Gravitation)

and worked out some of their consequences.
These laws combine as follows to form a differential equation, an equation
for the position of a body in terms of its derivatives:

Example 0.2. Newton’s Equation. Suppose we have a system of two
bodies with masses m; and mo which are free to move under the influence
of the gravitational forces they exert on each other. At time ¢ their positions

can be denoted by vectors with respect to the origin, x; (¢) and x3(t) (Figure
0.1).

dotted line shows direction
m, of force between two bodies

X (1)

(o]

FIGURE 0.1. Representation of two bodies moving in gravitational force field.

The acceleration of the bodies’ motions are therefore the second deriva-
tives, x7(t) and x5(t) respectively, of the positions with respect to time.
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Combining Newton’s Laws (a) and (b) gives the force on the first body as

mix!(t) =G ime 27X , 6
MO=Co 5P el (6)
N ——

this ratio gives the
unit vector from the
first body to the second

and the force on the second body as

mimso X1 — Xg
mox?(t) =G . 7
W =C—0F Tl ™)
e

this ratio gives the
unit vector from the
second body to the first

The gravitational constant G of proportionality is universal, i.e., inde-
pendent of the bodies, or their positions.

Equations (6) and (7) form a system of differential equations. To be sure,
a system is more complicated than a single differential equation, but we
shall work up to it gradually in Chapters 1-5, and we can still at this point
discuss several aspects of the system.

Most notably, this system of differential equations is nonlinear; the equa-
tions cannot be written in the form of equation (5), because the denomi-
nators are also functions of the variables x;(¢) and x»(t).

As soon as more than two bodies are involved, equations (6) and (7) are
simply extended, as decribed by

X; .
G’E m,m]” -—xz||3’ fori=1,...,n, (8)
J#i

to a larger nonlinear system which is today in no sense solved, even though
it was historically the first differential equation ever considered as such.
Regard as evidence the surprise of astronomers at finding the braided rings
of Saturn. These braided rings are a solution of Newton’s equation which
no one imagined until it was observed, and no one knows whether this sort
of solution is common or exceptional; in fact no one even knows whether
planets usually have rings or not.

Nevertheless, Newton’s equation (8) is of great practical importance; for
instance, essentially nothing else is involved in the guidance of satellites and
other space missions. Newton was able, in the case where there are precisely
two bodies, to derive Kepler’s laws describing the orbit of each planet
around the sun. This derivation can be found in Chapter 6 (Volume II). Its
success really launched Newton’s approach and completely revolutionized
scientists’ ways of thinking.

It is instructive to consider what Newton’s approach replaced: the Greek
and Babylonian theory of epicycles, which received its final form in the
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Almagest of Ptolemy (2nd century AD). The ancient astronomers had at-
tempted to describe the apparent motion of the planets on the heavenly
sphere, and had found that epicycles, a kind of compound circular motion,
were a good tool. Imagine a point moving on a circle, itself the center of a
circle on which a point is turning, and so on some number of times. Each of

these points is moving on a (more and more complex) epicycle, as indicated
in Figure 0.2.

FIGURE 0.2. Epicycles.

It would be quite wrong to ridicule this earlier theory of epicycles; it
provides quite good approximations to the observed motions (in fact as
good as you wish, if you push the orders of the epicycles far enough).
Moreover, if you consider that the sun moves around the earth very nearly
on a circle (the right point of view to describe the apparent motions as seen
from the earth), and then that the planets turn around the sun also very
nearly on circles, epicycles seem a very natural description. Of course, there
is the bothersome eccentricity of the ellipses, but in fact an ellipse close to
a circle can be quite well approximated by adding one small epicycle, and
if you require a better precision, you can always add another. Still, the
epicycle theory is involved and complicated; but then again the motions of
the planets really are complicated. In fact, there is no simple description
of the motions of the planets. A

The main point of Newton’s work was the realization that
the forces are simpler than the motions.

There is no more forceful motivation for the theory of differential equations
than this. Historically, Newton’s spectacular success in describing mechan-
ics by differential equations was a model for what science should be; in fact
Newton’s approach became the standard against which all other scientific
theories were measured. And the modus operandi laid out by Newton is
still largely respected: all basic physical laws are stated as differential equa-
tions, whether it be Maxwell’s equations for electrodynamics, Schrodinger’s
equation for quantum mechanics, or Einstein’s equation for general relativ-
ity.
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The philosophy of forces being simpler than motions is very general,
and when you wish to make a model of almost any real system, you will
want to describe the forces, and derive the motions from them rather than
describing the motions directly. We will give an example from ecology, but
it could as well come from economics or chemistry.

Example 0.3. Sharks and sardines. Suppose we have two species, one of
which preys on the other. We will try to write down a system of equations
which reflect the assumptions that

(a) The prey population is controlled only by the predators, and in the
absence of predators would increase exponentially.

(b) The predator population is entirely dependent on the prey, and in its
absence would decrease exponentially.

Again we shall put this in a more mathematical form. Let z(t) represent
the size of the prey population as a function of time, and y(t) the size of
the predator population. Then in the absence of interaction between the
predators and the prey, the assumptions (a) and (b) could be coded by

z'(t) = az(t)
y'(t) = —by(t),

with a and b positive constants. If the predators and prey interact in the
expected way, meetings between them are favorable to the predators and
deleterious to the prey. The product z(t)y(t) measures the number of meet-
ings of predator and prey (e.g., if the prey were twice as numerous, you
could expect twice as many meetings; likewise if the predators were twice
as numerous, you could also expect twice as many meetings). So with ¢ and
f also positive constants, the system with interaction can be written

z'(t) = az(t) — cx(t)y(t) ©)
y'(t) = —by(t) + fz(t)y().

If you have specific values for a, b, ¢, and f, and if at any time ¢y you
can count the populations z(¢9) and y(ty), then the equations (9) describe
exactly how the populations are changing at that instant; you will know
whether each population is rising or falling, and how steeply.

This model (much simpler to study than Newton’s equation, as you shall
see in Chapter 6) was proposed by Vito Volterra in the mid-1920’s to
explain why the percentage of sharks in the Mediterranean Sea increased
when fishing was cut back during the first World War, and is analyzed in
some detail in Section 6.3. The modeling process is also discussed there and
in Section 2.5. A

The equations (9) form another nonlinear system, because of the prod-
ucts z(t)y(¢). It will be much easier to extract information about the solu-
tions than to find them explicitly.
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Basically, what all these examples describe is how a system will be pulled
and pushed in terms of where it is, as opposed to stating explicitly the state
of the system as a function of time, and that is what every differential
equation does. To imagine yourself subject to a differential equation: start
somewhere. There you are tugged in some direction, so you move that way.
Of course, as you move, the tugging forces change, pulling you in a new
direction; for your motion to solve the differential equation you must keep
drifting with and responding to the ambient forces.

The paragraph above gives the idea of a solution of a differential equa-
tion; it is the path of motion under those ambient forces. Finding such
solutions is an important service mathematicians can perform for other
scientists. But there are major difficulties in the way. Almost exactly a
century ago, the French mathematician Poincaré showed that solving dif-
ferential equations in the elementary sense of finding formulas for integrals,
or in the more elaborate sense of finding constants of motion, is sometimes
impossible. The King of Sweden had offered a prize for “solving” the 3-
body problem, but Poincaré won the prize by showing that it could not be
done. More recently, largely as a result of experimentation with computers,
mathematicians have grown conscious that even simple forces can create
motions that are extremely complex.

As a result, mathematicians studying differential equations have split in
two groups. One class, the numerical analysts, tries to find good algorithms
to approximate solutions of differential equations, usually using a computer.
This is particularly useful in the “short” run, not too far from the starting
point. The other class of mathematicians practice the qualitative theory,
trying to describe “in qualitative terms” the evolution of solutions in the
“long” run, as well as in the short run.

In this book, we have tried constantly to remember that explicit solutions
are usually impossible, and that techniques which work without them are
essential. We have tried to ally the quantitative and the qualitative theory,
mainly by using computer graphics, which allow you to grasp the behavior
of many solutions of a differential equation at once. That is, although the
computer programs are purely quantitative methods, the graphics make
possible qualitative study as well.

We advise the reader, without further waiting, to go to the computer and
to run the program Planets. Many facts concerning differential equations
and the difficulties in finding solutions are illustrated by this program,
including some phenomena that are almost impossible to explain in text.

The Planets program does nothing but solve Newton’s equations of mo-
tion for whatever initial conditions you provide, for up to ten bodies. Try
it first with the predefined initial conditions KEPLER, to see the elliptic or-
bits which we expect. There are within the program a few other predefined
initial conditions which have been carefully chosen to provide systems with
some degree of stability.
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Qualitative Methods

A differential equation is an equation involving derivatives, and the order
of a differential equation is the highest order of derivative that appears in
it. We shall devote this first volume of our study of differential equations
to the simplest, the first order equation

)
where f(t,z) is a continuous function of ¢ and z. We shall consistently
throughout this text use ¢ as the independent variable and z as a dependent
variable, a scheme which easily generalizes to higher dimensional systems.
As you shall see in Volume II, higher order equations such as z” =
f(t,z,z') can be expressed as a system of first order equations, so this
beginning indeed underlies the whole subject.
A solution of a differential equation is a differentiable function that sat-
isfies the differential equation. That is, for 2’ = f (¢, ),

u=u(t) isa solution if u'(t) = f(¢,u(t)).

We shall behave as if differential equations have solutions and discuss them
freely; in Chapter 4 we shall set this belief on a firm foundation.
At a point (t,u(t)) on a solution curve, the slope is f(t,u(t)). The core

of the qualitative methods for studying differential equations is the “slope
field” or “direction field.”

1.1 Field of Slopes and Sketching of Solutions

A direction field or slope field for a differential equation =’ = f(t,z) is the
direction or slope at every point of the ¢, z-plane (or a portion of the plane).
We shall demonstrate several ways to sketch the slope field by making a
selection of points and marking each with a short line segment of slope
calculated by f(t,z) for that point.

1. Grid method. For the differential equation =’ = f(t,z) we first think
(roughly) of a rectangular grid of points (¢,z) over the entire t,z-plane,
and then determine (roughly) the slope of the solutions through each.

Example 1.1.1. Consider ' = —tz.
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You can sketch the slope field for the solutions to this particular differ-
ential equation with a few simple observations, such as

(i)

(i)

(iii)

(iv)

Ift =0 or ifx = 0, then f(t,z) = 0. So the slope of a solution through
any point on either axis is zero, and the direction lines (for solutions
of the differential equation) along both axes are all horizontal.

The direction lines (and therefore the solution curves) are symmetric
about the origin and about both axes, because the function f(t,z)
is antisymmetric about both axes (that is, f changes sign as either
variable changes sign). Therefore, considering the first quadrant in
detail gives all the information for the others.

For fixed positive ¢, the slopes (negative) get steeper as positive z
increases.

For fixed positive x, the slopes (negative) get steeper as positive ¢
increases.

The resulting field of slopes is shown in Figure 1.1.1, with one solution
to the differential equation drawn, following the slopes. A

\
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FIGURE 1.1.1. ' = —tz. Hand sketch of slope field.
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Every solution to the differential equation must follow the direction field,
running tangent to every little slope mark that it grazes. (Drawing solutions
by hand may take some practice, as you will try in the exercises; a computer
does it very well.)

Any point in the plane corresponds to an initial condition (to, o) through
which you can draw a solution passing through z( at time ¢o.

We shall show in Chapter 2 that the particular equation 2’ = —tz of
Example 1.1.1 can be solved analytically by separation of variables, yielding
solutions of the form z = $06_t2/ 2. The solutions that can be drawn in
the slope field (Figures 1.1.1, 1.1.3, and 1.1.4) are indeed the graphs of
equations of this form, with a different solution for each value of zo. We
call this a family of solutions.

In Chapter 4 we shall discuss requirements for existence and uniqueness
of solutions. For now we shall simply say that graphically the interpreta-
tions of these concepts are as follows:

Ezistence of solutions means that you can draw and see them on the
direction field.

Uniqueness means that only one solution can be drawn through any
given point or set of initial conditions. Uniqueness holds for the
vast majority of points in our examples. An important implication
of uniqueness is that solutions will not meet or cross.

In Example 1.1.1 the family consists entirely of unique solutions; all

except z = 0 approach the t-axis asymptotically, never actually meeting or
crossing.

isocline for isocline for
slope= 1 slope=0

solutions to

differential

equation x' =1 (t,x),
following slopes = f (t,x)

FIGURE 1.1.2. Isoclines.
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2. Isocline method. Another way (often faster for hand calculation, and
more quickly enlightening) to construct a slope field for a differential equa-
tion is to find isoclines, which are curves on which the solutions to the
differential equation have given slope. Set the slope f(t, ) = c; usually for
each c this equation describes a curve, the isocline, which you might draw
in a different color to avoid confusing with solutions. Through any point
on the isocline, a solution to the differential equation crosses the isocline
with slope ¢, as shown in Figure 1.1.2. Note that the isocline is simply a
locus of “equal inclination”; it is not (with rare exceptions) a solution to
the differential equation.

Example 1.1.2. Consider again the equation of Example 1.1.1, ' = —tz.
The isoclines are found by setting —tx = ¢, so they are in fact the
coordinate axes (for ¢ = 0) and a family of hyperbolas (for ¢ # 0). Along

each hyperbola we draw direction lines of the appropriate slope, as in Figure
1.1.3. A

~one possible
solution

FIGURE 1.1.3. ' = —tz. Slope marks on isoclines.
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The important thing to realize is that Figure 1.1.3 represents the same
direction field as Figure 1.1.1, but we have chosen a different selection of
points at which to mark the slopes.

3. Computer calculation. A slope field can also be illustrated by com-
puter calculation of f(¢,z) for each (¢,z) pair in a predetermined grid.
Figure 1.1.4 shows the result of such a calculation, for the same equation
as Examples 1.1.1 and 1.1.2, with many solutions drawn on the slope field.
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FIGURE 1.1.4. ' = —tz. Slope marks on a grid.

The computer program DiffEq will draw the slope field for any equation
of the form z’ = f(¢,z) that you enter. Then by positioning the cursor at
any point in the window, you are determining an initial condition, from
which the computer will draw a solution. (The computer actually draws an
approzimate solution, to be discussed at length in Chapter 3.)

Different programs on different computers may represent the slope field
in different ways. The Macintosh version of DiffEq makes the familiar little
slope marks as shown in Figure 1.1.4. The IBM program for DiffEq uses
color instead of slope marks to code for direction. Different colors mark
regions of different slope ranges; consequently the boundaries between the
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colors represent isoclines. Figure 1.1.5 gives a sample for the same differ-
ential equation as Figure 1.1.4.

FIGURE 1.1.5. ' = —tz. Color-coded slopes.

This color-coding method takes a little getting used to, but that comes
rather quickly; it has some real advantages when dealing with systems of
differential equations, which we begin to discuss in Chapter 6.

In summary, a direction field is usually drawn either over a grid or by
isoclines. We shall tend to use the former with the computer and the latter
for hand drawings, but as you shall see in later examples, you will need
both. To analyze a direction field you will often need to sketch by hand at
least a part of it.

At this point, some different examples are in order.

Example 1.1.3. Consider =’ = 2t — z.

First we can find the isoclines by setting 2¢t — z = c¢. Hence the isoclines
are straight lines of the form x = 2t — ¢, and the slope field looks like the
top half of Figure 1.1.6. Solutions can be drawn in this field, as shown in
the bottom half of Figure 1.1.6.
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A X
slope = 2
lope = 1
lope =0
lope = - 1
lope = -2

n

>

FIGURE 1.1.7. 2/ = z% — t.
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The solutions are of the algebraic form z = ke~*+2¢—2. You can confirm
that these are solutions by substituting this function into the differential
equation. You can also see that £ = 2t — 2 is an asymptote for all the
solutions where k # 0. Furthermore, this line itself is a solution (for k = 0),
one of those rare cases where an isocline is also a solution. A

Example 1.1.4. Consider 2’ = 2% — .

The isoclines are of the form x? —t = ¢, so they are all parabolas. The
direction field is shown at the top of Figure 1.1.7, and solutions are drawn
upon it at the bottom. Some solutions fly up, some fall down; exactly one
exceptional solution does neither and separates the other two behaviors.
Details of these phenomena will be explored later in Section 1.5. A

The differential equation of Example 1.1.4 and Figure 1.1.7 is of particu-
lar interest because although it looks utterly simple, there are no formulas
in terms of elementary functions, or even in terms of integrals of elementary
functions, for the solutions. A proof of this surprising fact is certainly not
easy, and involves a branch of higher mathematics called Galois theory;
we do not provide further details at this level. But what it means is that
solving the equation z’ = z? —t cannot be reduced to computing integrals.
As you can clearly see, this does not mean that the solutions themselves
do not exist, only that formulas do not exist.

An important strength of the qualitative method of sketching
solutions on direction fields is that it lets us see these solutions

for which there are no formulas, and therefore let us ezamine
their behavior.

We shall demonstrate in the remainder of this chapter how to use rough
graphs of fields of slopes to find more specific information about the so-
lutions. We shall first present definitions and theory, then we shall give
examples showing the power of these extended techniques.

1.2 Qualitative Description of Solutions

We can now draw slope fields and solutions upon them, as in Figures 1.2.1.
We need a language with which to discuss these pictures. How can we
describe them, classify them, distinguish among them?

1. Funnels and antifunnels. Usually the main question to ask is “what
happens as t — oo?” In the best circumstances, solutions will come in
classes, all tending to infinity in the same way, perhaps asymptotically to
a curve which can be explicitly given by an equation. This happens in
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the lower halves of each picture in Figure 1.2.1. The solutions that come

together behave as if they were in a funnel, as shown in Figure 1.2.2.
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FIGURE 1.2.1.

Classes of solutions which behave in the same way are often separated by
solutions with exceptional behavior. The solution z(¢) = 0 to the equation

T =

2z — 2 (see Figure 1.2.3) is such an exceptional solution, separating

the solutions which tend to 2 as t — oo from those which tend to —oo. Such
solutions often lie in antifunnels, parts of the plane in which solutions fly
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away from exceptional solutions. An antifunnel is just a backwards funnel,

but to avoid confusion we adopt the convention of always thinking from left
to right along the t-axis. Since in many practical applications ¢ represents

time, this means thinking of going forward in time. Figure 1.2.3 shows a

funnel on the upper part,

an antifunnel on the lower part. Other good

antifunnels occur in Figure 1.2.1 (the upper half of each picture).
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FIGURE 1.2.2. Funnel (of solutions in the t,z-plane).

S==———————— du/dt=(2.00*K)-(x*R)

FIGURE 1.2.3. Funnel (in upper part); Antifunnel (in lower part).
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Funnels and antifunnels are related to the stability of individual solu-
tions. If the initial condition (the starting point for drawing a solution) is
slightly perturbed in the z-direction, what happens? If a solution is sta-
ble, the perturbed solution is very similar to the original solution, as in a
funnel. If a solution is unstable, perturbed solutions may fly off in different
directions, as in an antifunnel.

2. Vertical asymptotes. The question “what happens as ¢ — 00?” is not
always the right question to ask about a solution. For one thing, solutions
may not always be defined for all large ¢. They may “blow up” in finite
time, i.e., have a vertical asymptote.

Example 1.2.1. Consider the differential equation z’ = 2, shown in Fig-
ure 1.2.1a. It is easy to show that the “functions” z = 1/(C — t) are solu-
tions. But this “function” isn’t defined at ¢ = C; it tends to oo at t = C,
and it makes no obvious sense to speak of a solution “going through oo.”
Thus one should think of the formula as representing two functions, one
defined for —oo < t < C, and the other for ¢ > C. The first of these is not
defined for all time, but has a vertical asymptote at t =C. A

We will see many examples of this behavior, and will learn how to locate
such vertical asymptotes in Section 1.6. All the equations represented in
Figure 1.2.1 have some solutions admitting vertical asymptotes.

3. Undefined differential equations. Another possibility why it may be
inappropriate to ask “what happens as t — o00?” is that a solution may
land somewhere where the differential equation is not defined. Anytime
a differential equation =’ = f(¢,z) has f given by a fraction where the
denominator sometimes vanishes, you can expect this sort of thing to occur.

Example 1.2.2. Consider the differential equation =’ = —t/z.

For every R > 0, the two functions z(t) = £+ R? —t? are solutions,
defined for —R < t < R, and representing an upper or lower half circle
depending on the sign. These solutions just end on the t-axis, where z=0
and the equation is not defined. See Figure 1.2.4. A
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FIGURE 1.24. 7’ = —t/x.

Students often think that worrying about domains of definition of func-
tions is just mathematicians splitting hairs; this is not so. Consider the
equations of motion under gravity (equation (8) of the Introduction). The
right-hand side is a fraction, and the equations are not defined if x; = x;; of
course, this corresponds to collision. More generally, the differential equa-
tion describing a system will usually be undefined when the system under-
goes some sort of catastrophe.

In order to describe quite precisely these various pictorial behaviors, we
begin in the next section to formalize these notions.

1.3 Fences

Consider the standard first-order differential equation,

7' = f(t,x).

On some interval I (an open or closed interval from ty to t;, where
t; might be oo, to might be —oo), we shall formally define funnels and
antifunnels in terms of fences.

For a given differential equation =’ = f(¢,z) with solutions = = u(t),
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a “fence” is some other function x = a(t) that channels the
solutions u(t) in the direction of the slope field.

Definition 1.3.1 (Lower fence). For the differential equation ' = f(t, z),
we call a continuous and continuously differentiable function a(t) a lower
fence if o/ (t) < f(t,a(t)) for all t € L.

In other words, for a lower fence a(t), the slopes of the solutions to the
differential equation cannot be less than the slope of a(t) at the points of
intersection between a(t) and the solutions, as shown in Figure 1.3.1. The

fences are dotted, and the slope marks are for solutions to the differential
equation z’ = f(t,x).

f(t, o) AN

// ki
a(t)///////

FIGURE 1.3.1. Lower fences o/ (t) < f(t, a(t)).
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FIGURE 1.3.2. Upper fences f(t, 5(t)) < 8'(¢).
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Definition 1.3.2 (Upper fence). For the differential equation z/ =
f(t,x), we call a continuous and continuously differentiable function 3(t)
an upper fence if f(t,5(t)) < B'(t) for all t € 1.

An intuitive idea is that a lower fence pushes solutions up, an upper fence
pushes solutions down.

Example 1.3.3. Consider z’ = z2 — t as in Example 1.1.4. For the entire
direction field for this differential equation, refer to Figures 1.1.7 and 1.2.1b;
in our examples (Figure 1.3.3a,b,c) we shall just draw the relevant pieces.
A
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FIGURE 1.3.3a. The line z = —0.8 is a lower fence to the left of the point P on
the isocline of zero slope and an upper fence to the right.
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FIGURE 1.3.3b. The isocline 22 — t = 0 is an upper fence above the t-axis and

a lower fence below.
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FIGURE 1.3.3c. The isocline z2 — t = 1 is comprised of three fences, divided at
t = —1 (where the isocline has infinite slope) and at t = —3 (where the isocline

has slope = 1).
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A fence can be strong, when the inequalities are strict:

o (t) < f(t,a(t)) or f(t A1) <B'(),

or weak, when for some values of ¢ equality is realized, so that the best
statements you can make are

o (t) < f(t,at) or f(t,B(2) < B'(t)

Fences can also be porous or nonporous, depending on whether or not
solutions can sneak through them:

Definition 1.3.4. For a differential equation ' = f(t,z) with solution
z = u(t),

a lower fence af(t) is nonporous if whenever a(t) < u(t), then a(t) <
u(t) for all t > to in I where u(t) is defined;

an upper fence (3(t) is nonporous if whenever u(t) < 3(t), then u(t) <
B(t) for all t > to in I where u(t) is defined.

The reason for the fence terminology is the following result of the above
definitions: if the fence is nonporous, a solution that gets to the far side of a
fence will stay on that side. That is, a solution that gets above a nonporous
lower fence will stay above it, and a solution that gets below a nonporous
upper fence will stay below. A nonporous fence is like a semipermeable
membrane in chemistry or biology: a solution to the differential equation
may cross it in only one above-below direction from left to right, never in
the opposite direction.

Under reasonable circumstances, all fences will turn out to be nonporous.
This statement is rather hard to prove, but we shall do so in Chapter 4,
where exceptions will also be discussed. Meanwhile, with a strong fence we
can get almost for free the following theorem:

Theorem 1.3.5 (Fence Theorem for strong fences). A strong fence
for the differential equation 2’ = f(t,z) is nonporous.

Proof. We shall prove the theorem for a lower fence.

The hypothesis a(to) < u(to) means that at to, the solution u(t) of the
differential equation is at or above the fence a(t). The fact that a(t) is a
strong lower fence means that o/(t) < f(t, a(t)).

The conclusion, a(t) < u(t) for all ¢ > ty, means that u(t) stays above
a(t).

i) Suppose first that a(to) < u(tp). Then suppose the opposite of the
conclusion, that for some t > ¢, a(t) > u(t). Let ¢; be the first t > tg such
that a(t) = u(t), as in Figure 1.3.4. At ¢,

u'(t1) = ftr,u(tr)) = f(t1,a(t1)) > o/ (t1),
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FIGURE 1.3.4.

by definition of lower fence. If u'(¢1) > o/(t1), then u(t) — a(t) is increasing
at t;. However this contradicts the fact that u(t) — a(t) is positive to the
left of ¢; but supposed to be zero at t;.

ii) If a(to) = u(to) and

u'(to) = f(to,u(to)) = f(to, a(to)) > o (to),

then u(t) — a(t) is increasing at to. Therefore the solution first moves above
the fence for t > tg, and after that the first case will apply.
The case for an upper fence is proved analogously. m]

a(t)

\ u(t)

A

N

\Il\
|
| P) =
AR e
|
— d
to t4

FIGURE 1.3.5.
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Note how part i) of the proof of Theorem 1.3.5 requires a strong fence.
We would not have reached the contradiction if &' (¢1) = v'(t1). Figure 1.3.5
shows how a solution might “sneak through” a weak fence. In Chapter 4
we shall show how to close this hole (in the fence and in the argument!).

As you shall soon see, we shall often need to construct fences out of pieces,
so a more inclusive definition requires «(t) and ((t) to be continuous and
piecewise differentiable.

A piecewise differentiable function is composed of pieces on
which the function is continuous and continuously differentiable
except at finitely many points, and at those points left-hand and
right-hand derivatives exist though they differ; examples are
shown in Figure 1.3.6. (See Exercises 1.2-1.4#6 for discussion
of continuous functions that are not piecewise differentiable.)

W

FIGURE 1.3.6. Piecewise differentiable functions.

If a(t) or B(t) are piecewise differentiable, the fence defi-
nitions also require that the inequalities hold for both the left-
hand and right-hand derivatives at the points joining the pieces.

You may well ask what happens to the proof of Theorem
1.3.5 at discontinuities in the derivative of either fence, but the
answer is that our argument is a perfectly good one-sided one
in each case, left-hand for i) and right-hand for ii), so angles in
the graph of the fence will not matter.

Example 1.3.6. Consider again =’ = 2% — t.

A lower fence across the whole plane can be constructed from the half-
line £ = —1 and the lower portion of the parabola shown in part b) of
Example 1.3.3. This is done in Figure 1.3.7. A
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FIGURE 1.3.7.

But what makes a fence “interesting”? What is the qualitative use of
fences? In Section 1.4 we shall discuss why we want fences, so you will
know where to look for them. Then we shall return in Section 1.5 to details
of how in practice you find fences.

1.4 Funnels and Antifunnels

Fences are especially valuable when there is one of each kind, close together
(as often happens with isoclines for a slope field), stretching from some to to
infinity. These determine funnels and antifunnels, and the formal definitions
provide some extremely useful theorems.

We will want nonporous fences. Recall that the Fence Theorem 1.3.5
assures us that strong fences are nonporous; weak fences may not be. We
shall see in Chapter 4 that an additional condition will assure nonporosity
for a weak fence. For now we shall not worry about it further; you can rest
assured that all the weak fences in the examples and exercises of Chapter
1 will turn out to be nonporous. We shall proceed to show what nonporous
fences can do.

Definition 1.4.1 (Funnel). If for the differential equation z’ = f(t,z),
over some t-inverval I, a(t) is a nonporous lower fence and 3(t) a nonporous
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upper fence, and if a(t) < B(t), then the set of points (¢, z) for ¢t € I with
a(t) <z < B(t) is called a funnel.

= B (t) = upper fence

. a (t) = lower fence

FIGURE 1.4.1. Funnel.

Once a solution enters a funnel, it stays there. This is the message of
Theorem 1.4.2, which is especially significant if the funnel narrows as t —
00.

Theorem 1.4.2 (Funnel Theorem). If a(t) and B(t) determine a funnel
for t € I, and if u(t) is a solution to ' = f(t,x) with u(t*) in the funnel
for some t* € I, then u(t) is in the funnel for all t > t* in I for which u(t)
is defined.

Proof. The theorem is an immediate consequence of Definition 1.4.1 and
the proof of the Fence Theorem 1.3.5, since a nonporous upper fence pre-
vents the solution from escaping from the top of the funnel, and a nonporous
lower fence prevents escape at the bottom. a

Definition 1.4.3 (Antifunnel). If for the differential equation 2’ = f(t, z),
over some t-interval I, o(t) is a nonporous lower fence and ((t) a nonporous
upper fence, and if a(t) > 3(t), then the set of points (¢,z) for t € I with
a(t) >z > [(t) is called an antifunnel.

Solutions are, in general, leaving an antifunnel. But at least one solution
is trapped inside the antifunnel, as is guaranteed by the following theorem:

Theorem 1.4.4 (Antifunnel Theorem: Existence). If a(t) and B(t)
determine an antifunnel for t € I, then there exists a solution u(t) to the
differential equation =’ = f(t,x) with B(t) < u(t) < a(t) for all t € L.
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= a (t) = lower fence

= B (t) = upper fence

FIGURE 1.4.2. Antifunnel.

To prove Theorem 1.4.4, the eristence of at least one solution in an
antifunnel, we must wait until Chapter 4. For certain antifunnels, how-
ever, there is another part of the Antifunnel Theorem, uniqueness of an
exceptional solution that stays in the antifunnel, which is perhaps more
surprising and which we can prove in a moment as Theorem 1.4.5.

In order to discuss uniqueness of a solution in an antifunnel, we need first
to examine the quantity df/0zx which measures “dispersion” of solutions
to the differential equation z’ = f(¢,z), for which f gives the slope.

The dispersion Of /Oz, if it exists, measures how fast solutions of the
differential equation =’ = f(t,z) “pull apart,” or how quickly the slope f is
changing in a vertical direction in the ¢, z-plane, as shown in Figure 1.4.3.
(Recall from multivariable calculus that

g = lim f(tvx+h)_f(t7$)’

Ox ~ h—o0 h

so for a fized t, 0f /0x measures the rate of change with respect to z, that
is, in a vertical direction in the ¢, z-plane.)

If the dispersion Of/0x is large and positive, solutions tend
to fly apart in positive time: If f/0x is large and negative,
solutions tend to fly apart in negative time: if 8f /0z is close to
zero, solutions tend to stay together.

Thus dispersion 9f/9x measures the stability of the solutions. If solutions
are pulling apart slowly, then an error in initial conditions is less crucial.

We also have the following result: The distance between two solutions
z = u1(t) and z = uy(t) is nondecreasing in a region where df/0z > 0,
and nonincreasing in a region where 8f/9x < 0, as we shall show in the
next proof.
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Theorem 1.4.5 (Antifunnel Theorem: Uniqueness). If for the dif-
ferential equation ' = f(t,z), the functions a(t) and B(t) determine an
antifunnel for t € I, and if the antifunnel is narrowing, with

Jim Ja(t) - 8] =0,

and if 0f /0x > 0 in the antifunnel, then there exists one and only one
solution u(t) that stays in the antifunnel.

Proof (of the “only one” part: the existence was proved in Theorem 1.4.4).
The assumption §f/0x > 0 implies that the solutions cannot come together

as t increases. Indeed, let u; and uz be two solutions in the antifunnel, with
u(t) > ua(t). Then

wu() g f
(= ua) () = f(tus ()~ fta®) = [ 2L uauz0
uz(t) z

so that the distance between them can never decrease. This is incompatible
with staying between the graphs of o and 3 which are squeezing together,
so there cannot be more than one solution that stays in the antifunnel.
a

Antifunnels are sometimes more important than funnels. Although anti-
funnels correspond to instability, where small changes in initial conditions
lead to drastic changes in solutions, you may be able to use them to get
some very specific information:

For example, if the functions a(t) and 3(t) determine a narrowing anti-
funnel such that

Jim Ja(t) — B(2)] = 0,
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you may be able to zero in on an exceptional solution that divides the
different behaviors, as in Figure 1.4.4.

narrowing
antifunnel

FIGURE 1.4.4. Exceptional solution in narrowing antifunnel.

The importance of fences, funnels, and antifunnels lies in the
fact that it is not necessary to solve the differential equation
to recognize them and use them to give vital information about
solutions.

We shall now in Section 1.5 go on to examples of their use.

1.5 The Use of Fences, Funnels, and Antifunnels

There are many ways to find fences. Almost any curve you can draw is a
fence (or a piecewise combination of upper and lower fences), as shown in
Examples 1.3.3 and 1.3.6. Some isoclines, or parts thereof, make obvious
fences; some fences come from bounds on f(t,z); other fences, and these are
the most important, come from solutions to simpler but similar differential
equations.

In the following examples we shall illustrate the use of each of these
methods in finding fences to construct funnels and antifunnels, and we
shall show the sort of quantitative information that can result.

1. Isoclines. One of the easiest ways to obtain useful fences is to examine
the isoclines for a given differential equation.

Example 1.5.1. Consider =’ = 2% — ¢, as in Examples 1.1.4, 1.3.3, 1.3.6
and Exercises 1.2-1.44#1,2.

The isocline 22 —¢ = 0, for t > 0, £ < 0, is a lower fence for this
differential equation, and the isocline 2 —t = —1, for t > 5/4, £ < 0, is an
upper fence (Exercises 1.5#2), as shown in Figure 1.5.1.



1.5. The Use of Fences, Funnels, and Antifunnels 35
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x2-t=0 IO\;gr fence o (t)
FIGURE 1.5.1.
We label the lower fence a(t) = —+/t and the upper fence ((t) =

—+/t — 1. Then the functions «(t) and 3(t) determine a funnel that swal-
lows all solutions for t > 5/4, —vt < = < v/t. (The upper limit for
becomes clear in Figure 1.5.2.) As you have shown in Exercise 1.2-1.4#5,

Jim [a(t) - A(£)] = 0.

Therefore, for t — oo, the funnelled solutions to the differential equation
behave like a(t) = —v/%.

Furthermore, the isoclines 22 —t = 0 and 2 —t = 1, for t > 0, can be
written as v(t) = +v/2, 6(t) = ++/ + 1. The curves (t) and §(t) determine
a narrowing antifunnel for t > 0. Moreover, since 8f/0z = 2z > 0 in the
antifunnel, by Theorem 1.4.5 the solution 4(t) that stays in the antifunnel
is unique (Figure 1.5.2, on the next page).

This is a particularly illustrative case of the information obtainable from
direction fields, funnels and antifunnels:

inside the parabola z% —t = 0, the slopes are negative so the solutions
are all decreasing in this region; outside this parabola the slopes are
positive so all solutions must be increasing there;

there is one exceptional solution 4(t), v < 4(t) < v/t + 1, uniquely
specified by requiring it to be asymptotic to ++/¢ for t — oo;

all the solutions above the exceptional solution are monotone increas-
ing and have vertical asymptotes both to the left and to the right.
(The vertical asymptotes need to be proven, which is not so sim-
ple, but we shall encounter typical arguments in Example 1.6.1 and
Exercises 1.6.);
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and graphed in Figure 1.5.3 is an upper fence. The fence 7(t) is the line
segment of slope 0 from (¢1,z1) to (¢2,z2) where it first intersects the
isocline zo — ¢t = —1, and the line segment of slope —1 from (t3,z2) to
(ts, z3), where it meets the isocline again at the top of the funnel. A

2. Bounds on f(t,z). A second source of useful fences is from bounds on
f(t,z), which we shall add to isocline fences in the following example:

Example 1.5.2. Consider =’ = sintz.
The curves tz = n(m/2) for integer n are the isoclines corresponding to
slopes 0, 1, and —1. These isoclines are hyperbolas, all with the axes as

asymptotes, for n # 0. Because of symmetry, we shall consider only the
first quadrant, as shown in Figure 1.5.4.

;. antifunnel
Bs

,'.'..-. o2
2. antifunnel
B2

T
.. antifunnel

\ By
Y

1 /:

FIGURE 1.5.4. ¢’ =sintz.

For positive k, you should confirm that the curves

ax(t) = 2kn/t and Bi(t) = (2k — (1/2))7/t
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determine an antifunnel, which we shall call the “k*" antifunnel,” in the
region ¢ > . There are an infinite number of these antifunnels, and in fact,
the regions between the antifunnels are funnels, so we get the following
description of the solutions:

there are exceptional solutions w1, usg,us,..., one in each of the anti-
funnels above;

all the other solutions stay between uj and ugy; for some k.

We can also derive information about the solutions for ¢t < z, by building
another fence from the fact that f(¢,z) = sintz is bounded. This fence is
a piecewise differentiable one, constructed as follows, for any point on the
T-axis:

(i) start at t = 0 with a slope 1 and go straight in that direction until
you hit the first isocline for slope 0;

19n
18
17n
16n
4 151
14n
13n
+4 12n

11n
10

8n
n

5n
4n

2n

Xt=mt

FIGURE 1.5.5. Upper fence for z’ = sintz.
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(ii) then go horizontally with slope 0 until you hit the next isocline for
slope 0;

(iii) then go up again with slope 1 until you hit the next isocline for slope
0;

(iv) continue in this manner, as shown in Figure 1.5.5.

You can show in Exercises 1.5#3b that this “curve” is a weak upper
fence that meets the line z = ¢. A solution starting at a point on the z-axis
will stay below this fence until it reaches the line z = ¢, after which it
will stay below one of the hyperbola fences described above. Therefore no
solutions can escape the funnels and antifunnels described above.
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FIGURE 1.5.6. £’ = sintz. Slopes marked on a grid.

It can also be shown that for positive k, the solutions to this differential
equation have 2k maxima (k on each side of the z-axis) and that nonex-
ceptional solutions in the first quadrant lie in a funnel, which we shall call
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the “k*® funnel,” described by the curves
ap(t) = (2k —1)(n/t) and  Bi(t) = (2k — (1/2))(n/t)

for sufficiently large t (Exercise 1.5#3c). The results of all this analysis are
shown in Figures 1.5.6 and 1.5.7.

FIGURE 1.5.7. 2’ = sintz. Color-coded slopes.

You have shown in Exercise 1.2-1.4#8 that in the k*® antifunnels, 8f/0z =
tcostx > 0; in the k** funnels, 8f/dz < 0, corresponding to the discussion
of dispersion in Section 1.4.

For further discussion of this example, see Mills, Weisfeller and Krall,
Mathematical Monthly, November, 1979. A

3. Solutions to similar equations. A third and most important source of
fences, often more useful than isoclines, is solutions to similar differential
equations, which we shall illustrate with Examples 1.5.3 and 1.6.3. These
are the fences which help us zero in on quantitative results for solutions of
differential equations, even when we cannot explicitly find those solutions.
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Example 1.5.3. Consider

cos?z

=1+A4 3

= f(t,z), for A>0,

an equation we will meet in Volume III, in the analysis of Bessel functions
for a vibrating membrane. What can you say about the solutions as ¢t — oo?
There are two good equations (because you can solve them and use them
for fences) with which to compare the given differential equation. Because

for all z
cos?z < A
7 S 14—

1<1+A4 =

one similar equation is

z' =1, withsolution aft)=t+c,

and the other similar equation is

A . . A

=1+ 2 with solution B(t) =t +c, — <

If we choose ¢c; = co = ¢, then a(t) and ((t) determine a narrowing

antifunnel for ¢ > 0, as graphed in Figure 1.5.8, with the slope marks for

solutions to the differential equation as indicated according to the inequal-
ity.

oc(t)/

Pt

FIGURE 1.5.8. Funnel for z’ = 1 4+ A(cos® z)/t2.

(Actually, according to the inequality, a(t) and B(t) are weak fences,
so we are a bit ahead of ourselves with this example, but this is a very
good example of where we will want to use solutions to similar equations
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as fences. The Antifunnel Theorem of Chapter 4 will in fact be satisfied in
this case.)

The antifunnel is narrowing, with
Jim [a(t) - B(H)] =0,

so we can hope to have one unique solution that remains in the antifunnel.
However
of

B —(A/t*)2coszsinz = —(A/t?)sin 2z

is both positive and negative in this antifunnel, so our present criterion for
uniqueness is not satisfied. Nevertheless, we will show in Example 4.7 that

there indeed is for any given c a unique solution in the antifunnel, behaving
ast—oolike (t+c¢). A

See Example 1.6.3 as additional illustration of using similar equations
for finding fences.

Remark. Pictures can be misleading. This is one reason why we so badly
need our fence, funnel, and antifunnel theorems.

For instance, look ahead just for a minute to Figure 5.4.6 of Section 5.4.
There you see three pictures of “solutions” to z’ = 22 — t, our equation of
Examples 1.1.4, 1.3.3, 1.3.6, 1.5.1. You can ignore the fact that the Chapter
5 pictures are made by three different methods (which will be thoroughly
discussed in Chapter 3). Just notice that a lot of spurious “junk” appears
in these pictures, some of which looks like junk, but some of which (in
the middle) looks like a plausible additional attracting solution in another
funnel. With the application of the theorems given in Example 1.5.1, we can
say precisely and without doubt that the solutions approaching z = -Vt
really belong there, and the others do not.

So, what we are saying is:

You can (and should) use the pictures as a guide to proving
where the solutions go, but you must apply some method of proof
(that is, the theorems) to justify a statement that such a guess
is in fact true.

1.6 Vertical Asymptotes

If | f(t, z)| grows very quickly with respect to z, the solutions to =’ = f(¢,z)
will have vertical asymptotes.

Example 1.6.1. Consider z’ = kz?2, for k > 0.
A computer printout of the solutions looks like Figure 1.6.1.
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Example 1.6.1 illustrates the fact that a solution need not be defined for
every t. This happens, for instance, with the following important class of
differential equations:

Nonzero solutions to the differential equation =’ = k|z|* have
vertical asymptotes for a > 1.

This is because such equations have (as you can confirm analytically by

separation of variables in the next chapter, Exercise 2.1#1j) nonzero solu-
tions

C
— 1/(1-a) -~
[(1— )kt +C] for t < @— 1k
u(t) =

C
(a—1k
with constant C. The exponent will be negative if @ > 1, and then there
will be an asymptote at t = —C/(1 — a)k.

This fact is useful for recognizing differential equations that may have
asymptotes. Vertical asymptotes may occur whenever |f(¢,z)| grows at
least as fast as k|z|* for @ > 1, such as, for instance, functions with terms
like 23 or e® as dominant terms. Furthermore, we can use functions of the
form |z|* for finding fences with vertical asymptotes, as will be shown in
our next two examples.

The following example proves the ezistence of some of the vertical asymp-
totes for our favorite example:

—[(1 = a)kt+ C)V/O=) for t >

Example 1.6.2. Consider again =’ = z% — t, as in Examples 1.1.4, 1.3.3,
1.3.6, 1.5.1.

There is an antifunnel (Example 1.5.1) determined by
z2—t=1 and z?2—-t=0 fort>0,

with a unique solution %(t) that remains in the antifunnel for all time.

FIGURE 1.6.3. Antifunnel for ' = 2% —t.
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We shall show that any solution to the differential equation =’ = 2 — ¢
that lies above 4(t) at some t > 0 (i.e., within the shaded region of Figure
1.6.3 at some point) has a vertical asymptote.

Since ' grows as 2, the basic plan is to try as a lower fence solutions
to 2’ = 3/2, because the exponent 3/2 is less than 2 but still greater than
1. Solutions to =’ = x3/2 are of the form

4
R

with a vertical asymptote at t =C.
These solutions v(t) to =’ = z3/2 will be strong lower fences for =’ =

x2 — t only where 22 — t > 23/2. The boundary of that region is the curve
z? —t = 2%/2 as shown in Figure 1.6.4.

2 _y=x372

X2 -t<x3/2

Pt

FIGURE 1.6.4. Strong lower fence for ¢’ = z* — t.

We combine Figures 1.6.3 and 1.6.4 in Figure 1.6.5, where we will con-
struct a lower fence in two pieces as follows: Every solution u(t) lying above
@(t) must first leave the antifunnel by crossing the isocline z2 —t = 1 with
slope 1 at some point (t1,u(t;)). For t > t;, the slopes for u(t) continue to
increase, so the lower fence begins for ¢t > t; with the line segment from
(t1,u(t1)) having slope 1. The fence then meets the curve 22 —t = 2%/2, at
some point (t2,z2). (For t > 0, the curve £2 —t = 23/2 lies above 2% —t = 1
and has slope approaching zero as t — oo; therefore a segment of slope 1
must cross it.)

Thus u(t) enters the region where the solutions v(t) to ' = z3/2 are
strong lower fences. By the Fence Theorem 1.3.5, each solution u(t) must
now remain above the v(t) with v(t3) = z2. Since the v(t) all have vertical
asymptotes, so must the u(t). A
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FIGURE 1.6.5. Piecewise lower fence for ' = 22 — t.

The analysis of our next example allows us, with given initial conditions,
to zero in on a particular vertical asymptote for a fence; this therefore gives
a bound on t for the solution with those initial conditions.

Example 1.6.3. Consider
o =% + 2 (1)

This equation (1) can be compared with its simpler (solvable) relatives,
z' =12 and 2’ = z2. Solutions to either of these simpler equations are lower
fences, because the slope of a solution to equation (1) is greater or equal
at every point.

To show the powerful implications of this observation, let us see what
it tells us about the solution to equation (1) through the origin (i.e., the
solution z = u(t) for which u(0) = 0.) The first simple relation

2’ =t? has solutions ax(t) = (t3/3) +k,

so a(t) = (t3/3) is a lower fence for ¢ > 0 (a weak lower fence at t = 0), as
shown in Figure 1.6.6. All solutions to =’ = z% + t2 that cross the z-axis
above or at 0 lie above this curve a(t).
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A a)=t73

42
l slope o' = t »

slope x' =x“+1t

FIGURE 1.6.6. Lower fence for z’ = z2 + t.

But we can do better than this, because the solutions to equation (1)
will also lie above another fence, a%(t), from the second simple relation

¢’ = 2%, which has solutions o(t) = 1/(c—t).

The important thing about a(t) is that it has a vertical asymptote, so we

shall be able to put an upper bound on t. The family of curves oj(t) are
shown in Figure 1.6.7.

ay
!
|
/ x=ogt)= 1o

/ ’ ‘ f slope (a¢)' = x?
slope x' = x2+ t2

— —_——

FIGURE 1.6.7. Other lower fences for z’ = z2 + ¢2.
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None of these curves a(t) falls below the origin, but we already have a
lower fence a(t) at the origin. What we now want for the tightest bound on
t is o*(t) = the first a(t) that is tangent to a(t). (See Figure 1.6.8 where
« is the left-hand piece, a* the right-hand piece of the final fence.)

X u(t) a*(t) at)

;

asymptote

———

Pt
V3 4an3

FIGURE 1.6.8. Piecewise lower fence, in bold dashes, with vertical asymptote for
z' = z? 4+ 2.
That is, we want the slope of (), which is z2, to equal the slope of

a(t), which is t?; this happens when z = t.

3
froma::z:%:t when t=+3=rz.

1 . 1
from o, 1 x = ; at that point means V3 =

c— (c—+/3)
or c= —i = 2.3094.

V3

Hence c =4/ /3 is a vertical asymptote for a fence o* on the right, which
is the best you can find by these fences.

With this method, the best complete lower fence for the solution to the
differential equation =’ = z2 + t2, with initial condition at the origin, is

a(t) =t3/3 0<t<+3

a*(t) =1/((4/v3) 1) t> V3
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as shown in Figure 1.6.8. Since the fence has a vertical asymptote, we have
shown that the solution through the origin is only defined for t < ¢y, where
tp is a number satisfying

4
to < —=~23094. a
0 73

Exercises 1.1 Slope Fields, Sketching Solutions

1.1#1. Consider the following differential equations:

(a) ' ==z (b) 2’ =z—t

(i) Using isoclines, sketch by hand a slope field for each equation. Draw

the isoclines using different colors, to eliminate confusion with slopes.
Then draw in some solutions by drawing curves that follow the slopes.

(if) Confirm by differentiation and substitution that the following func-

tions are actually solutions to the differential equations

for (a): z = Cet for (b):z=t+1+Ce®

1.1#2. Consider the following differential equations:

(i)

(if)
(iii)

(iv)

v)

(a) 2/ = z? (b)° ' =22 -1

Using isoclines, sketch by hand a slope field for each equation. Draw
the isoclines using different colors, to eliminate confusion with slopes.
Then draw in some solutions by drawing curves that follow the slopes.

Tell in each case which solutions seem to become vertical.

Confirm by differentiation and substitution that the following func-
tions are actually solutions to the differential equations

for (a): z=1/(C —1t) for (b): z = (1 — Ce?)/(1+ Ce?)

Use the computer programs Analyzer and DiffEq to confirm these

solutions graphically. Show which values of C lead to which members
of the family of solutions.

In each case, find another solution that is not given by the formula in
part (iii). Hint: Look at your drawings of solutions on the direction
field. This provides a good warning that analytic methods may not
yield all solutions to a differential equation. It also emphasizes that

the drawing contains valuable information that might otherwise be
missed.
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1.14#5°. (Courtesy Michele Artique and Véronique Gautheron, Université
de Paris VII.) Determine which of the numbered graphs represents the
family of solutions to each of the following equations:

(a) 2’ =sintz (d
(b) 2’ =22 -1 (e
(c) ’=2t+2z (f

~

z' = (sint)(sinz)
' =z/(t? - 1)
z’ = (sin 3t) /(1 — t?)

~— —

This time there are more graphs than equations, so more than one graph
may correspond to one equation, or a graph may not correspond to any of
the equations. In the latter case, try to guess what the differential equation
might be, and check your guess with the program DiffEq.

o %
’ \\\‘ @@ 2)
==
iz
==
= = [
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1.1#6. To gain insight into how solutions fit into the direction fields, con-
sider the following two equations:

t2

2
(a) z' =22 —¢t? (b) ' ==z phpwr

With the help of the computer program DiffEq, which makes quick work
of the more complicated f(t,x)’s, print out direction fields only and try by
hand to draw in solutions. For part (a) you can (and should) clarify the
situation by calculating the isoclines directly from the differential equation
and graphing them (perhaps on a separate piece of paper or in a different
color) with the proper slope marks for the solutions. You can check your
final results by allowing the computer to draw in solutions on slope fields.
Describe the crucial differences in the drawings for (a) and (b).

1.14#7. Symmetry of individual solutions to a differential equation z’ =
f(t,z) occurs when certain conditions are met by f(t,z). For instance,

(a) If f(t,z) = —f(—t,x), every pair of symmetric points (t, z) and
(—t,z) have slopes that are symmetric with respect to the vertical
T-axis, so solutions are symmetric about this axis. Illustrate this fact
by drawing a direction field and solutions to ' = tz, and to =’ = tz2.
See Figure (a) below.
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But symmetry of individual solutions to a differential equation z’ = f(¢, x)
does not necessarily occur when you might expect. When symmetric points
on the ¢, z-plane have the same slope, the resulting drawing of solutions in
general does not show the same symmetry. For example,

(b) If f(t,z) = f(—t,z), the same pair of points (t,z) and (—t,z) give
a picture with no symmetry. If you are not convinced, add more like
pairs of points to this sketch, each pair with the same slopes. You
could also show the lack of symmetry by drawing the slopes and
solutions for =’ = t2 — .

X X

o>

»
L4

SN S x) -tx) S wx)

(a) (b)

(c) Of the other possible permutations of plus and minus signs, show
which cases lead to symmetric solutions and state with respect to
what they are symmetric. That is, consider

f(tv :L‘) = f(tv —:L‘); f(t,:L‘) = f(_t’ —:L‘);
f(tax) = _f(tv _1"); f(t,:L‘) = _f(_t7 —:E).

1.1#8. A quite different question of symmetry arises in the matter of
whether the picture of solutions for one differential equation 2’ = f(t,x)
corresponds to that for another with a related f, such as '’ = —f(¢,x).
The answer is quite likely “no”; for example

(a) Compare the drawings of solutions for z’ = tz with those for =’ =
—tzx.

But there are times when the answer is “yes”; for example

(b) Compare the drawings of solutions for 2’ = z® — t with those for
2

o =t—z°
This problem serves as a warning that symmetry of solutions to one dif-
ferential equation z’ = f(t,z) with respect to another differential equation
with a related f is not a simple question. You should not assume there
will be a relation. If you wish to explore this matter further, see the next
exercise.
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1.1#9°. Since you have a computer graphics program DiffEq, you have a
headstart if you wish to explore some of the symmetry questions raised by
the previous problem. Consider the differential equation

"= 2% +sinz +t+cost + 3,

carefully chosen to include both an odd function and an even function in
each variable (as well as avoiding extra symmetries that could creep in with
a strictly polynomial function). Print out slope fields with some solutions
for each of the various sign variants:

(a) 2’ = f(t,2) (e) 2’ =—f(t,x)
(b) 2’ = f(~t,~x) (f) o' =—-f(-t,—=)
(C) = _f(t) _"L') (g) "= f(t? _'77)
(@) ' =—f(-t,z) (h) 2’ = f(-t,x).

The graphs should all be the same size, default is fine. It will be helpful if
at least some of your initial conditions are the same from graph to graph.
Then compare the results and conjecture when there might be a relation
between the solutions of 2’ = f(¢,z) and the graph of one of the sign
variants. Test your conjecture(s) by holding pairs of computer drawings
up to the light together. Be careful to match the axes exactly, and see if
the solutions are the same—you may find that some cases you expected
to match in fact do not under this close inspection. You can test for the
various types of symmetry as follows:

with respect to the z-axis: (flip one drawing upside down)
with respect to the t-axis: (flip one drawing left to right)
with respect to the origin: (flip upside down and left to right).

Now that you have honed your list of conjectures, prove which will be true
in general. This is the sort of procedure to follow for proper analysis of
pictures: experiment, conjecture, seek proof of the results. The pictures are
of extreme help in knowing what can be proved, but they do not stand
alone without proof.

1.1#£10. Given a differential equation ' = f(t,z) and some constant c,
find what can be said when about solutions to =’ = f(t,) + c. Use the
“experiment, conjecture, prove” method of the previous exercise.

1.1#11. To become aware of the limitations of the computer program
DiffEq, use it to graph direction fields and some sample solutions for the
following equations, for the default window —10 < ¢ < 10, =75 <z <
7.5, setting the stepsize h = 0.3. Explain what is wrong with each of the
computer drawings, and tell what you could do to “fx” it.

(a) o' =sin(t®* —a®) (b) &' =(t?/z) -1 (c) ¢’ =t(2—=z)/(t+1).

1.1#£12. Again using the computer program DiffEq, sketch direction fields
and then some isoclines and solutions for
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(a) ' = (2+cost)r — (1/2)z% -1
(b) o' = (2+ cost)z — (1/2)x? — 2.

1.1#13°. Notice that many of the solutions sketched in the previous exer-
cises have inflection points. These can be precisely described for a solution
z = u(t) in the following manner: obtain z” by differentiating f(¢,z) with
respect to ¢t (and substituting for z’). This expression for z” gives infor-
mation at every point (¢,z) on concavity and inflection points, which can
be particularly valuable in hand-sketching. Carry out this process for the

equation =’ = z? — 1 (direction field and solutions were drawn in Exercise
1.142b).

1.1#14. Use the method described in the previous exercise to derive the
equation for the locus of inflection points for solutions of 2’ = 2 — t. Hint;:
it is easier to plot ¢ = g(x); label your axes accordingly. Use the computer
program Analyzer to plot and print this locus.

Confirm that the inflection points of the solutions indeed fall on this locus
by superimposing your Analyzer picture on a same scale DiffEq picture of
the direction field and solutions (i.e., holding them up to the light together
with the same axis orientation—this will mean turning one of the pages
over and rotating it).

You will get to use the results of this problem in Exercise 1.2-1.4#17.

1.1#15. Use the method described in Exercise 1.1#13 to derive the equa-
tion for the locus of inflection points for solutions of ' = sintz. This time
part of the locus is not so easy to plot. For various values of ¢, use the
computer program Analyzer to find corresponding x values satisfying that
locus equation. Then mark these (t,x) pairs on a DiffEq picture of the di-
rection field and solutions, and confirm that they indeed mark the inflection
points for those values of t.

1.1#16. Sketch by hand solutions to ' = axz — bz? by finding where the
slope is zero, positive, and negative. Use the second derivative (as in Exer-
cise 1.1#13) to locate the inflection points for the solutions. This equation
is called the logistic equation; it occurs frequently in applications—we shall
discuss it further in Section 2.5.

Exercises 1.2-1.4 Qualitative Description of
Solutions: Fences, Funnels, and Antifunnels

1.2-1.4#1. Consider the differential equation
dx
dt
For each of the lines £ = ¢, x = 2 and each of the isoclines with ¢ = -2,
0, 2, show on a drawing which parts are upper fences and which parts are

=z% -t
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lower fences. Furthermore, show the combination of these curves (or parts
thereof) that form funnels and antifunnels.

1.2-1.4#2. Identify funnels and antifunnels in these slope fields, drawn
by isoclines:

~one possible
solution

slope =-3
slope =- 2
slope=-1 t
l >
lope = 1
slope = 2

+ slope =3
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Then look back at the solutions drawn in these fields in Figures 1.1.4, 1.1.6,
1.1.7.

1.2—-1.4#3. For each of the following equations, use Analyzer to draw a
few relevant isoclines on the same graph and print it out. For each isocline,
draw on your printout the appropriate slope marks for the solution to the
differential equation. Shade and identify funnels and antifunnels. You may
find it helpful to refer back to Exercises 1.1#1-3 where you drew these
slope fields from isoclines. (You can use such handsketches for this exercise
if you prefer.)

(a) 2'==z (e) m'=—?
(b) z' =22 ) z'==
(c)° o' =2%-1 (g) x’:%

' ’ 1-t¢
d) 2-z—t (h)x=1+m

In order to partly check your work, you can use the computer program
DiffEq to print out a slope field with some solutions. Then hold it up to
the light with your Analyzer printout showing isoclines and some hand-
drawn solutions. The computer-drawn slope field should “fit” the isoclines;
the extent to which the hand-drawn solutions match the computer-drawn
solutions is an indication of your skill at following the direction field.

1.2-1.4#4°. Why do we need fences and funnels if the computer pictures
show us the solutions? The following will show you why a picture alone is
not enough: Use the computer program DiffEq on our favorite differential
equation, z’ = z2 —t,for 0 < t < 15, —7.5 < z < 7.5, with stepsize h = 0.4.
You should see spurious solutions that don’t go into the funnel, sometimes
even appearing to go into a different funnel; yet the analysis of Example
1.5.1 proves that in fact there is a funnel, but only one. When we get to
Section 5.4, you will see an explanation of why the erroneous pictures of
this exercise happen.

1.2-1.4#5. Show that the isoclines for z’ = 2% — ¢ (Example 1.5.1) form
narrowing funnels and antifunnels, that is, that

Jlim [Vi+c— Vi =0.

1.2-1.4#6. Our fence definitions require functions that are continuous
and piecewise differentiable, as in Figure 1.2.6. Determine which of the
following continuous functions are piecewise differentiable. State exactly
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why the others fail, and where they could not be used as a fence:

(a) z =sint| (c) = =tsin(1/t)
(b) &=Vt (d) z=+/ltl

1.2-1.4+#7. (a) Can there exist some curve z = 1(t) such that 1(t) is both
an upper and a lower fence for ' = f(¢,z) on some interval t € [a,b]? If
so, what can we say about ¥(t)?

(b) Can there exist some curve z = 1(t) such that (t) is both a strong
upper fence and a strong lower fence for ' = f(¢, z) on some interval [a, b]?
If so, what can we say about (t)?

1.2-1.4#8. For the following differential equations 2’ = f(t,z), make
drawings of the regions in the t,z-plane where the dispersion df/0z is
positive and where it is negative. Then with the computer program DiffEq
sketch some solutions to the differential equation and see that they behave
as the dispersion predicts.

(a) z’ =sintx (b) =’ == — 22t

1.2-1.4#9°. (a) Show that for the differential equation =’ = = — 2, the
region |z| < 1/2 is an antifunnel, and the region 1/2 < z < 3/2 is a funnel.
(b) The funnel and antifunnel found in part (a) are not narrowing. Find
a narrowing antifunnel containing the solution z(t) = 0, and a narrowing
funnel containing the solution z(t) = 1. (The first part is very easy, but
the second is a bit more subtle.) Hint: Consider functions like 1 + (a/t).

1.2-1.4#10. Consider the differential equation =’ = z — z2 + 1/t.
(a) Show that the region —2/t <z <0, ¢ > 1 is an antifunnel.

(b) Show that the solution in (a) is the unique solution that stays in the
antifunnel.

1.2-1.4#+11. Consider further the differential equation ' = z — z? + 1/t
of the previous exercise. It is no longer as obvious as in Exercise 1.2-1.4#9
that there are solutions asymptotic to z = 1, although it looks likely that
there is a funnel here for ¢ sufficiently large.

(a) Sketch the slope field around z = 1 for 2’ = z — z2, and then in a
different color show how the extra term 1/t affects the slope field. It
should appear that the solutions above = 1 will now approach more
slowly. Where do the solutions go that cross £ = 1?7 Can they go to
oo?

(b) Show that x = 1 is now a lower fence.



Exercises 61

(c¢) Find an upper fence that is asymptotic to z = 1.

(d) Find a lower fence between the upper fence of (c) and x = 1, showing
that the solutions are bounded a little bit away from z = 1.

(e) Use the computer program DiffEq with its blowup feature to verify
these results.

1.2-1.4#12. Consider the differential equation ' = x — 2 + 2/¢.

(a) Use the computer program DiffEq to sketch the slope field and a few
solutions.

(b) Show that there is a solution asymptotic to z = 0, although we seem
not to be able to easily state it. Hint: consider the same antifunnel
as in Exercises 1.2-1.4#10.

1.2-1.4#13. Consider the differential equation ' =  — z* + 2/t as in the
previous problem, but now consider its behavior near z = 1.

(a) What sorts of fences are the curves a(t) = 1 +a/t for 0 < a < 00?
(b) Show that any solution u(t) which at some t, satisfies
1 <u(t) <1+2/to

is defined for all ¢ and satisfies lim;—,o0 u(t) = 1.

1.2—-1.4#14. Consider the following differential equations, and show how
the different perturbations affect the behavior compared to =’ = = — z2.
Use the program DiffEq to draw direction fields with some solutions. Then
analyze what you can say about what you see. Will there be funnels and
antifunnels near z = 0 and ¢ = 1 if ¢t gets big enough? (In the default
window size, the behavior of 2’ = 2 — x? hasn’t “won out” yet; extend the
t-axis until solutions level out horizontally.)

Explain the behavior for 0 < ¢ < 2. (Try 1/(¢ — 1); is that an upper
fence? Do all solutions turn up before ¢t = 17)

(@) ' =z—22+1/Vt (b) ' =z — 22+ 1/Int.
1.2-1.4#15°. Consider the differential equation z’ = —z/t.
(a) Show that there are solutions tending to 0.

(b) Does this behavior change when we add a perturbation? Find out
what happens near z = 0 for ' = —(z/t) +z2. Start from a computer
drawing and proceed to look for fences and funnels.

1.2-1.4#16. Consider the differential equation z’ = —z + (1 + t)z2. The
first term on the right indicates a decrease, but the second indicates an
increase. The factor (1+1)...
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(a) Show that for any to > 0, there exists a number a such that if 0 <
a < ¢ the solution with z(tg) = o tends to 0 at co.

(b) Show that there is an antifunnel above the t-axis, but that with a

fence of 1/t you cannot get uniqueness for a solution in the antifunnel.
Can you invent a better fence?

1.2-1.4#17. Consider the differential equation z’ = z2 —¢. Use the results

of Exercise 1.1#14 to show that there is a higher lower fence for the funnel
than z = —+/1.

Exercises 1.5 Uses of Fences, Funnels, and
Antifunnels

1.5#1. Analyze the following differential equations, using the computer
program DiffEq to get a general picture, then doing what you can to make
fences, funnels, and antifunnels that give more precise information about

the solutions. (The exercises of the previous section give some ideas of what
to try.)

(a) =€t —h () 2’ =cosz—t
2
(b) m'=t;—1 (f) «'=(@t+1)cosz
2
(©) o'=_1+95279 (&) o =22+t

d) o = 22V/1+2 -1 (h)° &' = t(f;f)

1.5#-2. Fill in the steps in Example 1.5.1 to show that for ' = 2% — ¢,
(a) the isocline z2 —t = 0 is a lower fence for ¢t > 0,
(b) the isocline £2 — ¢ = —1 is an upper fence for ¢ > 5/4.

1.5#3. Consider =’ = sintz, the equation of Example 1.5.2.

(a) (i) Show that the piecewise function constructed in Example 1.5.2,
Figure 1.5.5 is an upper fence.

(ii) Furthermore, show that for any o = b, the linez =t +bis a
weak upper fence, and the line £ = —t + b is a weak lower fence.

(b) Show why part (a)(i) means that every solution to this differential
equation gets trapped below one of the hyperbola isoclines. This
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means to show that the fence constructed in Figure 1.5.5 indeed in-
tersects the diagonal. Hint: show that the slopes of the inclined pieces
is < 1/2; show also that for fixed = the hyperbolas are equidistant
horizontally.

(c) Show that the nonexceptional solutions (that is, those not in the
antifunnels) collect in funnels between aj(t) = (2k — 1)(n/t) and
Br(t) = (2k — 1/2)(r/t). Then show that each of these solutions have
2k maxima (k on each side of the z-axis).

(d) Show that symmetry gives for every k*" antifunnel another for k =
-1, -2, -3, ... with symmetrical solutions u_x(t) = —uk(t), and that
by this notation, ay is symmetrical to B_g, Bk to a_.

(e) Show that ax and B_, (from the last part, (c)) for k > 0, £ > 0 form
a narrowing antifunnel. Show that 8f/0z exists everywhere but is
both positive and negative in this antifunnel. Then show that there
are infinitely many solutions that stay in the antifunnel. Why is this
not a counterexample to the Antifunnel Uniqueness Theorem 1.4.5?

1.5#4. Analyze the following differential equations, using isoclines to sketch
the direction field and then identifying fences, funnels, and antifunnels to
give precise information about the solutions:

(a) 2’ = —sintz (b) z’ = costz

1.5#5. Sketch some isoclines, slopes, and solutions for the following func-
tions. Locate funnels and antifunnels. Compare the behavior of solutions
for these equations:

(a) ¢’ =tcosz—1 (c) ' =tcosz + 2
(b) ' =tcosz +1

1.5#6. Consider the differential equation z’ = z2 — ¢2.

(a) Find the isoclines and draw them for ¢ = 0, +1, 2. In each quadrant,
show how some of these isoclines can be used to form funnels and
antifunnels.

(b) In the first quadrant find an antifunnel A satisfying the Antifunnel
Uniqueness Theorem 1.4.5. Find in the fourth quadrant a narrowing
funnel F. Show that every solution leaving the antifunnel A below
the exceptional solution is forced to enter the funnel F.

(c) Which kinds of symmetry are exhibited by this differential equation,
considering such facts as f(—t, —z) = f(¢,z)?
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1.5#£7. For the equation '’ =1 — 5 show fences and funnels (as in

Example 1.5.3).
1.5#8. Consider %—:; = sin(t3 — z°).

(a) As in Exercise 1.1#11a, use the computer to draw solutions with
stepsize h = 0.3. The picture is not convincing. Change the stepsize

to get a more reliable picture of the solutions; tell which step you
have used.

(b) This differential equation can be analyzed using isoclines. You can

use Analyzer as a “precise” drawing aid for the isoclines. Sketch and
label some isoclines for slopes of 0,+1,....

(c) Explain how isoclines can be used to define antifunnels and funnels in
the first quadrant similar to ones defined for z’ = sintz in Example

1.5.2. Especially choose antifunnels, so that Theorem 1.4.5 can be
applied.

1.5#9. For the differential equation =’ = (2% —t)/(t% + 1),

(a) Plot the isoclines for slopes 0, —1, 1.

(b) Sketch several solutions.

(c) Find a funnel and an antifunnel.

(d) Show that the solution in the antifunnel is unique.
1.5#10°. Consider the differential equation =’ = z2/(t2 +1) — 1.

(a) What kinds of curves are the isoclines? Sketch the isoclines of slope 0
and —1. Describe the regions where the slope is positive and negative.

(b) Show that the solutions u(t) to the equation with |u(0)| < 1 are
defined for all ¢.

(c) What are the slopes of the asymptotes for the isoclines for slope
m = (14+/5)/2? Show that the isocline of slope m and its asymptote
define an antifunnel. How many solutions are there in this antifunnel?

(d) Sketch the solutions to the equation.

Exercises 1.6 Vertical Asymptotes

1.6#-1. Prove there exist vertical asymptotes for
(a) ' =2% -1t (c) ' =2 —ut
(b) ' =€+t (d) =’ =-22%+1
(e) ' = az — bz?
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1.6#-2. Consider the differential equation 2’ = 22 — ¢2.

(a) You found in Exercises 1.5#6b an antifunnel A in the first quadrant,
with an exceptional solution trapped inside. Show that every solution
leaving the antifunnel A above this exceptional solution has a vertical
asymptote.

(b) Use fences to show that the solution of ' = 22 —¢2 through the point
(0,2) has a vertical asymptote at ¢ = ¢y and find ¢ to one significant
digit. Confirm your results with a computer drawing, blowing up near
the asymptote.

1.6#3°. Consider the differential equation z’ = 2% — ¢2.
(a) Show that there is a narrowing antifunnel along z = 2/3.

(b) Show that all solutions above the exceptional solution in the antifun-
nel have vertical asymptotes.

1.6#4. Consider again 2’ = z? — t from Example 1.6.2. Show that the
solutions below the funnel bounded below by 22 —t = 0 for ¢ > 0 have
vertical asymptotes to the left (by working with negative time).

1.6#5. Consider 2’ = z2? — ¢t from Example 1.6.2. Find a bound on the ver-
tical asymptotes for the solutions, and confirm your results with a computer
drawing.

(a) through (0,1) (b) through (-1,0).

1.6#6°. By comparing 2’ = z? — t with 2’ = (1/2)z%, show that the
solution to =’ = x2 — t with z(0) = 1 has a vertical asymptote ¢ = ¢, for
some tg < 2. Confirm your results with a computer drawing.

1.6#7. Consider ¢’ = 22 + t? as in Example 1.6.1. Find a bound on
the vertical asymptotes for the solutions, and confirm your results with a
computer drawing.

(a) through (1,0) (b) through (0,1).
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Analytic Methods

In this chapter we actually have two themes: methods of solution for dif-
ferential equations that can be solved analytically, and some discussion of
how such equations and their solutions are used in real-world applications.

The first task is to present traditional methods for analytic solutions
to differential equations—that is, the non-graphic, non-computer approach
that can yield actual formulas for solutions to differential equations falling
into certain convenient classes.

For first order differential equations, ' = f(¢,z), there are two classes
that suffice for solving most of those equations that actually have solutions
which can be written in elementary terms:

separable equations: z’' = g(t)h(z)
linear equations: z' = p(t)z + q(t)-

If 2’ = f(t,z) does not depend explicitly on z, then z’' = g(t), and to
find the solutions means simply to find the antiderivatives of g(t).

If, on the other hand, ' = f(¢,z) does not depend explicitly on ¢, then
z’ = h(z), and the equation is called autonomous. Every first order au-
tonomous equation is separable, which means it is possibly solvable by a
single integration.

In Section 2.1 we shall discuss the separable equations, traditionally the
easiest to attack, but they yield implicit solutions. In Sections 2.2 and 2.3
are the linear equations, which have the advantage of giving an explicit for-
mula for solutions to equations in this class. Later in Section 2.6 we shall
discuss another class, the ezact equations, which actually include the sepa-
rable equations, and which also produce implicit solutions. Finally, Section
2.7 introduces power series solutions. The Exercises (such as 2.2-2.3#-8,9
and Miscellaneous Problems #2) explore yet other traditional classes, such
as Bernoulli equations and homogeneous equations.

These presentations will probably review methods you have seen in pre-
vious courses, but you should find here new perspectives on these methods,
particularly for the linear equations and exact equations.

Partly because, however, this chapter may be to a great extent a review,
we also attend here to a second theme of applicability—how differential
equations arise from modeling real-world situations. In Sections 2.4 and
2.5 we shall discuss important applications of differential equations that
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also shed a lot of light on the meaning of the linear equations and the
methods for their solution.

2.1 Separation of Variables

The method of separation of variables applies to the case where =’ = f(t, z)
can be written as

z' = g(t)h(z).
If h(zo) = 0, then u(t) = z¢ is a solution.
If h(z) # 0, then the variables can be separated by rewriting the equation

% =g(t)dt, and / %z—) = / g(t)dt. 1)

If you can compute the integrals,

/ % = H(z) + Cx; /g(t)dt =G(t) +Cg,
then the solution is
H(z) = G(t) + C, (2)

which explicitly or implicitly will define solutions = = u(t).

Remark. This derivation illustrates the beauty of Leibniz’ notation dz/dt
for a derivative; the same result can be achieved by writing
1 dx
———dt = t)dt.
[ = [0

Example 2.1.1. Let us consider the particularly useful general class of
equations of the form z’ = g(t)z.
For z = 0, u(t) = 0 is a solution.

For = # 0,
/(l/w)d:c = /g(t)dt

In|z| = / o(t)dt
fy(t)dt.

|z| =e
If we are given an initial condition u(to) = zo, then the solution is

t
T)dT
z=u(t) = zoefto gtndr.
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Example 2.1.2. Consider ' = az — bz? a > 0,b > 0, an autonomous
equation that arises frequently in population problems, to be discussed in
Section 2.5.

Since =’ = (a — bz)z, two solutions are u(t) = 0 and u(t) = a/b.

For x # 0 and z # a/b, we get by separation of variables

dz
/ax—ba:2 _/dt’

which by partial fractions gives for the left side

dzx bdz 1
/a / (a—b) aln|z|——ln|a—bx|

T

—lln
T a la—-bz|

/dt:t-l—C"

Setting these two expressions equal and exponentiating leads to

and for the right side

T

= Qe

a—bx

where we write () as constant instead of a more complicated expression
involving C, the original constant of integration. Solving for z we get

[ aQe

b0et — 1 forz <0
0 forz =0
u(t)=TEQ£gtL_:1 for0O<z<a/b
a/b forx =a/b
—iQ—ea—t— for z > a/b.
\ bQest — 1

This information is confirmed on the next page by Figure 2.1.1, the pic-
ture of solutions in the direction field (as constructed in Exercise 1.1416).
For z < 0 or z > a/b, the independent variable t is restricted, and there
are vertical asymptotes (as proved in Exercise 1.6#1e). A

Remark. In Example 2.1.2, as in Example 1.6.1, the slope does not depend
explicitly on t, so the solutions from left to right are horizontal translates
of one another. This is an important aspect of autonomous systems.
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)

ES=———=———— du/dt=(3.00*x)-(x*n
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FIGURE 2.1.1. ' = az — bz?.

T
|
!
|
|
\

T
|
|
|
|
\
\

T T
| |
| |
| |
| |
\ \
\ \

/
’
’
\
\

Example 2.1.3. Consider 2’ = (t + 1) cos z.
Since cosz = 0 for  an odd multiple of 7/2, some solutions are

uk(t) = (2k + 1)(/2).

S=——————=— du/dt=(1+1.00)*cos(3) ==m—7o—o—r|

{ —

Al ~ \—A- 7 L4 L »»-
\ \\)// il o
I
A)

VW NN — L Y
3n/2 .

A)
\
\
7
!
!

/2

-3n/2 |

FIGURE 2.1.2. 2’ = (t + 1) cosz.



2.2. Linear Differential Equations of First Order 71

For other values of z, the differential equation leads to

do__ / (t+1)dt
COsST
1. 1+sinz 2
ilnl—sinz N E+t+c
1+sinz _ ae/2)+640) (3)
1—sinz

Note again that formula (3) states the solution implicitly. The task of
algebraically solving such a function for = u(t) or of graphing it is often
impossible, but qualitative solution sketching from the differential equation
itself is quite simple and enlightening, as illustrated in Figure 2.1.2. A

Notice that, as shown by Example 2.1.3, it is often far more difficult to
graph the functions H(z) = G(t) + C produced by separation of variables
than to treat graphically the original differential equation z’ = g(t)h(z).
The same could even be said for Example 2.1.2, for which the qualitative
picture of Figure 2.1.1 “says it all” at a glance. Since Example 2.1.2 arises
from a population problem, as we shall show in Section 2.5, the usual
question is simply “what happens, for z > 0, as t — 00?” The answer to

that is immediately deducible, with minimum effort, from the qualitative
picture.

Summary. For separation of variables, if 2’ = h(z)g(t), then
1. For all zy such that h(zg) = 0, u(t) = zo is a solution.

2. For all zo such that h(zg) # 0, separate variables and solve by
dz
h—(x')‘ = / g(t)dt.

2.2 Linear Differential Equations of First Order

If p(t) and ¢(t) are two continuous functions defined for a < ¢ < b, then
the differential equation

"=p(t)z +q(t) (4)
is the general linear first order equation. It is called homogeneous if q(t) =
0, nonhomogeneous otherwise. For a given equation of the form (4), the
equation

¢’ = p(t)z (5)
is called its associated homogeneous equation, or sometimes its complemen-
tary equation.
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Note that if a linear first order differential equation is homogeneous, then
it is separable; as we have seen in Example 2.1.1, the solution z = u(t) of
equation (5) with u(tp) = z¢ is

u(t) = .'L'gef‘o pir)dr

(6)
We can use the homogeneous case to help solve the nonhomogeneous case,
with the following theory which is basic to linear equations of all sorts,

differential or otherwise. (Here we prove the result for linear differential
equations.)

Theorem 2.2.1 (Solving nonhomogeneous linear equations). The
solution to =’ = p(t)x + q(t) with initial condition u(ty) = xq is

u(t) = ue(t) +up(t),

the sum of a solution u,(t) of the original equation, =’ = p(t)z +q(t), and
the solution u.(t) of the associated homogeneous equation, x' = p(t)z, with
initial condition u.(to) = xo — up(to)-

Proof. Substitute u(t) into the original differential equation. O

Since equation (6) has given us u.(t), the only other necessity for solving
nonhomogeneous linear equations is to find a u,(t). There are two famous
methods for doing this: undetermined coefficients, which is often the easiest
when it can be applied, and variation of parameters, which has the immense
advantage that it will always work, although it frequently leads to rather
unpleasant computations. We shall describe the first method here, and the
second in the following section.

METHOD OF UNDETERMINED COEFFICIENTS

For some differential equations =’ = p(t)z +¢(t), a particular solution u,(t)
can be found by guessing a solution of the appropriate form to work with
q(t). Let us start with three examples, for which we already know from
Example 2.1.1 that

Ue = :L'oefp(t)dt = Ce'.

Example 2.2.2. ' = z + sint.
Let us try for a solution of the form u,(t) = asint+ [ cost. Substituting
this “guess” into the differential equation says that we must have

ocost — Bsint = asint + fcost + sint.

Setting equal coefficients of like terms on the left and on the right implies
that a = 3 (from the cost terms) and —3 = o + 1 (from the sint terms).
This system of two nondifferential equations requires that

a=p=-1/2.
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Therefore we know u,(t) = —31sint — 1 cost, and the general solution to
the original differential equation is

1 1
u(t) = uc(t) + up(t) = Cet — 3 sint — 3 cost. A

Example 2.2.3. ' = z + t2.
Let us try for a particular solution of the form

up(t) = a + Bt +t2.
To satisfy the differential equation, we must have (by substitution)
B+ 2yt = a + Bt + vt + t2,

and the coefficients of the constants, the linear terms, and the quadratic
terms in turn each produce an equation; the algebraic solution of that
system of three nondifferential equations requires that

y=-1, B=-2, a=-2.

Thus u,(t) = —2 — 2t — t2, and the general solution to the differential
equation is

u(t) = uo(t) + up(t) = Cet —2 -2t —t2. A

Example 2.2.4. ' = z + 2.
If you guess u,(t) = ae? and try substituting that into the differential
equation, you will get
20% = ae? + e,
which implies by the coefficients of €% that 2a = a4+ 1, s0 a = 1.
This gives a general solution to the differential equation of

u(t) = uc(t) + up(t) = Cet +e*. a

Why did these examples work? Why was it a good idea to “try” the
functions we did? If we refer to linear algebra (Appendix L in Volume II),
we can explain in terms of vector spaces.

Proposition 2.2.5. Consider the differential equation ' = p(t)z + q(t).

Suppose that q(t) is an element of a finite-dimensional vector space V of
functions f, closed under the operation

10— /0 =200 = | 5 ~20)] £
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Let fi,..., fn be a basis of the vector space. Set

x(t) = alfl(t) +- 4+ anfn(t)'

If this expression is substituted into the equation, the result is a system of

n ordinary linear equations for the coefficients a;, which may or may not
admit a solution if d/dt — p(t) is singular.

The fact that the vector space V must be closed under the operation
f'—pf meansthat fe V= f'—pfeV.

In Example 2.2.2, the vector space was the space of functions a sint+
B cost, obviously closed under derivatives f — f’ — f.

In Example 2.2.3, the vector space was the space of polynomials of
degree at most 2, closed under f — f’ — f.

In Example 2.2.4, the vector space was the space of functions ae?t,
also closed under derivatives f — f' — f.

These examples all happened to have p(t) = 1; the method proceeds in
similar fashion according to Proposition 2.2.5 for other p(t). The following
example illustrates how to apply the same proposition in another case.

Example 2.2.6. t2’ = = + t2.

If we rewrite this equation as ' = (1/t)z+t, and try a particular solution
of the form u,(t) = a + Bt, we run into trouble because that won’t give a
vector space closed under f — f' — pf.

However, we can avoid such difficulty in this case if we stick with the
equation in its original form, tz’ = x + t2, then focus on t? instead of a
strict ¢(t) and try for a particular solution of the form

up(t) = o+ Bt + 2.

The natural operator here is f — tf’ — f for a vector space to which t2
must belong, and we otherwise proceed as above.
To solve the equation, we must have

Bt + 2vt% = a + Bt +yt2 + 12,

which implies, by the equations for the coefficients of each type of term,
that

a=0, [ =anything, y=1.

Thus any function of the form t2 + Bt is a particular solution, and

u(t) = uc(t) +up(t) = Ct+t* + Bt =t>+ (C+ B)t. A
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Thus you see that the method of undetermined coefficients is somewhat
adaptable, and further extensions will be discussed in Exercises 2.2#7 and
8.

However, life isn’t always so easy. Even when you can find a seemingly
appropriate vector space of functions to try the method of undetermined
coefficients, the system of linear equations that you get for the coefficients
may be singular, and have no solutions. This does not mean that the dif-
ferential equation has no solution, it just means that your guess was bad.

Example 2.2.7. 2/ =z + €'.
A reasonable vector space is simply the 1-dimensional vector space of
functions ae’. But substituting u,(t) = ae® gives:

aet =aet +¢€t, ie. a=a+1,

which has no solution for a, so u,(t) = ae® was a bad guess. A

In such a case as Example 2.2.7, however, there exists another, bigger
vector space of the form P(t)et, for P(t) a polynomial.

Example 2.2.8. For 2’ = z + ¢!, try substituting
up(t) = ae’ + Btet.

A vector space of these functions also contains ¢(t) and is closed under
f — f'—pf. You can confirm by this method that u,(t) = te* is a particular
solution to the differential equation, and

u(t) = uc(t) + up(t) = (C +t)e’. A

Actually, it is only exceptionally that such a large vector space as shown
in Example 2.2.8 is needed; it is when ¢(t) include solutions to the as-
sociated homogeneous equation. But those are exactly the cases that are
important, as we shall discuss further in Volume II, Section 7.7.

The method of undetermined coefficients therefore works, by Proposition
2.2.5, whenever you can find a sufficiently large finite-dimensional vector
space closed under f — f’ — pf. The examples illustrate the possibilities.
For functions g(t) that include terms like tant or Int, another method
is necessary for finding a particular solution u,(t). In the next section we
present a method that works for any linear equation, and furthermore gives
some real insight into linear equations.

Summary. For a first order linear differential equation =’ = p(t)z + ¢(t),
the general solution is

2 = u(t) = uelt) + up(t) = Celo ™ 4 (1)
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where u,(t) is a particular solution to the entire nonhomogeneous equation,
and u,(t) is the solution to the associated homogeneous equation.

One way to find u,(t) is by the method of undetermined coefficients,
which uses an educated guess when ¢(t) is amenable. See Examples 2.2.2,
2.2.3, 2.2.4, and 2.2.6.

Another way to find u,(t), which always works, is the method of variation
of parameters, to be presented in the next section.

2.3 Variation of Parameters

Variation of parameters is a technique that always produces a particular
solution wu,(t) to a nonhomogeneous linear equation, at least if you can
compute the necessary integrals. The idea is to

1. Assume a solution of the form of the solution (6) to the associated
homogeneous equation (5) with the constant z, replaced by a variable v(t):

u(t) = o(t)edeo PO, (7)
with u(to) = 'l)(to) = Tg-.

2. Substitute in the non-homogeneous differential equation (4) the as-
sumed solution (7) prepared in the last step:

u'(t) = (t)ef:o pirydr + v(t)p(t)ef; p(r)dr (differentiating (7))
=p(t) v(t)ef:o pidr +q(t), (from differential equation (4))

u(t)

which, amazingly enough, we can simplify and solve for v/(t):

t

o (t) = qlt)e 0P F = r(e). ®)

3. Solve for the varying parameter v(t) using equation (8) and substitute
in the assumed solution (7).

As a result of step (2), v(t) is a solution to the differential equation
z’ = r(t), with initial condition v(tp) = xo. Therefore

¢ t — [* p(r)dr

v(t)=/ T(S)d8+:co=/ [q(S)e Jor }ds-*-l‘o;
to to

so, from step (1),

u(t) = ef:o p(r)dr {/t [e ft:: p(T)qu(s)]ds + .’L‘(]} 9)

to
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where z¢ = u(tp), and the entire {...} is v(t).
This procedure does indeed find solutions for the nonhomogeneous dif-
ferential equation (4), as we shall illustrate in the following example.

Example 2.3.1. Consider z’ = az + b, with u(ty) = zo and a # 0.

This is not just an arbitrary example; it turns out to be an important
differential equation that we shall use in proving theorems, as we shall see
in Chapter 4. (Notice that this equation is in fact separable as well as
linear, so in Exercise 2.1#1c you solve the same equation by separation of
variables.)

The homogeneous equation is again the equation of Example 2.1.1, so:

t
ad

1). Assume u(t) = v(t)effo T = y(t)ealt—to),

2). Substitution in the differential equation gives

v'(t)e“(t_t") + av(t)e?tt) = av(t)e“(t_t°) +b
v'(t) = be~ (%) with v(to) = zo-
3). Solving for v(t) gives

b
v(t) = — <—>€_a(t_t°) +c, with c=2x9+ é,
a a

u(t) = [_ (g)e_a(t—to) + c:l ea(t—to)

=$06a(t_to)+ E [ea(t—to)_]_]. A
a

so from step 1),

The method of variation of parameters always works in the same way,
so you can bypass the steps and simply write the results directly as equa-
tion (9). We shall revisit the equation of Example 2.3.1 and illustrate this
method.

Example 2.3.2. Consider again z’' = az + b, with u(tg) = zo. In this case,
ft adr a(t—to)
elto —e 2

SO

t
u(t) = e2(t—to) {/ be~2(s—t)ds + :1:0}

to
= ea(t—to) :b. [e_a‘(t—tﬁ) — 1] + To
a

= poe?(tto) 4 <§> [eatt) —1]. a
a
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So far we have obtained equation (9) as one solution to the differential
equation (4) with initial condition z(tp) = zo. In Exercise 2.2-2.3#4 you
can verify that substitution of (9) in (4) confirms its status as a solution.

We have therefore ezistence of solutions for every initial condition (to, o).
In Section 4.5 we shall prove uniqueness of this solution, so formula (9) is
in fact the complete solution to (4).

It is well worth your effort to learn this equation (9), or at least to
understand it thoroughly. The summary at the end of this section and
Section 2.4 should both give additional insight.

But first let us proceed with another example.

Example 2.3.3. Consider z' = %Smt
First,
1

#0=~(;)
so

t tO

/ p(T)d’T = In|— ,

to t

and

ot) = (%) sint.

So now we are ready to use equation (9):

:L‘(t) — elnligl{e—lnlianl (%) Sinsds + mo}
= t?o{/(ti) (%) sinsds+a:o}
0
= t?o{ (tl) (costo — cost) + xo}
0

1
= —{—cost + costp + Toto .
t N, e’
c

The constant terms can be grouped together, so there is indeed only
the one constant overall that is expected in the solution to a first order
differential equation. A

We close this section with a summary of the e(iuations.

Summary. For a first order linear equation =’ = p(t)z + ¢(t), the solution
with u(to) = zo can be written, by variation of parameters, as

t t s
'u,(t) _ ej;o p(‘r)dr{/ [e— f¢0 P(T)dfq(s)] ds + 370}' (9, again)
to
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If you first compute

w(s,t) = efst p(r)dr (10)

then the solution with u(top) = zo can be written more simply as

u(t) = wlto, t){ / (s, to)a(s)ds + zg}. (1)

to

The quantity w(s,t) defined by equation (10) is sufficiently important
to the solutions to linear differential equations that it is called the fun-
damental solution. The next section give a real world interpretation for
the fundamental solution; the concept will later be generalized to higher
dimensions in Volume II, Chapter 12.

2.4 Bank Accounts and Linear Differential
Equations

One “universal” way of “understanding” the linear differential equation (4)
' =p(t)z + q(t)

is to consider the solutions as the value of a bank account, having a variable
interest rate p(t); g(t) represents rate of deposits (positive values) and with-
drawals (negative values). Note that the equation representing the value of
such an account will only be a linear equation if:

1. the interest rate depends only on time, not on the amount deposited,
and

2. the deposits and withdrawals are also functions of time only, and do
not depend on the value of the account.

Despite their complication, the equations (9) and (11) for solution of a
linear first order equation can be understood rather well in these terms.
Observe that these formulas write the solution as the sum of two terms.

In terms of bank accounts, this is simply the following rather obvious
fact: the value of your deposit is the sum of what is due to your initial
deposit, and what is due to subsequent deposits and withdrawals.

We next ask what is represented by the fundamental solution
[ p(ryar

w(s,t) =e (10, again)

defined at the end of the last section?
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Recall (Example 2.1.1) that the solutions to the associated homogeneous
equation z’ = p(t)z are

t
uc(t) = a:oef‘o P _ zow(to, t).

Thus w(s,t) has the property that w(s,t)q(s) is the solution, at time ¢
of £’ = p(t)z with initial condition g(s) at time s.

In terms of bank accounts, w(s,t) measures the value at time ¢ of a unit
deposit at time s. This is meaningful for all (s,t): If s < t, w(s, t) measures
the value at time ¢ of a unit deposit at time s. If s > ¢, w(s,t) measures
the deposit at time ¢t which would have the value of one unit at time s.

We are now ready to interpret the “bank account equation” in two ways:

1. One possibility is to update each deposit, o and q(s), forward to

time t. Then
t
u(t) = w(to, t)xo +/ w(s,t)q(s)ds. (12)
e to

To see that equation (12) is another possible form of (11), notice that
w(s, t)w(to, s) = w(to,t),
from equation (10). Therefore
w(s,t) = w(to, t)(w(to, s)) 7,
and we can factor w(to,t) out of the integral in the last term of (12).

2. Another possibility is to date every deposit backward to time tp, such
that the total deposit at time ¢y should have been

a:0+/ w(s,to)q(s)ds

to

in order to give the same amount at time ¢ as before, i.e.,

wl®) = wlto, )20 + / wls toa(s)ds]

which is exactly the equation (11). Thus the idea of equations (9) and
(11) resulting from variation of parameters is to take all the deposits
and withdrawals that are described by the function g(t), and for each
one to figure out how large a deposit (or overdraft) at t, would have
been required to duplicate the transaction when it occurs at time s.
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You have to be careful before you add sums of money payable at different
times. The idea is to avoid adding apples and oranges. Lottery winners
are well aware of this problem. The states running the lotteries say that
the grand prize is $2 million, but what they mean is that the winner gets
$100,000 a year for 20 years. They are adding apples and oranges, or rather
money payable today to money payable 10 or 15 years hence, neglecting
the factor w(s,t) by which it must be multiplied.

Example 2.4.1. If interest rates are to be constant at 10% during the next
20 years, how much did a winner of a $2 million dollar lottery prize win, in
terms of today’s dollars, assuming that the money is paid out continuously?
(If the payoff was not continuous, you would use a sum at the end instead
of an integral; however the continuous assumption gives results close to
that for a weekly or monthly payoff, which is reasonable.)

Solution. Use one year as the unit of time. The relevant function w(s,t)
is

w(s,t) = 01 (t—s).
Let o be the desired initial sum equivalent to the prize. Then an account

started with zo dollars, from which $100,000 is withdrawn every year for
twenty years will have nothing left, i.e.

20
£(1)(20) ( / (—100,000) e~ *ds + wo) =0.
0

This gives, after integrating,
zo = (100,000)/(0.1) (1 — e~ 2) ~ 864, 664.

So, although the winner will still get $100,000 a year for 20 years, the
organizers only had to put rather less than half of their $2 million claim
into their bank account. A

2.5 Population Models

The growth of a population under various conditions is a never-ending
source of differential equations. Let N(t) denote the size of the population
at time ¢t (a common notation among biologists). Then the very simplest
possible model for growth is that of a constant per capita growth rate:

Example 2.5.1. If a population N(¢) grows at a constant per capita rate,

then 1
— _dl = . 13
N dt T = constant (13)
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The constant r is called a fertility coefficient. This equation can be rewritten
as N’ = rN; the techniques of Chapter 1 and Section 2.1 give the following
picture, Figure 2.5.1, and the solution N = Nye™.

FIGURE 2.5.1. N’ =rN.

The effect of 7 (for » > 0) is to increase the slope of solutions as r
increases; for a fixed r the equation is autonomous and the solutions are
horizontal translates. For this problem only the top half-plane is relevant,
since a negative population has no meaning. A

Obviously the model of Example 2.5.1 is too simple to describe for long
the growth of any real population; other factors will come into play.

Example 2.5.2. Consider what happens when the basic assumption of
Example 2.1.1, as formulated in (13), is modified to show a decrease in
per capita rate of growth due to crowding or competition that is directly
proportional to N:

Na =" bN. (14)
Then we can write equation (14) as N’ = rN — bN?2. This is the logistic
equation, which we have already solved in Example 2.1.2; the solutions are
shown again in Figure 2.5.2. (Note that for a real world population problem
we are only interested in positive values of N.) See Exercise 2.4-2.5#3 for
support of this model from U.S. Census data. A
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FIGURE 2.5.2. N’ = aN — bN?2.

There are many variations on the theme of population models. One of
these describes the equations of Exercise 1.1#12. The form of those equa-
tions is discussed as follows:

Example 2.5.3. Consider

z' = (2+cost)z — (%)wz + a(t). (15)

This equation does not fall under the classes amenable to our analytic
methods, but it represents a more complicated population model that we
would like to discuss and show what you can do with it by the qualitative
methods of Chapter 1.

A reasonable interpretation of equation (15) is that z represents the size
of a population that varies with time. Therefore on the right-hand side, the
first term represents unfettered growth as in Example 2.5.1, with a fertility
coefficient (2+cost) that varies seasonally but always remains positive. The
second term represents competition as in Example 2.5.2, with competition
factor (3). The third term (t) is a function with respect to time alone,
representing changes to the population that do not depend directly on its
present size; e.g., positive values could represent stocking, as in stocking a
lake with salmon; negative values might represent hunting, in a situation
where there is plenty of prey for all hunters who come, or some fixed number
of (presumably successful) hunting licenses are issued each year.
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In Exercise 1.1#12, the values of the function «(t) were constant, at —1
and —2, respectively. The interesting results are shown in Figure 2.5.3.

FIGURE 2.5.3.

In the first case there are exactly two periodic solutions: there exists a
funnel around the upper one, which is stable, and an antifunnel around

the lower one, which is unstable. In the second case, there are no periodic

solutions: every solution dives off to negative infinity, so no stability is

possible. Furthermore, as a population size, z = u(t) < 0 makes no sense,

so note that once u(t) reaches zero, a population is extinct; harvesting was

too severe for the population to survive.

A good question for further exploration is “what value of the constant
o will separate these two behaviors?” You can use the computer program

the accuracy of your results is limited only

by your patience and perseverance (to the limits of the accuracy of the

DiffEq to explore this question;
computer!).

A

A population model could be helpful in understanding the linear first

is a fertility

(t)

p

of Section 2.2. In that case,

)

represents stocking (positive values) or hunting (negative
the equation is linear only if there is to be no decrease in

and q(t
). Again,

order differential equation (4
)

rate,
values

and the number killed by hunting

for instance,

fertility due to competition,

must depend on factors other than the actual population. If you are more

interested in populations than in bank accounts, you could reread Section

2.4 from this point of view.

The word “population” may be interpreted rather broadly to include
other growth models, and decay models as well. The case of radioactive

decay is a particularly famous one; the equation is basically the same as
(13) in the simplest growth model, with a negative rather than positive

coefficient.
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The rate of disintegration of a radioactive substance is propor-
tional at any instant to the amount of the substance present.

Example 2.5.4. Carbon dating. The carbon in living matter contains a
minute proportion of the radioactive isotope C'4. This radiocarbon arises
from cosmic ray bombardment in the upper atmosphere and enters living
systems by exchange processes, reaching an equilibrium concentration in
these organisms. This means that in living matter, the amount of C4 is in
constant ratio to the amount of the stable isotope C12. After the death of
an organism, exchange stops, and the radiocarbon decreases at the rate of
one part in 8000 per year.

Therefore carbon dating enables calculation of the moment when an
organism died, and we set ¢ = the number of years after death. Then
z(t) = ratio of C'* to C!? satisfies the differential equation

N
8000
so, from Example 2.1.1,

z(t) = 29 e~ /8000, (16)
A sample use of equation (16) is the following:

Human skeletal fragments showing ancient Neanderthal char-
acteristics are found in a Palestinian cave and are brought to a
laboratory for carbon dating. Analysis shows that the propor-
tion of C'* to C!2 is only 6.24% of the value in living tissue.
How long ago did this person live?

We are asked to find ¢t when z = 0.0624z. From equation (16),
0.0624z¢ = zge~t/3000 5o
t = —8000 In0.0624 ~ 22,400 years,

the number of years before the analysis that death occurred. a

Example 2.5.4 discusses a differential equation with a unique solution
through any set of initial conditions; it illustrates just one of the many
ways in which this might be done. We shall go on in Chapter 4, in Example
4.2.3, to study the question of uniqueness and will contrast the behavior of
this example with another situation.

2.6 Exact Differential Equations

Consider F(t, ), an arbitrary function in two variables, which describes a
surface in 3-space if you set z = F(t,z). The level curves of this surface
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are the functions given implicitly by
F(t,z) =C. 7

Differentiating equation (17) implicitly gives the following differential
equation satisfied by these level curves:

oF , OF
E(taz)x + E(tvz‘) =0, (18)
and we can rewrite equation (18) as
M(t,z)z’ + L(t,z) = 0. (19)

We now observe that we might use equation (19) to work the above
argument backwards. This will be possible for some differential equations,
which are then called ezact differential equations. In order to do this, we
need the following theorem.

Theorem 2.6.1 (Condition for exactness). Consider a differential
equation written in the form

M(t,z)z’ + L(t,z) = 0,

with M(t,z) and L(t,z) two suitably differentiable functions defined in a
rectangle R = [a,b] X [c,d]. Then there exists a function F(t,z) such that

OF OF
e M(t,z) and 5 = L(t,x)
if and only if oM oL
==, 20
ot or (20)

Proof. The necessity of condition (20) is due, from multivariable calculus,
to the equality of crossed partials (if these functions are continuous):

0’F  9’F

- _Z - 21
ordt Otorx (21)

To prove the sufficiency of condition (20), pick some point (to, o) in R
and set

F(t,z) = /tt L(r,zo)dT + /: M(t,o)do. (22)

Then
OF
5{; = M(t, l‘),
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and

OF *OM
_a_t = L(t,:l}o) + Lo W(t,a)da’

T

oL
= L(t, Z'()) + - %(t, U)dU

= L(t,z0) + L(t,z) — L(t, zo)
= L(t, z). O

Remark. The sufficiency derivation in this proof may seem a bit miracu-
lous and the choice of F unmotivated. It is closely related to the statement
that a force field is conservative, in a simply connected region, if its curl
vanishes there. A detailed explanation will appear in a related volume on
differential forms, as a special case of Poincaré’s Lemma.

The theoretical procedure for solving an exact differential equation is
very simple: If Theorem 2.6.1 is satisfied, then the solutions are the func-
tions ¢ = u(t) defined implicitly by F(t,z) = C for various constants C.
The process of actually finding F(¢,z) is illustrated in the following three
examples.

t —
Z Zz (which is not defined along the
line at at + bz = 0), which can be written as (at + bz)z’ + (ax — ct) = 0.

This is an exact equation because OM /8t = OL/0z = a. The fact that

Example 2.6.2. Consider z’ =

M(t,z) = at + bz = OF |0z

implies that

Fu(t,z) = atx + (%)bwz +9(t), (23)
and the fact that oF
L(t,z) =az —ct = ¥
implies that
Fi(t,z) = axt — (%)ctz + o(z). (24)

Equations (23) and (24) can be reconciled to give

F(t,xz) = axt + (%)bxz - (%)cﬁ

Therefore the solution to this exact differential equation is

F(t,z) = axt + (%)b-’l)2 - (%)Ctz =C,
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1

)

f a2+bc>0
if a2+bc<0.

(undefined along t — z = 0).

2t—zx
t—x

hyperbolas,
ellipses,

88

which is a description for

These observations are confirmed by Figure 2.6.1.
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FIGURE 2.6.2. 2’ =

This is to be expected, because the solutions to a differential equation are
functions. What appears to be a hyperbola or an ellipse in the slope field
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is, as shown in Figure 2.6.3, actually two completely different solutions; one
above and one below the line where the differential equation is not defined.

NN NSNS NSNS SN
NN NSNS NSNS
NN NN NN
NN NN

FIGURE 2.6.3. Solutions do not cross lines where slopes are undefined.

Example 2.6.3. Consider
(tcosz + 3x%)z’ +sinz + 2t = 0,
N —r
M(t,x) L(t,x)

(undefined along tcosz + 3z = 0).
You can confirm that OM /0t = OL/0z. Then the fact that

OF
M(t,z) =t 2= —
(t,z) =tcosz + 3z o
implies that
Fa(t,z) = tsinz 4+ 23 + ¥(t), (25)
and the fact that
L(t,z) =sinz + 2t = oF
’ ot
implies that
Fp(t,z) = tsinz + t + ¢(x). (26)

The reconciliation of equations (25) and (26) tells us that
F(t,z) = tsinz + z° + 2, (27
so the solution to this exact differential equation is

F(t,x) =tsinz + 23 +t* = C.
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It is hard to imagine the surface z = F(t,z) described by equation (27)
standing alone, but using the computer we can easily get a lovely picture of
its level curves from the direction field and solution curves of the differential
equation, illustrated in Figure 2.6.4.

FIGURE 2.6.4. 2’ = '-'t:i—::i%f (undefined along tcosz + 3z = 0).

Recall that this differential equation is undefined where t cos z+ 322 = 0.
The “level curves” drawn in this direction field are sometimes composed of
two or three functions, where they cross this locus. In Figure 2.6.4 the third
function is drawn thicker. (As suggested in the MacMath Documentation
under DiffEq, you can enter the differential equation as a system of two
equations, to be further discussed in Section 6.1, to get good computer
drawings of these level curves.) A

The illustration of Example 2.6.3 and Figure 2.6.4 demonstrates a tech-
nique that is useful for helping to visualize the surface described by any
particular ugly F(t,z): follow the steps of equations (17) through (19),
and then use the computer to get the direction field on which the solution
curves of the differential equation are the level curves of the surface.
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The geometrical interpretation of solutions to exact equations as level
curves of a function F(t,z) will be very useful in other ways, as you will
begin to see in Volume II, Chapter 6.

Example 2.6.4. All separable equations, ' = g(t)h(z), can be written in
exact form. They can be written as

ﬁz" —-9(t) =0,

and we see that

g(h_;_)) =2 st =0

Therefore, from (22), the solutions are along the level curves of

t T 1
F(t,z =/ g’Td’T—/ ——do,
(t,z) \ () (o)
or G(t) — H(z) = —C according to the notation of Section 2.1. A

There is also a relationship between linear equations and exact equa-
tions, which you will explore in Exercise 2.6#2, but perhaps this analogy
is misleading. Linear and exact equations generalize to higher dimensions
in completely different ways. The linear equations are the beginning of the
entire theory of ordinary differential equations, but the exact equations are
historical tricks that work only for one-dimensional ordinary differential
equations and don’t generalize at all to the higher dimensional theory of
ODE’s. (Basically the linear equations generalize to the theory studied in
Volume II, Chapters 6 and 7 with linear algebra, whereas the exact equa-
tions generalize to total partial differential equations, the Poincaré Lemma,
and the Frobenius Theorem, which occur in the study of differential forms.)

On a more immediately practical level, you should notice that for both
separable and ezact differential equations, the solutions are implicit, and
more often than not are therefore inconvenient or impossible to solve ex-
plicitly for z = wu(t). The linear equations, on the other hand, have the
advantage of producing ezplicit solutions, as given by the famous formula

(9).
Summary. An equation of the form M(t,z)2’ + L(t,z) = 0 is ezact if

oM _oL
ot — oz’

If the equation is exact, the solutions are expressed implicitly by

F(t,z) =C,
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where oF oF
e M(t,z) and i L(t,z).

The procedure for finding F(t,z) is as follows:

Holding t constant, integrate M with respect to x, to get Fis (re-
membering that a “constant” in z might be a function in t);

Holding x constant, integrate L with respect to t, to get F, (remem-
bering that a “constant” in ¢t might be a function in z);

Finally, reconcile the results of these last two computations to give
an F'(t,z) that satisfies both Fj; and Fr.

2.7 Series Solutions of Differential Equations

The method of undetermined coefficients introduced in Section 2.2, can
also be used to compute power series solutions of the differential equation
z' = f(t,x), at least if the function f(t,z) is itself given by a power series.

More precisely, suppose we are looking for a solution u(t) such that
u(to) = zo. Then set

u(t) =9+ al(t - to) + az(t — t0)2 +...
and substitute into the equation. You will then be able to calculate the a;

recursively.

Example 2.7.1. Find the power series of the solution to z' = z with
z(0) = 1.
Set
z(t) =1+ ait +ast® +ast® +...;

then substitution gives
ay +2a2t+3a3t2+... = 1+a1t+a2t2+a3t3+...
and identifying the coefficients of successive powers of ¢ gives

a; = 1’
2a2 =aa, i.e. az = 1/2
3a3 =ay, i.e.a3=1/6, etc.
Actually, we see that na, = a,_1, so since a; = 1 we get a, = 1/(n!), and

(e o)

o)=Y o,

n=0
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which you should recognize as the power series defining . A

The fact that made the computation of Example 2.7.1 work is that each
coefficient appeared on the left with a lower power of ¢ than it did on the
right, and as such could be computed from the lower coefficients, which
had already been computed. This fact is always true, but for nonlinear
equations it is usually impossible to find a formula for the coefficients. See,
for example, Exercise 2.7#4.

Example 2.7.2. Find the power series of the solution of 2’ = 22 — t, the
famous equation of Chapter 1, with 2(0) = 1. As in the last example, set

z(t) = 1+ a1t + agt® + ast® + ...
and substitute. You find
a1 + 2ast + 3ast’ +... = (1+a1t+a2t2+a3t3+...)2—t

=1+ (2a; — 1)t + (a? + 2a,)t?
+ (2a1a2 + 2a3)t3 + ...,

leading to
a; =1 = a;=1
2a2 =2a; — 1 = ay=1/2
3ag =a§+2a2 = as =2/3
4da4 = 2a1a9 + 2a3 = a4 = 7/12

Clearly this process could be continued ad infinitum with sufficient ef-
fort; on the other hand, no simple pattern seems to be emerging for the
coefficients. In particular, it is not clear what the radius of convergence of
the series is, or even whether the series converges at all. A

In the sense of not knowing a radius of convergence, power series so-
lutions are usually pretty useless: unless you know something about how
they converge, they convey next to no information, and it is usually hard to
know anything about the convergence unless a pattern for the coefficients
emerges. A recognizable pattern will usually exist only for linear equations.

In Example 2.7.2, the radius of convergence of the power series cannot be
infinite, and in fact must be smaller than 2, because we know from Exercise
1.6#5 that the solution blows up before ¢ = 2. This means that the series

¥ 2"a,

diverges, but we do not know how to show this from looking at the recursive
definition of the coeflicients; we can show it only from fence techniques.
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The following theorem, which we will not prove (the proof is rather de-
vious, requiring Picard iteration and complex analytic functions) says that
in fact the power series does converge.

Theorem 2.7.3. If the function f(t,x) is the sum of a convergent power
series in a neighborhood of (to, o), then substituting the series

z(t) = 2o + T an(t — to)”

into the differential equation ' = f(t,z) and equating equal powers of t
leads to a unique power series, which does converge for t in some neighbor-
hood of to, and whose sum is the solution to ' = f(t,z) with x(tg) = zo.

Notice the condition that f be given by a power series. If this condition
is not satisfied, it may be quite possible to determine a power series solution
of ¢’ = f(t,x) with radius of convergence 0. This will be shown by the next
example; it is rather lengthy, but carries an important explanation.

Example 2.7.4. Consider the differential equation =’ = #?/z — 1, which

is singular (i.e., not well defined) if z = 0. Determine the power series
solutions with z(0) = 0.
As above, set

z(t) = a1t + agt® + aztd + agt* + ...
and substitute in the equation, which We will write z(z’ + 1) = 2. We find
(a1t + agt® + ast® + agt* + .. )((1 + a1) + 2a2t + 3ast> +...) = t2. (28)

In particular, a;(1 +a;) = 0, leading to two solutions, one with a; = 0 and
the other with a; = —1. It turns out that these behave very differently, so
we will discuss them separately.

(i) The solution with a; = 0. In this case, equation (28) becomes
(agt? + ast® +agt? +..)(1 + 200t + 3ast? +4agt3 +...) = t?

and identifying coefficients on both sides of the equation leads to

a =1 = ax=1
az +2a,2 =0 = az3=-—2
a4 + 2a3a2 + 3azaz3 =0 = a4=10

as + 2a4a2 + 30432 +4a4a0 =0 = a5 = -T2

The coefficients appear to alternate in sign, and to grow rather rapidly.
The following result makes this precise:

The coefficient a,, has the sign of (—1)", and |a,| > (n — 1)!.
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The proof is by induction, and this induction is started above. The recursion
formula can be written

n/2

an =—(n+1) Zaian+1—i if n is even,
=2
(n—1)/2

an =—(n+1) ; aiOp41—i — nT_‘_l(a(M_l)/z)2 if n is odd.

In both cases, the induction hypothesis implies that all the terms on the
righthand side have the same sign, negative if n is even and positive if n
is odd, and the factor —(n + 1) then shows that a, is positive if n is even
and negative if n is odd, as claimed. Moreover, since there is no cancelling,
we have

lan| > (n + 1)|agan—1] > (n +1)(n — 2)! > (n —1)!.

In particular, the power series under discussion has radius of convergence
equal to 0. The line above gives

an

>n+1,
Apn—1

and the result follows from the ratio test.

Just because a power series solves a differential equation does
not mean that it represents a solution!

(ii) The solution with a; = —1. In this case, equation (28) becomes
(—t + a2t2 + a3t3 + a4t4 +.. .)(2a2t + 3a3t2 + 4a4t3 +.. ) = t2,

which leads to

—2ay =1 = ay=-1/2
—3a3 +2a3=0 = a3=1/6
—4a4 + 3azaz + 2az2a3 =0 = a4 =—5/48
—5a5 + 4a4a2 + 302 + 24304 =0 = a5 = 19/240

This time the coefficients still alternate, but appear to be decreasing in
absolute value. This is misleading, because the coefficients eventually start
growing, and the 100*® is about 1300. Still, they don’t grow too fast, but
the proof is pretty tricky. We show that the coefficient a,, has the sign of
(=1)"*1, and, for n > 2, |a,| < 2"~ /n?, proceeding again by induction.
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To start, notice that it is true for a;. Next, observe that the recurrence
relation for computing the coefficients can be written

n+1 n/2
an, = Z AiQn 415 if n is even,
=2
(n—1)/2
n+1 +1 e
an = — Z QiGnt1—; + 2 (a(n+1)/2)2 if n is odd.
=2

It follows as above that if the signs of the a; alternate for i < n, then all
terms on the right-hand side have the same sign, which is positive if n is
odd and negative if n is even. So far, so good. Now, by induction, we find
if n is even that

/2 n/2 .
n+1 g 4(n+ 1) @ Ai"2  gn-i-l
lan| = Z |aian 41| < Z 2 (n+1-i)2
n/2

o 12('n+1—z)2

We need to bound the sum, and this is done by comparison with an
integral, as follows:

n/2

11 </"/2 dz —1/n/21+ 1 )2dm
;i_z(n+1—i)2 1 22(n—z)2  n? ), z (n—1)

1 /"/2 dx /"/2 dz /"/2 2dzx )

n2\Ji 22 J; (n-=z2? J; z(n-z)

1 "1dz+2/"*1dz
n? ), 2 nd); z

1 1
(- Zln(n—-1)).
n? (1 n—1 +n1n(n )>

The first inequality is the one that needs verifying, but we leave it to the
reader. This bound leads to

2472 (2 n 41 1 2kn(n-1)
lan} < n2 (Z n <1_n—1+ n ))

and we see that in order for the induction to work, it is necessary that A
be chosen sufficiently large so that the quantity in the outer parentheses
will have absolute value smaller than 1. This is certainly possible, since the
sequence in the inner parentheses tends to 1 as n — oo, and hence has a
finite upper bound. It is not too hard to show, using a bit of calculus, that
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A = 4 actually works. Using the computer program Analyzer, for instance,
you can show that the greatest value for

yz(z:1(1_1i1+2ln(z—l))>

occurs for 5 < £ < 6, and that the maximum y is less than 1.57. So the
smallest A for which the argument will work is approximately 3.14.
The argument for n odd is exactly similar: we find

n/2

1 1 1 1 " de
Zi_z(n+1—i)2+§((n+1)/2)2</1 z?(n — z)%’

=2

with the last part of the integral, from (n—1)/2 to n/2, bounding the extra
term in the sum.

In particular, the radius of convergence of this power series is at least 1/A,
and this power series does represent a solution to the differential equation.

—~

FIGURE 2.7.1. ¢/ = £ — 1.

= —
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This drastic difference in the behavior of the power series for the two
different values of a; requires a bit of explanation. The solutions to the
differential equation appear in Figure 2.7.1.

In particular, there actually is a unique solution to the differential equa-
tion through (0, 0) with slope —1, but with slope 0 there is a unique solution

to the right of 0, which is continued on the left by a whole “pony tail” of
solutions. A

PoNy TAIL BEHAVIOR AND POWER SERIES

If the first power series of Example 2.7.4 had converged, it would have
picked out one hair of this pony tail as prettier than the others, namely the
sum of the power series. So a reasonable philosophy is that unless there is
a good reason to think that a power series represents something particular,
there is good reason to worry about its convergence. In this case, there is
no reason for one solution in the pony tail to be distinguished.

You might wonder, considering that the first power series of Example
2.7.4 does not converge, whether it means anything at all, and it does. It is
the asymptotic development of the solution to the right, and also of all the
solutions to the left, which all have the same asymptotic expansion. See
the Appendix for discussion of asymptotic development.

Exercise 2.7#6 shows that this sort of phenomenon, where multiple so-
lutions are represented by a nonconvergent power series, often occurs in
funnels. Solutions in funnels often share an asymptotic expansion, which
does not converge.

The drawing with the pony tail is one that we will return to in Volume
II, Chapter 9 on bifurcations of planar vector fields; we will see that it is
quite typical of saddle-node bifurcations.

Summary. A differential equation may have a power series solution of the
form

u(t) = 2o + a1(t —to) + aa(t —to)* + ...,

if you can substitute this expression into the differential equation and
equate coefficients of like terms to evaluate the a;’s.

You maust, however, check to see where (if anywhere) the resulting series
converges.

Exercises 2.1 Separable Equations

2.1#1. Go back and solve by separation of variables wherever possible:
(a) the equation z’ = —tz of Example 1.1.1;

(b) the equation 2’ = kxz* of Section 1.6;
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(c) the equation 2’ = az + b, a very basic equation that you will meet in
Example 2.2.2 and again in Chapters 3 and 4;
(d) the appropriate parts of Exercises 1.1#1,2,3.

2.1#2°. Solve these differential equations; then use either Analyzer or Diff-
Eq to get a picture of the solutions:

(a) Q+z)te’+(1-t)z=0
() (1+2)—(1—t)’ =0

(c) (12 —=t?)a’ + 22 +tz?2 =0
(d) (z—a)+t3z' =0

(e) z— (2 —a?)z' =0

dr 1+ z2
[ o _Lltz
() dt 1+4¢2

(g) sec?@tanpdf +sec? ptanfdp =0
(h) sec?ftan p dp + sec? ptanfdh = 0
(i) 3eftanzdt + (1 —e')sec?zdr =0
() (t—2z*t)dt+ (z — t?z)dz =0

See also Exercises 2, Miscellaneous Problems, at the end of the chapter.

Exercises 2.2-2.3 Linear Equations

2.2—-2.3#1. Go back and solve as linear first order differential equations
wherever possible.

(a) the equation z’' = 2t — = of Example 1.1.3
(b) the appropriate parts of Exercises 1.1#1,2,3.

2.2—-2.3#2. Go back and solve all those equations that are either separable
or linear in the following:

(a)—(h) the parts of Exercises 1.5#1.

2.2-2.3#3. Solve ' = e! — z and explain, for different possible values
of the constant of integration, what happens when ¢t — co. Compare your
results by matching computer drawings (held up to the light) from Analyzer
(for the equations of the solutions with different values of ¢) and DiffEq
(for the direction field and some sample solutions).

2.2-2.3#4°. Solve the following linear differential equations; then use An-
alyzer or DiffEq to get a picture of the solutions:
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(@) o - o = ¢+ 1)2
x t+1
(b) o —of ==~

(c) (t -+ (22 -z —at® =0

1
(d) — +ar:cost = §sm2t

(e) x'—%zzett"

f) o+ 2p=2

()w+tw =

(g)w'+x=lt
e

1-2t
(B) o'+ —c—1=0

2.2—-2.3#5. Verify by direct substitution in the linear differential equation
z’' = p(t)z + q(t) that the boxed formula (9) is a solution.

2.2—2.3#6. Another traditional approach to the linear differential equa-
tion and its solution is as follows: rewrite equation (4) as

= — plt)e = alt).

Multiply both sides of this equation by e P(T4T  which is called an
integrating factor because of what happens next.
The left side of the new equation becomes

_fp(f)df{ (t)z} _ %{e—fp(r)dfz}.

Now it is easy to integrate both sides of the new equation with respect
to t. Finish this process now to arrive at formula (9). You may work with
indefinite integrals, but notice where the constant of integration will come
in. This method actually comes under the umbrella of exact equations, the
subject of Section 2.6; see Exercises 2.6#2.

2.2-2.3#:7. The examples of Section 2.2 are all linear equations (which,
after all, is the subject of this section). Nevertheless, this is a good place to
remark that there are certain nonlinear equations to which the method of
undetermined coefficients can also be applied to give a particular solution.
For instance, consider

(t _ 1)(17” + ($I)2 4= t2,
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for which the natural operator on z is

A
-1)— — 1.
(-G + (dt) +
The quantity ¢t appears on the right, and we see that on the left if we

assume a quadratic polynomial, the highest power of ¢ will also be 2. So
assume a particular solution of the form

up(t) = a + Bt +~t%,

and proceed to substitute in the original differential equation; then set up
equations for the coefficients of the powers of z. You will obtain a system
of nonlinear equations in «, §, and 7, you will find it can be solved. The
interesting thing is that there will be different values possible for v, each
giving rise to a different particular solution. However, since the differential
equation is not linear, you will not be able to superpose these particular
solutions, so the method of undetermined coefficients will not be much help
at getting a general solution.

2.2-2.3#8°. Try the method of undetermined coefficients, as in the last
exercise, on the following differential equation:

(E+ 12" + (2')? + kx = 2.
Discuss the effect of the parameter k.
2.2-2.3#9. Bernoulli equations are those of the form
' + P(t)z = Q(t)z",

where P(t) and Q(t) are continuous functions of ¢t and n # 0, n 7# 1. These
are important because they can be reduced to linear equations in z(t) by
a substitution z = z=™*!. Show that this is true.

2.2-2.3#10°. Use the substitution suggested in the last exercise to solve
the following Bernoulli equations by transforming them to linear differential
equations. Use Analyzer or DiffEq to get a picture of the solutions.

(a) o' +tz =323

() 1-t?)z' —tx —atz® =0

(c) 32?2’ —az® —t—-1=0

(d) = — 2’ cost = 2% cost(1l — sint)

See also Exercises 2, Miscellaneous Problems, at the end of the chapter.
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Exercises 2.4-2.5 Models Requiring Differential
Equations

2.4-2.5#1. What rate of interest payable annually is equivalent to 6%
continuously compounded?

2.4-2.5#2°. Consider the differential equation

d 1
d_: = (24 cost)z — 5:1:2 + a(t)

in the special case where a(t) is a constant (as in Example 2.5.2).

(a) Show that if = w(t) is a solution then z = w(t + 27) is also a
solution.

(b) For oo = —1 there are exactly two periodic solutions,
u;(t + 2m) = u;(t); i=1,2.

Draw in a funnel around the upper periodic solution and an antifunnel
around the lower one.

(c) There is no periodic solution for o = —2. By ezperimenting with the
computer in the program DiffEq, find the value (to two significant
digits) of the constant o between —1 and —2, which separates the
two behaviors: there exists a periodic solution and there is no periodic
solution.

2.4-2.5#3.

(a) Consider the equation N’ = rN(1— %), which is a form of the logistic
equation discussed in Example 2.5.1 and solved in Example 2.1.2.
Confirm that one way of writing the solution is

k

e—Tt "
[+

14

(b) The formula of part (a) was used successfully by R.L. Pearl and L.J.
Read (Proceedings of the National Academy of Sciences, 1920, p. 275)
to demonstrate a rather good fit with the population data of the
United States gathered in the decennial census from 1790 to 1910.
Using 1790, 1850, and 1910 as the points by which to evaluate the
constants they obtained

197,273,000
=1 + ¢—0.0313395¢

and then calculated a predicted N (t) for each of the decades between,
to compare with the census figures. The results are given in the table,
with four more decades added by the Dartmouth College Writing
Group in 1967.
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Population

from Population

Decimal from
Year Census Formula (6) Error  %Error
1790 3,929,000 3,929,000 0 0.0
1800 5,308,000 5,336,000 28,000 0.5
1810 7,240,000 7,228,000 -12,000 -0.2
1820 9,638,000 9,757,000 119,000 1.2
1830 12,866,000 13,109,000 243,000 1.9
1840 17,069,000 17,506,000 437,000 2.6
1850 23,192,000 23,192,000 0 0.0
1860 31,443,000 30,412,000 -1,031,000 33
1870 38,558,000 39,372,000 814,000 2.1
1880 50,156,000 50,177,000 21,000 0.0
1890 62,948,000 62,769,000 -179,000 -0.3
1900 75,995,000 76,870,000 875,000 1.2
1910 91,972,000 91,972,000 0 0.0
1920 105,711,000 107,559,000 1,848,000 1.7
1930 122,775,000 123,124,000 349,000 0.3
1940 131,669,000 136,653,000 4,984,000 3.8
1950 150,697,000 149,053,000 -1,644,000 -1.1
1960 179,300,000!
1970  204,000,000!
1980 226,500,000

!Rounded to the nearest hundred thousand.

(c) Update and revise the table using the more recent census data. Do you
think it advisable to change the three base years used to evaluate the
constants? How much difference would it make? Would it be sufficient
to change visually computer pictures from Analyzer or DiffEq?

2.4-2.5#4. What is the half-life of C!4? (See Example 2.5.3. Half-life is the
time required for half the amount of the radioactive isotope to disintegrate.)

2.4-2.5#5. At Cro Magnon, France, human skeletal remains were discov-
ered in 1868 in a cave where a railway was being dug. Philip van Doren
Stern, in a book entitled Prehistoric Europe, from Stone Age Man to the
FEarly Greeks (New York: W.W. Norton, 1969), asserts that the best esti-
mates of the age of these remains range from 30,000 to 20,000 B.C. What

range of laboratory C!* to C!? ratios would be represented by that range
of dates?

2.4-2.5#6°. A population of bugs on a plate tend to live in a circular
colony. If N is the number of bugs and r; is the per capita growth rate,
then the Malthusian growth rule states that dN/dt = ry N. However, those
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bugs on the perimeter suffer from cold, and they die at a rate propor-
tional to their number, which means that they die at a rate proportional
to N1/2, Let this constant of proportionality be r. Find the differential
equation satisfied by N. Without solving it, sketch some solutions. Is there
an equilibrium? If so, is it stable?

2.4-2.5#7. By another of Newton’s laws, the rate of cooling of some body
in air is proportional to the difference between the temperature of the body
and the temperature of the air. If the temperature of the air is 20°C and

the body cools for 20 minutes from 100° to 60°C, how long will it take for
its temperature to drop to 30°C?

2.4-2.5#8. Nutrients flow into a cell at a constant rate of R molecules
per unit time and leave it at a rate proportional to the concentration, with
constant of proportionality K. Let N be the concentration at time ¢. Then
the mathematical description of the rate of change of nutrients in the above

process is

dN
“_ =R-KN;
@~ B ’

that is, the rate of change of N is equal to the rate at which nutrients
are entering the cell minus the rate at which they are leaving. Will the
concentration of nutrients reach an equilibrium? If so, what is it and is it
stable? Explain, using a graph of the solutions to this equation.

2.4-2.5#9. Water flows into a conical tank at a rate of k; units of volume
per unit time. Water evaporates from the tank at a rate proportional to
V2/3, where V is the volume of water in the tank. Let the constant of
proportionality be kq. Find the differential equation satisfied by V. Without
solving it, sketch some solutions. Is there an equilibrium? Is it stable?

2.4-2.5#10. Water containing 2 oz. of pollutant/gal flows through a treat-
ment tank at a rate of 500 gal/min. In the tank, the treatment removes 2%
of the pollutant per minute, and the water is thoroughly stirred. The tank
holds 10,000 gal. of water. On the day the treatment plant opens, the tank
is filled with pure water. Find the function which gives the concentration
of pollutant in the outflow.

2.4-2.5#t11. At time t = 0, two tanks each contain 100 gallons of brine, the
concentration of which then is one half pound of salt per gallon. Pure water
is piped into the first tank at 2 gal/min, and the mixture, kept uniform
by stirring, is piped into the second tank at 2 gal/min. The mixture in the
second tank, again kept uniform by stirring, is piped away at 1 gal/min.
How much salt is in the water leaving the second tank at any time t > 07

2.4-2.5#12. The following model predicts glucose concentration in the
body after glucose infusion: Infusion is the process of admitting a substance
into the veins at a steady rate (this is what happens during intravenous
feeding from a hanging bottle by a hospital bed). As glucose is admitted,
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there is a drop in the concentration of free glucose (brought about mainly
by its combination with phosphorous); the concentration will decrease at a
rate proportional to the amount of glucose. Denote by G the concentration
of glucose, by A the amount of glucose admitted (in mg/min), and by B
the volume of liquid in the body (in the blood vessels). Find whether and
how the glucose concentration reaches an equilibrium level.

2.4-2.5#13. A criticism of the model of the last exercise is that it as-
sumes a constant volume of liquid in the body. However, since the human
body contains about 8 pt of blood, infusion of a pint of glucose solution
would change this volume significantly. How would you change this model
to account for variable volume? Le., how would you change the differential
equation? Will this affect your answer about an equilbrium level? How?
What are the limitations of this model? (Aside from the fact you may have
a differential equation which is hideous to solve or analyze, what criticisms
or limitations do you see physically to the variable volume idea?) What
sort of questions might you ask of a doctor or a biologist in order to work
further on this problem?

2.4-2.5#14. A spherical raindrop evaporates at a rate proportional to its
surface area. Find a formula for its volume V as a function of time, and
solve this differential equation.

Exercises 2.6 Exact Equations

2.6#1°. Solve the following differential equations that are exact:
(a) (t?+z)dt+ (t — 2z)dz =0
(b) (z — 3t?)dt — (4 — t)dz =0

(c) (z®—t)x' ==

z? 1 2
@ |Za - 2 [z - alap)ee =0
(e) 2(3tz? + 2t)dt — 3(2t%*x + x2)dx =0
() tdt + (2t + z)dz _
(t+z)?
2.6#£2. Show that the linear equation ' = p(t)z+q(t), multiplied through-

out by NECGLEN exact. The quantity e pi)dr is called an integrating fac-
tor because it makes the equation exact and able to be “integrated.” (This
idea was presented in different format as Exercises 2.2-2.3#6.)

2.643. Using the introductory idea of Section 2.6, use the computer pro-

gram DiffEq to draw some of the level curves for the following surfaces
z=F(t,x):



106 2. Analytic Methods

tr
(a) z=-—

(b) z =sin(z? +t2) — tz
(c) z= (2 +z%)/t3

(d) z = et*t! —cos(t + )

Exercises 2.7 Series Solutions

2.7#1. For the equation z’ = zt + t2sint,

(a) Use the method of undetermined coefficients to find the power series
solution.

(b) Write a general term for the coefficients.

(c) Give the radius of convergence for the power series. Hint: Use the
ratio test.

(d) Check your results with a computer drawing from DiffEq.

2.7#2. In the manner of the previous exercise, find power series solutions
for the following differential equation (which are also solvable by other
methods, so you can check your results). It is not always possible to get a
nice formula for the coefficients, though, so it may not be easy to find the
radius of convergence of a solution. When this happens, see if you can use
computer drawings from DiffEq to help.

(a) 2’ = 3tz with z(0) = 2

(b) z’'=(z—1)/t® withz(1) =0

(c)° (1+t)z’ — kz =0, with z(0) = 1. You should recognize this series.
2.7#:3. Consider the first order differential equation =’ = f(t, z).

(a) Show how to find the first four successive derivatives (and recursively
how to find more) from the differential equation, using implicit differ-
entiation and substitution. That is, find the functions F, such that

(™ (t) = Fu(t,z,7").

One reason for doing this is to find inflection points as in Exercises
1.1#13-16. Another reason is shown in the next part.
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(b) The derivatives from part (a) allow us to find the Taylor series (The-
orem A3.1 of the Appendix) for the solutions z(t):

z(t) = z(to) + ' (to) (t — to) + <%)m"(t0)(t — tg)2

+.o 4+ (%)m(")(to)(t—to)" +...

If you need to find the solution only for a particular initial con-
dition, and if the derivatives are sufficiently easy to calculate from
«’ = f(t,z), then you may find this a more convenient route to the
series for that particular solution than the method of undetermined
coefficients.

Use this Taylor series method to find the solution for 2’ = z? through
z(0) = 1, and determine the radius of convergence of the resulting
series.

2.7#4. Find the first five terms of the power series solution of =’ = z? 412
with z(0) = 1. Do this problem both by the Taylor series method of the
previous exercise and by the method of undetermined coefficients from this
section. Which do you find easiest?

2.7#5. Using any method you like, find the first three terms of the power
series solution of z’ = sintz with z(0) = 7/2.

2.7#6. In the manner of Example 2.7.4, study the behavior of the differ-
ential equation =’ = —z/t? at the origin of the ¢, z-plane. A power series
solution is appropriate and okay in this case, because there is a special

“nicest” element of the “pony tail.” Use the computer program DiffEq to
demonstrate.

2.7#7°. Power series solutions can often be helpful for higher order differ-
ential equations. The method of undetermined coefficients applies exactly
as for a first order equation; you simply have to take more derivatives be-
fore you substitute in the differential equation, and the resulting relations
between the coefficients involve more ordinary equations. Keep in mind
that we expect n arbitrary constants for an n*® order differential equation.

Find power series solutions to the following differential equations, with the
given conditions:

(a) Find a formula for the coefficients of a power series solution to z” +
z=0.

(i) Find a solution satisfying z(0) = 0, 2'(0) = 1.
(ii) Find a solution satisfying z(0) = 1, z’(0) = 0.

(Pretend that you never heard of sine and cosine.)
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(b) " 4+ at = 0, with z(0) = 0, 2’(0) = 1. This is an equation that has
no solution in terms of elementary functions, yet you can (and must)
show that this particular solution indeed converges for every t.

(c) " +tz’ —x =0, with z(0) = 1, 2/(0) = 0. Find a recursion formula
for the coefficients of the power series for z. Estimate the value of
z(0.5) to within 0.01 and show that your estimate is this good.

(d) " = 2ta’ + 4z, with z(0) = 0, 2/(0) = 1. Express your answer in
terms of elementary functions.

(e) " + (2/t)z’ + =z = 0, with z(0) = 1, 2’(0) = 0. Express your answer
in terms of elementary functions.

(f) =" —tz" +z = 0, with z(0) = 1, 2’(0) = —1, z”(0) = 0. This equation
indeed has a power series solution. Find the terms through z*.
2.7#8. Find power series solutions for the following equations:
(a) o' =z
(b) =" = zz’
(c) ¢’ =zsint

(d) ' = zsint — (1+1t)2

Exercises 2 Miscellaneous Problems

2misc.#1.
(i) Solve the following linear or separable differential equations.

(a) (1-t3)z' =z -1
(b) ' —tx =3t +¢t
(c) o' = 3t3(z +2)
(d) 2etz?z’ =t+2
(e) o' =t>z+1

(f) o' = (z — 2t)/(2z — t), with z(1) =2

(g

) 2’ = —2t— + ttan(t ) Hint: Substitute y = z2g(z)

(h) sint(z—:) — zcost +sin’ ¢, with z(r/2) = /2.

(ii) Graph the slope field and some solutions for each part of (i). You
may find the computer program DiffEq a help. If any solutions stand
out, identify them, both by formula and on your picture.
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2misc.#2°. A certain class of nonlinear first order differential equations
is traditionally called “homogeneous” in a very particular sense that is
not related to our use of the word homogeneous with regard to linear
equations, in Section 2.2. A nonlinear differential equation z’ = f(t,z) is
called “homogeneous” if f(t,z) can be written as a function of (z/t).

(i) Show that if indeed you can write ' = f(z/t), then the substitution
v = z/t will always cause the variables v and t to separate, thus
giving an equation that is easy to solve if the integrals exist.

(if) Solve the following differential equations, which are “homogeneous”
as defined in this exercise, by using the method of substitution pre-
sented in (i):

(@) (x—t)dt+ (z+t)dec=0
(b) (t+z)dt +tdz =0
(c) t+z)dt+ (z—t)dz=0
(d) tdz — zdt = V2 + z2dt
e) (8z + 10t)dt + (5z + Tt)dz =0
)

(
(f) (2v/st —s)dt +tds =0



3
Numerical Methods

We have been emphasizing that most differential equations do not have so-
lutions that can be written in elementary terms. Despite this, the computer
program DiffEq does draw something that purports to be an approximation
to a solution, and you should wonder how.

The answer is by numerical methods, by which the computer approxi-
mates a solution step by step. Numerical solutions of differential equations
are of such importance for applied mathematics that there are many books
on the subject, but the basic ideas are simple. Most methods tell you to
“follow your nose,” but the fancier ones do some “sniffing ahead.”

In this chapter we explain the schemes used in our computer drawings,
but we give only an introduction to the subject of numerical approximation.
We begin in Section 3.1 with Euler’s method, followed in Section 3.2 with
some other methods that are numerically superior to Euler’s method but
for which the theory is more cumbersome.

Next we try to throw additional light on these computational methods by
an experimental approach for analyzing the error that occurs in numerical
approximation. This error is due to two sources: truncation of the Taylor
series for a solution (with the degree of the truncation caused by the method
of numerical approximation), and the limitations of finite accuracy (due to
computing on actual machines). In Section 3.3 we analyze the differences in
errors that occur using the different methods, corresponding to the different
truncations of the Taylor series. In Section 3.4 we discuss the finite accuracy
effects of rounding down, up, or round.

In Section 3.5 we finish the experimental and computational discussion
with other practical considerations. Later in Section 4.6 we will return to
the theoretical side of numerical methods and show that, at least for the

simpler methods, we can indeed justify bounds of the form illustrated in
our experiments.

3.1 Euler’s Method

Euler’s method for approximating solutions of the differential equation =’ =
f(t,z) can be summed up by the instruction “follow your nose.”

Suppose you are at some point (tg, o), representing initial conditions.
At this point, the differential equation specifies some slope f(tg,zo)- As t
increases by a small step h, you can move along the tangent line in the
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FIGURE 3.1.1. Euler’s method. Single step, starting at (to, Zo).

direction of that slope to

(t1,21) = (to + h, 2o + hf(to, z0)),

as shown in Figure 3.1.1.
This is based on the Fundamental Theorem of Calculus, in the form

h
2(to + h) = a(to) + /0 2/ (to + 5)ds.

If the step size h is small and if the slope is not changing too drastically
near (t, Zo), the value z; will be close to u(t;), where z = u(t) denotes the
solution through (%o, zo).

The Euler approzimate solution between the two points (to,zo) and
(t1,21) is the straight line segment between those points.

The Euler approximate solution can be extended to additional points in
a piecewise linear fashion. You can start from (¢1, 1), using the slope given
by f(t1,z1), to get

(t2,z2) = (t1 + b, z1 + hf(t1,21)).

In like manner, you can then use (t2,z2) to get (t3,z3), and so on. Figure
3.1.2 shows the result of using the Euler method over three successive steps.
It seems reasonable to expect that a smaller step, such as h/2, will give a
closer approximation to the solution, that is, we might expect an improve-
ment such as shown in Figure 3.1.3, p. 114, for the interval ¢y to to + 3h.
Thus in an Euler approximation for a given stepsize h, we move through
the following sequence of points:

(t07z0)
(t1,z1) with =1 =z0+ hf(to, zo),

(tn,Tn) wWith Tp =2Zp_1+ hf(tn—1,ZTn-1)-
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# true solution for x'=f(x,t)
Euler approximation
for step size h
J—
>t
to to+h to+2h to+3h

FIGURE 3.1.2. Euler approximate solution for three steps, stepsize h.

A more formal mathematical statement of Euler’s method is the follow-
ing:

Definition 3.1.1. Consider the differential equation z’ = f(t,z) with f
a function defined in some rectangle R = [a,b] X [c,d]. Choose a point
(to,zo) € R and a given stepsize h. Define a sequence of points (tn,Zn)
recursively by

tp =tn_1+ h=1to+nh,

1)

Tpn =Tp-1+ hf(tn—lal"n—l)
as long as (t,,Z,) € R. Then the Euler approzimate solution up(t) through
(to, o) is the piecewise linear function joining all the (tn, z,), where each
piece has formula

up(t) = zp + (t — tn) f(tn, Tn)
for t € [tn,tn+]-

Definition 3.1.1 gives an approximate solution moving to the right if h is
positive, and to the left if h is negative.
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X true solution for x'=f(x,t)

Euler approximation
for step size h/2

Euler approximation

/ for step size h
pZd

=
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FIGURE 3.1.3. Smaller-step Euler approximate solution.

The idea underlying this method of numerical approximation is so in-
tuitive that it is hard to find to whom to attribute it. The first formal
description is generally attributed to Euler, and the first proof that as the
step gets small the approximate solution does indeed converge to a solution
is due to Cauchy. But the method was used without comment by Newton in
the very first book using differential equations. Furthermore, this algorithm
gives approximate solutions to ' = rz, which match calculations dating
back to the Babylonians of 2000 B.C., as we shall discuss in Evample 3.1.4.

First, however, let us pause to look at a sample calculation 'lustrating
the use of the equations (1).

Example 3.1.2. For =’ = sin(tz), start at (to, o) = (0,3) and construct
an Euler approximate solution to the right with step size h = 0.1. An
organized calculation for the z,’s proceeds as follows, moving from left to
right along each row in turn:
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Table 3.1.1
tn Tn f(tn,zn) Tnt1 = Tn + hf(tn, Tn)
to =0.0 | zo = 3.000 sin[(0)(3)]=0 z1 =3+ (.1)(0) = 3.000
t1=0.1 | z; =3.000 sin[(.1)(3)] = .296 z2 = 3+ (.1)(.296) = 3.030

t2 =02 | 22 =3.030 sin[(.2)(3.03)] =.570  z3 = 3.030 + (.1)(.570) = 3.087
ts =03 | z3 = 3.087 sin[(.3)(3.087)] =.799 x4 = 3.087 + (.1)(.799) = 3.167

t4 =04 | x4 = 3.167 continue in this
manner A

Programming a computer for Euler’s method allows extremely fast cal-
culation, and expanded accuracy without effort (up to the limits of the
machine).

Example 3.1.3. For the equation of Example 3.1.2, we show a computer
tabulation listing the results of ¢,, and z,, (without showing the intermedi-
ate steps), with a smaller stepsize, h = 0.05. You can see how the numerical
results are refined by a smaller stepsize.

Table 3.1.2. =’ = sin(tz)

tn Tn
0.00 3.00000
0.05 3.00000
0.10 3.00747
0.15 3.02228
0.20 3.04418
0.25 3.07278
0.30 3.10752
0.35 3.14767

0.40 3.19227 a

The Euler method provides the simplest scheme to study the essentials
of numerical approximation to solutions of differential equations. The next
two examples are familiar cases where you will see that we already know
the Euler method from previous experience, and furthermore we can see
that when the stepsize h — 0, these Euler approximate solutions converge
to solutions to the differential equation in question.

Example 3.1.4. Apply Euler’s method to the differential equation that
represents bank interest continuously compounded,

z' = rz, where z(t) = amount of savings.
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(The interest rate r is annual if ¢ is measured in years.) To apply Euler’s

method, let h = 1/n, where n is the number of compounding periods per
year. Then

T T
Ty =29+ —Tg = (1 + —).’1,'0,
n n

T T 2
E2=$1+—$1=<1+—) Zo,
n n

r r\"
Tp =CTp-1+ —Tp_1= 14— xo.
n n

This z, is the value of the savings account after n periods of compound
interest; the Euler’s method formula corresponds precisely to the tables
used by banks to calculate interest compounded at regular intervals! In
fact, the earliest mathematical writings, those of the Babylonians 4000
years ago, are tables of interest that match these calculations.

For continuous compounding, over one year, Euler’s method indicates

that savings will grow to
r n
lim (1 + —) o.
n— o0 n

For continuous compounding over one year we also know that the analytic
solution to ' = rz is zge”. So when we will prove in Section 4.5 that Euler’s
method converges to the solution to the differential equation, we will be
proving a famous formula that you probably already know:

n
er=lim<1+£) . A
n—oo n

Example 3.1.5. Consider the differential equation &’ = g(t), which has no
explicit dependence on z. From elementary calculus, with initial condition
u(tg) = To, we know the solution is the function defined by

t

u(t) = zo +/t g(s)ds. (2)

0

Apply to 2’ = g(t) Euler’s method with stepsize h = (t — to)/n, starting
at u(tg) = zo. This gives, for any t > to,

n—1
un(t) = 20 +h Y g(t:) (3)
=0

For zy = 0, equation (3) is precisely a Riemann sum for numerical inte-
gration of a function g(¢). This Riemann sum is illustrated for a positive
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function by the area of the shaded rectangles in Figure 3.1.4. Each rectangle
has base h and lies above [t;,t;+1], from the t-axis to g(t;). A

I Y
/

< »

ti tis1

FIGURE 3.1.4. Riemann sum.

NUMERICAL METHODS AS APPROXIMATION OF AN
INTEGRAL

As shown in Example 3.1.5 by equation (2), Euler’s method amounts to
approzimating the integral, of g(t). In the particular Rieman sum of that
example, we are approximating the height of each vertical strip under g(t)
on an interval [t;,t;11] by the value

mr = g(t;) value at left endpoint.

This is often not a good approximation. Two reasonable improvements in

most cases are obtained by using other values or averages of g(t) in each
subinterval:

mar = g((ti + tit1)/2) value at midpoint;

mr = (3)[g(t:) + g(ti+1)] average of values at endpoints.

In the computation of integrals, these improvements are called the mid-
point Riemann sum and the trapezoidal rule, respectively.

A fancier method to approximate an integral or get a slope for the ap-
proximate solution to the differential equation z’ = g(t) is Simpson’s Rule,
using a weighted average of values of g(t) at three points in each subinterval:

ms = (5 )10 + ot + t2)/2) + 9(t)

as taught in first year calculus. There is a unique parabola passing through
the three points (¢;,z;), (t; + h/2,9(t; + h/2), and (¢; + h,g(t; + h)), as
shown in Figure 3.1.5. Simpson’s Rule gives exactly the area beneath that
parabola.
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(ti1 Xip1)

t; (t; + h/2)

FIGURE 3.1.5. Simpson’s Rule.

Remark. The formula for Simpson’s Rule given in most textbooks uses
intervals of length from left or right to midpoint, which in our notation is
h/2. This explains why their formulas have thirds instead of sixths.

Example 3.1.5 and the subsequent discussion are more than a happy
coincidence. In fact, it is precisely the approzimation of integrals that has
motivated and produced the numerical methods we are discussing in this
book.

When slope f(t,z) depends on z as well as on t, there are smarter ways
than Euler’s of approximating solutions to differential equations, corre-
sponding to the improved schemes for approximating integrals: midpoint
Euler, trapezoidal rule, and Simpson’s rule. We shall study two of these in
the next section, and the third in Exercise 3.1-3.2#7.

3.2 Better Numerical Methods

Two other numerical methods for solving a differential equation 2’ = f(t, )
are based on the same idea as Euler’s method, in that using intervals of
step size h,

tiy1 =t; +h and z;41 = x; + hm, where m = slope.

For Euler’s method we simply use the slope, f(t;,z;), available at the
point where we begin to “follow our noses,” the left endpoint of the interval.
For fancier methods we “sniff ahead,” and then can do a better job of
“following.”

1. Midpoint Euler. For the midpoint Euler method (also called modified
Euler) we use the slope mps at the midpoint of the segment we would have
obtained with Euler’s method, as shown in Figure 3.2.1.

This method takes into account how the slope is changing over the in-
terval, and as we shall see, it converges to a solution considerably more
quickly than the straight Euler method.
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(tis1 Xis1)
| midpoint Euler
|
{t;. % _ 4 tip1:Xi)
"N - 'T Euler
slope of _ - |
f0.%) midpoint |
slope |
. >t
ti t; + h/2 ti+h

FIGURE 3.2.1. Midpoint slope = man = f(t; + %, T; + %f(t,-,a:i)).

If the midpoint Euler method is used in the case ' = g(t), it reduces
exactly to the midpoint Riemann sum mentioned at the end of the previous
section.

2. Runge—Kutta. The Runge—Kutta numerical method converges consid-
erably more rapidly than the Euler methods, and is what was used to make
your DiffEq programs. The method was developed by two German math-
ematicians, C. Runge and W. Kutta, at the end of the nineteenth century.
Without discussing the complexities of how these gentlemen arrived at their
conclusions, we hereby describe the most commonly used fourth-order ver-

sion, where the Runge-Kutta “slope” mgx is a weighted average of four
slopes:

my = f(ti, ;) slope at beginning of interval

my = f(t; + %,mi + %ml) slope at midpoint of a segment
with slope m;

m3 = f(t; + %,z + Lmy) slope at midpoint of a segment
with slope mo

ma = f(t; + h,z; + hmg) slope at end of a segment

with slope mg3
MRK = %(ml + 2ma + 2m3 + my).

The Runge-Kutta method makes a linear combination of four slopes,
illustrated in Figure 3.2.2, which you might think of as follows: m; is the
Euler’s method slope, my is the midpoint Euler slope, m3 “corrects the
shot,” and my4 brings in the slope at the right-hand end of the interval.
The weighted average mgg is used to calculate z;11 = z; + hm.
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+ line with
slope m4
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FIGURE 3.2.2. Runge-Kutta makes a linear combination of these four slopes
using mrg = (%)(ml + 2ma + 2m3 + my).

A special case of the Runge—Kutta method is the following: if z’ = g(t),
then the slope depends only on ¢, not on z, so my = mj3 (see Figure 3.2.2)
and

1
MRK = E(ml + 4mgy + my) = mg,

exactly Simpson’s rule for numerical integration, as discussed in Section

3.1. Simpson’s rule, in fact, was the original motivation for the fourth order
Runge-Kutta scheme.

We compare these three numerical methods—Euler’s, midpoint Euler,
and Runge-Kutta—in Examples 3.2.1 and 3.2.2, using two different presen-
tations. In the first we fix the stepsize and follow the approximate solution
through a number of steps for each method.
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Example 3.2.1. We return to =’ = sintz, with z(0) = 3, and stepsize
h = 0.1, and tabulate the computations in Table 3.2.1.

Table 3.2.1. ' = sintz.

Euler Midpoint Euler Runge-Kutta

tn Ty Ty Ty

0.0 3.00000 3.00000 3.00000
0.1 3.00000 3.01494 3.01492
0.2 3.02955 3.05884 3.05874
0.3 3.08650 3.12859 3.12829
0.4 3.16642 3.21812 3.21744
0.5 3.26183 3.31761 3.31637
0.6 3.36164 3.41368 3.41185
0.7 3.45185 3.49163 3.48947
0.8 3.51819 3.53946 3.53746
0.9 3.55031 3.55144 3.55003
1.0 3.54495 3.52867 3.52803
1.1 3.50570 3.47694 3.47698
1.2 3.44016 3.40379 3.40433
1.3 3.35674 3.31643 3.31729
1.4 3.26276 3.22081 3.22187
1.5 3.16380 3.12145 3.12263
1.6 3.06386 3.02157 3.02285
1.7 2.96565 2.92340 2.92479
1.8 2.87102 2.82844 2.82998
1.9 2.78122 2.73772 2.73946

2.0 2.69713 2.65196 2.65396 A
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In the second version we fix the final value of t; and calculate zy =
un(ts), for different numbers of steps on the interval [to, ¢5].

Example 3.2.2. We return to z’ = sin tz, approximating z(2), with z(0) =
3. On each line the stepsize is half that on the line above, so the number
of steps is 2V and h = (t; — to)/2N.

Table 3.2.2. z’ = sintzx

No. of steps  Euler  Midpoint Euler Runge-Kutta

1 3.00000 3.28224 3.00186 = up(ts)
2 3.14112 3.24403 2.66813
4 2.84253 2.61378 2.65370
8 2.75703 2.64049 2.65387
16 2.70750 2.65078 2.65396
32 2.68128 2.65321 2.65397
64 2.66776 2.65379 2.65397
128 2.66090 2.65393 2.65397
256 2.65745 2.65396 2.65397
512 2.65571 2.65397 2.65397
1024 2.65484 2.65397 2.65397
2048 2.65441 2.65397 2.65397
4096 2.65419 2.65397 2.65397
8192 2.65408 2.65397 2.65397

16384 2.65403 2.65397 2.65397 A

You can see in this example that as the number of steps increase, and
the stepsize h — 0, the values for z; soon seem to approach a limit. If
the computer worked with infinite precision, these values for z; would
converge, although sometimes not too quickly, to the actual solution to the
differential equation, as we shall prove in Section 4.5.

You can also see how the midpoint Euler method approaches this limit
considerably sooner than the Euler method, and how the Runge-Kutta
method approaches the limit considerably sooner than midpoint Euler.

Summary. We summarize with three computer programs that calculate
one step of the approximate solution to a differential equation, by the
methods presented in Sections 3.1 and 3.2. The programs are written in
the computer language Pascal, but it is not necessary that you know this
language to read the sequences of equations that are the center of each
program.
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Table 3.2.3

Procedure StepEuler (var t,z, h:real);

Begin
z := z + h * slope(t, z);
t:=t+h;

end;

Euler’s method

Procedure StepMid(var ¢, z, h:real);
var ml,tl, zl:real;
begin

t1:= t+ h/2; 2l := & + (h/2) * slope(t, z);
ml := slope(t1, z1);

t:=t+h;
z:=x+h*ml;
end:

midpoint Euler

Procedure StepRK(var t, z, h:real);
var t1, zl, 22, 23, m1, m2,m3, m4, m:real;

begin
ml := slope(t, z);
tl:=t+h/2;z1:=z+mlxh/2
m2 := slope(tl, z1);
z2:=x+m2%*h/2;
m3 := slope(t1, 2);
t:=t+h; z3:=c+ h*xm3;
m4 := slope(t, z3);
m := (ml+ 2 *m2 + 2 x m3 + m4)/6;
T: =+ h*xm;

end;

Runge-Kutta

123

There exist many other numerical methods for approximating solutions
to differential equations. A few others are introduced in the exercises; ref-
erences are listed at the end of this volume. In this text proper we concen-
trate only on the three methods already presented; our purpose is to show
as clearly as possible what is going on and what needs to be considered, so

that you can evaluate other methods for your particular circumstances.

However, we cannot close this section without discussing two other meth-
ods. The first is very natural, but seldom used in computers, because it
requires the evaluation of high order derivatives; this method may become
more practical as symbolic differentiators become more common. The sec-
ond is of such importance in practice that it cannot reasonably be omitted.
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THE “NAIVE” TAYLOR SERIES METHOD

We saw in Chapter 2 that there exists a unique proper series solution
z = u(t) for ' = f(t,z) with u(to) = zo. In fact, u(t) is the Taylor series
(as presented in Theorem A3.1 in the Appendix), so we can write it in that
fashion and show each coefficient in terms of f(t,z):

u(t) = u(to) + u'(to) (t — to) + (1/2)u (to)(t — to)® + ...
= 2o + h f(to, %) +(h?/2)[0F /0t + f(8F/0x))s000 + - - -
slope

Euler’s method

Let P, (to, To;t) be terms of this series up to degree n, the nt" degree Taylor
polynomial of the solution z = u(t). Then the “naive” method (which we
will see in the proofs of Chapter 4 to be of order n) can be found as follows:

tiv1=t; +h
Tit1 = Pp(ti, Tiytiyr)-

Comment 1. The case n = 1 is exactly Euler’s method. The cases n = 2
and n = 4 have the same “precision” as midpoint Euler and Runge-Kutta
respectively, in a manner to be discussed below.

Comment 2. An attempt to solve Exercise 2.7#5, £’ = sin tz, will show
the reader the main weakness of this numerical scheme: the computation
of the polynomials P, (to,Zo;t) can be quite cumbersome, even for n =
4. Nevertheless, in those cases where the coefficients can be expressed as
reasonably simple recursion formulas, a Taylor series method of fairly high
degree, perhaps 20, may be a very good choice. See Exercise 3.3#6.

One way of understanding the Runge-Kutta method is that, as a func-
tion of h, the function v(t) = v(to + h) = zo + hmy,y g, » has the same
4*® degree Taylor polynomial as the solution u(t) to ' = f(t,z) with
z(to) = zo. However, finding v(t) only requires evaluating f at 4 points,
and not computing the partial derivatives of f up to order 4. So you can
think of Runge-Kutta as a substitute for the naive 4" order method, a
substitute that is usually much easier to implement.

The computation required to show the equivalence of Runge-Kutta to
a 4*® degree Taylor polynomial is quite long, but the analogous statement
that midpoint Euler is equivalent to the 2°¢ degree Taylor polynomial is
quite feasible to prove (Exercise 3.1-3.2#9).

IMmPLICIT METHODS

There is a whole class of numerical methods which are particularly well
adapted to solving differential equations which arise from models like dis-
cretizations of the heat equation. We will show only one example of such
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a method. It appears at first completely unreasonable, but the analysis in
Section 5.4 should convince the reader that it might well be useful anyway.
The implicit Euler method consists of choosing a step h, and setting

ti+1 = ti + h and Ti+1 = T4 + hf(ti+1,$i+1).

Note that the second expression above is not a formula for z;,1, but an
equation for z;,1, i.e., it expresses z; 1 implicitly. To carry out the method,
this equation must be solved at each step. There is in general no formula
for such solutions, but a variety of schemes exist to approximate solutions
of equations, most of which are some variant of Newton’s method, which
will be discussed in Section 5.3. As the reader will find, these methods are
always a little dicey. So the scheme appears a prior: of little interest: each
step requires the numerical solution of an equation, with all the attendant
possible problems. The reader is referred to Examples 5.4.2, part (d) to
see why it is useful anyway: the other methods may be simpler but they
have their problems too. The implicit method avoids a breakdown of the
numerical method when the stepsize gets large.

3.3 Analysis of Error, According to
Approximation Method

For a differential equation with exact solution z = wu(t) and a particular
numerical approximation, z, = u(t,), the actual error at the n*® step,

En(h) = u(tn) - uh(tn)7

depends on both the number of steps n and on the stepsize h.

This actual error in a numerical approximation has two sources: one
source is the method of approximation, which tells how the Taylor series
for the actual solution z = u(t) has been truncated; that is what we shall
discuss in this section, and this is what contributes the greatest effect on
error. The other source of error is the finite numerical accuracy of the
calculation, which depends on the computing machine and its method of
rounding decimals; this we shall discuss in the subsequent section.

Examples 3.3.1 and 3.3.2 compute for our three numerical methods—
Euler, midpoint Euler, and Runge-Kutta approximate solutions u(ts) =
zy, for fixed ty, to a differential equation ' = f(¢,2) that can be solved
analytically. In these examples, the number of steps in the interval [to, ¢ ]
varies as 2V, from N = 0 to N = 13, so that h = (t; — to)/2". In other
words, this arrangement of setting ¢; makes the number of steps N directly
related to stepsize h, and error can be studied as an effect of A alone.

For each value of NV, and for each method, we list both the computation
of up(ts) = 5 and the actual error E(h). Note that we have written E(h)
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with only five significant digits, because E is the difference of two numbers
that are quite close, so additional digits would be meaningless.

Example 3.3.1. For the equation =’ = z, find z(2), with z(0) = 1. By

separation of variables, the exact solution is found to be u(t) = zpe?, so
u(2) = e? ~ 7.38905609893065.

Table 3.3.1. Actual Error E(h) = u(ty) — un(ty) for ' =z

No. of
steps Euler Midpoint Euler Runge-Kutta
1 3.00000000000000 5.00000000000000 7.000000000000 = wup(ts)
4.3891 x 10° 2.3891 x 10° 3.8906 x 10! = E(h)
2 4.00000000000000 6.25000000000000 7.33506944444444
3.3891 x 10° 1.1391 x 10° 5.3987 x 102
4  5.06250000000000 6.97290039062500 7.38397032396005
2.3266 x 10° 4.1616 x 107! 5.0858 x 10~3
8  5.96046447753906 7.26224718998853 7.38866527357286
1.4286 x 10° 1.2681 x 1071 3.9083 x 10~4
16  6.58325017202742 7.35408290311116 7.38902900289220
8.0581 x 10! 3.4973 x 1072 2.7096x 1075
32  6.95866675721881 7.37988036635186 7.38905431509387
4.3039 x 107! 9.1757 x 10~3 1.7838 x 10~
64 7.16627615278822 7.38670685035460 7.38905598450266
2.2278 x 1071 2.3492 x 1073 1.1443 x 107
128  7.27566979312842 7.38846180262122 7.38905609168522
1.1339 x 107! 5.9430 x 10~4 7.2454 x 10~°
256  7.33185059874104 7.38890664780243 7.38905609847485
5.7206 x 10~2 1.4945 x 10~4 4.5580 x 10~10
512  7.36032355326928 7.38901862627635 7.38905609890206
2.8733 x 10~2 3.7473 x 1073 2.8586 x 10~
1024 7.37465716034184 7.38904671701835 7.38905609892886
1.4399 x 102 9.3819 x 1076 1.7897 x 1012
2048  7.38184843588050 7.38905375173306 7.38905609893053
7.2077 x 1073 2.3472 x 1076 1.1546 x 10713
4096 7.38545021553901 7.38905551191629  7.38905609893065
3.6059 x 1073 5.8701 x 10~7 —-1.776 x 10715
8192 7.38725264383889 7.38905595215017  7.38905609893063
1.8035 x 1073 1.4678 x 107 1.6875 x 10714 (%)
16384 7.38815424298207 7.38905606223213 7.38905609893059
9.0186 x 10~* 3.6699 x 10~ 6.4837 x 1071 (x) a
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Example 3.3.2. For the equation 2z’ = z%sint, finding z(7), with z(0) =
0.3. By separation of variables, the actual solution is found to be u(t) =
1/(cost + C), which gives u(m) = 0.75.

Table 3.3.2. Actual Error E(h) = u(ts) — un(ts) for z’ = z2sint

No. of
steps Euler Midpoint Euler Runge-Kutta
1 .300000000000000 .582743338823081 .59825123558439 = up(t)
4.5000 x 107! 1.6726 x 1071 1.5175 x 10~ = E(h)
2 .441371669411541 .706815009470264 .735925509628509
3.0863 x 1071 4.3185 x 10~2 1.4074 x 10~2
4  .556745307152106 .735645886225717 .749522811050199
1.9325 x 101 1.4354 x 10~2 4.7719 x 10~*
8  .634637578818475 .745355944609261 .749984292895033
1.1536 x 107! 4.6441 x 1073 1.5707 x 10~5
16  .684465875258715 .748779351548380 .749999711167907
6.5534 x 10~2 1.2206 x 103 2.8883 x 107
32 .714500155244513 .749695668237506 .750000010105716
3.5500 x 10~2 3.0433 x 1074 —1.011 x 1078
64  .731422748597318 .749924661781383 .750000001620961
1.8577 x 102 7.5338 x 10~° —1.621 x 107?
128  .740481836801215 .749981303141273 .750000000133992
9.5182 x 10~3 1.8697 x 1075 —1.340 x 10~10
256  .745180317032169 .749995345938535 .750000000009427
4.8197 x 10~3 4.6541 x 1076 —9.427 x 10712
512  .747574578840291 .749998839192566 .750000000000615
2.4254 x 10~3 1.1608 x 10~6 —6.153 x 10713
1024  .748783339005838 .749999710148590 .7500000000000036
1.2167 x 103 2.8985 x 10~7 —3.608 x 10~ 14
2048  .749390674843791 .749999927581687 .7499999999999986
6.0933 x 10~4 7.2418 x 108 1.4211 x 10714
4096  .749695087867540 .749999981900960 .7499999999999919
3.0491 x 1074 1.8099 x 10~8 8.1157 x 1071 ()
8192  .749847481433661 .749999995476055 .7500000000000086
1.5252 x 10~* 4.5239 x 10~° —8.560 x 10714 (x)
16384  .749923725077763 .749999998869095 .7500000000000008
7.6275 x 10~° 1.1309 x 10~° —7.661 x 10715 (x) A

Notice that, as expected, in general the error decreases as you run down
each column. However, something funny (*) can happen in the lower right-
hand corner of both Examples 3.3.1 and 3.3.2 under the Runge-Kutta
method, with the error and the last digits. Actually, the same funny busi-
ness can eventually happen under any method that converges. The fact
that the error begins to increase again, and even to wobble, is due to the
finiteness of the computation, to be discussed at length in Section 3.4.
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The overall behavior of E(h) (ignoring the final wobbly () values) is
different for each of the three methods. Considering Examples 3.3.1 and
3.3.2 as numerical experiments, it seems that Runge-Kutta is much better
than midpoint Euler, which in turn seems much better than straight Euler;
the better methods converge more quickly and give smaller errors for a
given N.

It is not obvious from the tables what makes the difference. However, the
fact, which we will support by numerical experiments (in this section) and
Taylor series approximation (to come later, in Section 4.6), is that the error

E(h) varies as a power of h, where that power is 1, 2, and 4 respectively
in these methods. That is, we claim

for Euler’s method, E(h) =~ Cgh,
for midpoint Euler, E(h) =~ Cph?, 4)
for Runge-Kutta, E(h) ~ Crih*.

These formulas (4) produce the graphs for E versus h that are plotted

in Figure 3.3.1, with the constants Cg, Cas, Cri ignored in order to focus
on the powers of h.

E(h)

RK M E
A

1.0

FIGURE 3.3.1. Claimed relationship between E(h) and h.
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E(h)

RK

FIGURE 3.3.2. E(h) versus h for ' = z.

In fact, Figure 3.3.2, which is a computer plot of E(h) versus h for
Example 3.3.1, gives a picture visually supporting the above claim. (To
graph the actual values of the example, the scale must be skewed so that
the 45° line for Euler’s method in Figure 3.3.1 appears to be much steeper
in Figure 3.3.2.)

Because of the formulas (4) for E in terms of powers of h, Euler’s method
is called a first order method, midpoint Euler is a second order method, and
our version of Runge-Kutta is a fourth order method. There are in fact
methods of all orders, and there are entire texts and courses on numerical
methods. Our selection is just an introduction.

As the order of a numerical approximation increases, accuracy increases;
for small h, h* is a much smaller error than h. But more computations
are involved for each step of a higher order method, so each step of a
higher order method is more costly to compute. We need to strike a balance
between number of steps and cost per step; fourth order Runge-Kutta is
often the practical choice. Later, in Section 4.6 of the next chapter, we shall
give rigorous estimates that the errors are indeed bounded by such terms.

Meanwhile, if it is true that for order p

E(h) ~ Ch?, (5)

as in formulas (4), how can we exhibit this claim quantitatively in our
numerical experiments? Using (5), on h and on h/2, we get

In|E(h)| —In|E(h/2)|~pInh—plnh+pln2=pln2,
which says that the order of the error,

In|E(h)| — In|E(h/2)|
~p,
In2

(6)
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approaches an integer as expected. This is evidence that E(h) ~ Ch?.

In the following Examples 3.3.3 and 3.3.4, we have tabulated the “or-
der” p from the expression (6), using the values of E(h) as tabulated in the
earlier examples for the same differential equations. (Note that this exper-
imental “order” calculation cannot appear until the second case, because
it represents a comparison of each case with the previous one and can only
be computed after two cases.)

Example 3.3.3. We return to «’ = z, approximating z(2), with 2(0) = 1.

The values of u(2), un(2), and E}, are tabulated in Example 3.3.1.

Table 3.3.3. “Order” of Error p =

In|E(h)| — In|E(h/2)|

In2
Number Midpoint Runge-
of steps  Euler Euler Kutta
2 0.373 1.069 2.849 =“order”
4 0.543 1.453 3.408
8 0.704 1.714 3.702
16 0.826 1.858 3.850
32 0.90; 1.930 3.925
64 0.950 1.966 3.962
128 0.974 1.983 3.981
256 0.987 1.992 3.991 | “order”
512 0.993 1.996 3.995
1024 0.997 1.998 3.998
2048 0.998 1.999 3.954 |
4.96 0.999 1.999 6.022
“order”
8192 1.000 2.000 -3.248 | =7
16384 1.000 2.000 -1.942 A
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In Example 3.3.3 we see the predicted tendency to

1 in the first column (Euler’s method)
2 in the second column (midpoint Euler)
3 in the third column (Runge-Kutta).

Again something funny happens in the lower right due to finite accuracy.
We see the same phenomena in Example 3.3.4.

Example 3.3.4. We return to ' = z2?sint, approximating z(7) with

z(0) = 0.3. The values of u(r), up(7), and Ej are tabulated in Exam-
ple 3.3.2.

In|E(h)|—In|E(h/2
Table 3.3.4. “Order” of Error p = n |E(h)| — In|E(h/2)|

In2
Number Midpoint Runge-
of steps  Euler Euler Kutta
2 0.544 1.953 3.431 =“order”
4 0.675 1.589 4.882
8 0.744 1.628 4.925
16 0.816 1.928—1 5.765
32 0.884 2.004 4.837
64 0.934 2.014 2.640
128 0.965 2.011 3.597
256 0.982 2.006 3.829
512 0.991 2.003 3.937 | “order”
~ 4
1024 0.995 2.002 4.092
“order” _
2048 0.998 2.001 | =2 1.344
“order”
4096 0.999 | “order” 2.000 -2.514 | &7
8192 0.999 2.000 -0.077
16384 1.000 2.000 3.482 A




132 3. Numerical Methods

The form of the errors predicted in equations (4) and (5) is indeed true
in general, as illustrated in Examples 3.3.3 and 3.3.4. However, there are
exceptions:

In some cases the error E can be even smaller and can look like higher
orders of h than we would expect. This phenomenon is nicely demonstrated
in Example 3.3.5, where the solution is symmetric about the line ¢ = T;
such symmetry could reasonably lead to cancellation of dominant terms
in the error (Exercise 3.3#7). So the errors for the midpoint Euler and
Runge-Kutta methods vary as h3 and h® respectively, instead of h? and

h4.

Example 3.3.5. We return to 2’ = z2sint, but change ¢ ¢ from 7 to 2m.
To find the actual solution u(27), recall that u(t) = 1/(cost + C), which
is periodic with period 2w. So without even calculating C, we know that
u(2m) = u(0) = 0.3 for the actual solution when t = 27. As in Examples

3.3.2 and 3.3.4, the computer can calculate up(27), E(h), and “order” p;
we tabulate here only the final result, p.

Table 3.3.5. “Order” of Error p = In|E(h)| - In |E(h/2)|

In2
No. of Midpoint Runge-
steps Euler Euler Kutta
2 -112.096 -53.649 -162.414 =“order”
4 -51.397 2.223 1.915
8 1.201 5.040 5.693
16 0.831 3.992 5.088
32 0.868 3.338 5.016
64 0.917 3.097 5.004| “order”
~ b
128 0.953 3.025 5.001
256 0.975 | 3.006 5.000
512 0.987 3.002 5.023
1024 0.993 3.000 4.344
“order”
2048 0.997 3.000( ~ 0.279
4096 0.998 3.001 -0.236
“order”
8192 0.999| ~ 2.935 | -2.309
16384 1.000 3.921 -0.336 A
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Compare Examples 3.3.4 and 3.3.5; both numerically solve the same
differential equation. The first is over an interval on which the solution is
not symmetric, so the expected orders 2 and 4 are observed for midpoint
Euler and Runge—Kutta respectively. But the second is over an interval on
which the solution ¢s symmetric, so the observed order appears as 3 and 5
for midpoint Euler and Runge-Kutta respectively.

Another exception to the error predictions of equations (4) and (5) are
cases where the partial derivatives of f(¢,z) are unbounded or do not exist.
As we shall see in the next chapter, bounds on the error depend on the
partial derivatives of order up to the order of the method. We shall present
an example when we discuss estimating error in Section 4.6.

Meanwhile you are forewarned that such exceptions as these exist to the
general rule E(h) =~ Ch?.

3.4 Finite Accuracy

In practical computations, computers work with “real numbers” of finite
accuracy. This is usually not a problem now that computers standardly
calculate to 14 decimal places (IBM-PC with 8087 co-processor) or 18 dec-
imal places (Macintosh). Nevertheless we shall discuss the effects of the
finiteness of computation, and if you wish to explore these ideas, the pro-
gram NumMeths is set up to artificially compute to fewer decimal places
and allow you to more readily see the effects.

It is the phenomenon of round-off that affects finite accuracy, and the
effects are different depending on whether the rounding is consistently
“down” (towards —oo), “up” (towards +o0), or “round” (to the nearest
grid point). We shall discuss these cases separately.

ROUNDING DowN (OR UP)

We will give evidence in Example 3.4.1 that if a computer systematically
rounds down (or up), the error E(h) will behave like

C
E(h) =~ C1h? + T"’ (7)

The first term, with order p according to the chosen method of numeri-
cal approximation, has been discussed in Section 3.3; we shall proceed to
explain where a term like Ca/h might come from.

Typically, a number on a computer is something like 1.06209867E02,
and the numbers between 1.06209867E02 and 1.06209868E02 simply do
not exist. (Actually, the computer does this with bits, or numbers in base
2, but this will not affect the discussion.) The number of bits available
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depends on the computer; typically, it might be

24 Dbits, about 6 decimal digits  standard single precision

32 bits, about 8 decimal digits Apple II Basic

52 bits, about 14 decimal digits standard double precision; IBM-PC
64 bits, about 18 decimal digits standard Macintosh numerics.

Clearly, it can make no sense to use a stepsize smaller than the smallest
available increment, but we will show in this section that there are good
reasons to stick to much longer stepsizes.

Consider the computer’s “plane,” which consists of an array of dots,
spaced A apart. Even in floating point systems, this is true locally. For
example, in standard double precision you can expect roughly that for
numbers

order 1 A~ 10716,
order .01 A ~10718
order 1000 A ~ 10713,

Suppose we apply Euler’s method to ' = f(t,z) starting at (to, o). We
should land at the point (t,,z;) with

t, =to + h, T, =29+ hf(to,.’l)o),

but the computer will have to choose a point (£;,%;) which is a point of
its grid, as shown in Figure 3.4.1. Optimistically, we might hope that the
computer will choose the closest point (in the jargon, make an error of half
a bit in the last place). This hope is justified on the IBM-PC with 8087
coprocessor, and you can choose your rounding on the Macintosh; other
machines (including mainframes) might not make a smart choice.

Note in Figure 3.4.1, that the difference between the slope of the segment
uy, of the “real” Euler’s method and the segment @, actually computed by
the computer is of order A/h, with a constant in front which might be
about 0.5 in the best case.

IQ-M [ ] [ ] [ ] ] [ ] [] [ ] [ ] [ ] [ ]
A

FIGURE 3.4.1. Grid of computer coordinates with spacing A.
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Thus the computer systematically makes an error like A/h at each step,
and moreover guesses low each time if it always rounds down. It seems
reasonable that such errors will contribute a term like C2/h to E(h), and
we will see evidence that this is so in Example 3.4.1 and Exercise 3.4#1.
We will prove in Section 4.6 that a bound of this form is correct.

Remark. If instead of rounding down, the computer rounds to the nearest
available number, there will probably be cancellation between the errors
in the successive steps, and the contribution to E(h) of round-off error is
both smaller and harder to understand. We postpone that discussion to the
second part of this section.

Returning to the case of rounding down (or up), we now have

E(h) = C1h? + % (7, again)

which looks like Figure 3.4.2.

E(h)

A

£ CihP+Cylh

pn

FIGURE 3.4.2.
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Example 3.4.1. We return to =’ = z, approximating z(2), with z(0) = 1.
However, this time we round down using only 18 bits, which gives approx-
imately five decimal digits.

In|E(h)| = In|E(h/2)|
Table 3.4.1. “Order” of Error p = )

n
for ' = z (when rounded down)

No. of
steps Euler Midpoint Euler Runge-Kutta
1 4.3891x10° 2.3891x10° 3.8906x10™! =E(h)
2 3.3891x10° 1.1391x10° 5.4004x1072 =E(h)
0.373 1.069 2.849 =“order”
4 2.3266x10° 4.1616x107? 5.0992x1073
0.543 1.453 3.405
8 1.4286x10° 1.2685x107? 4.6052x1073 | “order”
0.704 1.714 3.469 | ~4?
16  8.0591x107?! 3.5098 %1072 1.8586x10*
0.826 1.854 1.309
32 4.3062x107} 9.5242x107% | “order” 2.9267x10~* «
0.904 1.882 | ~2? —0.655
64  2.2335x107! 2.9935x1073 7.0466x107*
0.947 1.670 —1.268
128  1.1457x107!| “order” 1.7728x107% « 1.2235x1073
0.963| =~1 0.756 —0.796
256 5.9695x1072 2.7799x1073 2.6883x107°_
0.940 —0.649 —-1.136
512 3.3969x10~2 5.1450%x 1073 5.0534x1073
0.813 —0.888 —-0.911
1024 2.4371x10°2 1.0577x1072 1.0577x10~2
0.479 —1.040 | -1.066
2048  2.8338x1072 2.1197x10~2 2.1197x1072 | “order”
-0.218 —1.003 —1.003 | ~-1
4096  4.5413x1072 4.1919%x107? 4.1919x1072
—0.680 —0.984 | “order” —0.984
8192  8.5437x1072 8.3575x1072 | ~—1 8.3575x1072
—0.912| “order” —0.995 —0.995
16384  1.6709x107'| =~-1 1.6623x107? 1.6623x107?!
—0.968 —0.992 —0.992 A

*Notice that the smallest error (in boldface) for each method falls somewhere
between the cases with “order” p and the cases with “order” ~ —1.
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If you wish to explore this phenomenon of rounding down, we leave it as
Exercise 3.4#:1 to construct a similar analysis for the equation 2’ = z2sint
of Examples 3.3.2 and 3.3.4.

ROUNDING ROUND

Most respectable modern computers do not round consistently down (or
up); they round to the nearest grid-point. As a result, the bound C/h
discussed in the previous subsection for the error contributed by finite
calculation is exaggeratedly pessimistic. The round-off errors tend to cancel
when rounding round, as we shall attempt to explain after a couple more
examples.

Example 3.4.2 (and Exercise 3.4#1b if you wish to pursue this study)
illustrate the smaller effects due to rounding round rather than consistently
in one direction. The computer program NumMeths allows you to choose
the number of bits, and whether you wish to round down, up, or round.
As in the previous example, the two lines of information for each case give
the values of the actual error E(h) and the “order.”

Example 3.4.2. We return to z’ = z, approximating z(2), with z(0) = 1.
However this time we round the calculations to 18 bits, approximately five
decimal digits.
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Table 3.4.2. “Order” of Error p = In|E(h)| lnlg |E(h/2)]
for ' = z (when rounded round)
No. of
steps Euler Midpoint Euler Runge-Kutta
1 4.3891x10° 2.3891x10° 3.8906x10~! =Ej
2 3.3891x10° 1.1391x10° 5.3973x1072 =E,
0.373 1.069 2.850 = “order”
4 2.3266x10° 4.1616x107! 5.0992x10~3
0.543 1.453 3.404
8  1.4286x10° 1.2682x107! 3.9948x107*
0.704 1.714 3.674 | “order”
16 8.0582x107! 3.5006x 1072 4.8531x107°% | ~
0.826 1.857 3.041
32  4.3042x1071! 9.1423x1073 —1.250x10~°
0.905 1.937] 1.956
64 2.2284x1071 2.3068x107° 3.3272x107°
0.950 1.987 —1.412]
128 1.1345x10°* 6.1311x10~*| “order” 3.3272x107°
0.974 1.912| =2 0.000
256 5.7147x10~2 1.5534x10~* 7.9048x107°
0.989 1.981 | —1.248
512 2.8796x10~2 —3.329%x10™* —3.329x10* | “order”
0.989 | “order” —1.100] —2.074 | ~?
1024 1.4254x1072 | ~1 —1.804x107*| “order” —2.566x10~*
1.014 0.884| ~? 0.375
2048 7.5406x1073 2.0112x10~* 2.0112x10~*
0.919 —0.157 0.352
4096 3.5733x1073 1.8013x107% 1.8013x10~°
1.077 | 3.481 3.481
8192 2.2153x1073_ 2.4689x10™* 2.4689x10™*
0.690 | “order” —3.777| random —3.777 | random
16384 2.2916x107% | ~? 1.3608x10~2 1.3608x10~3
—0.049 —2.462 —2.462 A
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Example 3.4.2 shows very nicely the most peculiar effects of rounding
round. The exponents of h in the error do not appear to follow any pat-
terns, quite unlike the systematic —1’s that we found for rounding down.
In fact, rounding round is best described by a random process, which we
shall describe in two stages.

1. Integrating in a noisy environment: random walk. Consider the differ-
ential equation ' = g(t), the solution of which,

t
u(®) =20+ [ g(s)ds,
to
is an ordinary integral. Suppose this integral is computed by any of the
approximations discussed at the end of Section 3.1, with n steps. Then
round-off error just adds something like £; = £A at each step to whatever
would be computed if the arithmetic were exact, and we may think of the
signs as random (in the absence of any good reason to think otherwise).
Thus the cumulative round-off error

n
D e
=1

can be thought of probabilistically. For instance, you might think of a ran-
dom walk where you toss a coin n times, and move each time A to the right
if the toss comes out heads, and A to the left if it comes out tails.

What are the reasonable questions to ask about the cumulative error?
It is perfectly reasonable to ask for its average (over all random walks
(€1,--.,€n) With n steps), but this is obviously zero since it is as often
negative as positive. More interesting is the average of the absolute value,
but this turns out to be very hard to compute. Almost as good is the
square root of the average of the squares (which, because the mean is 0,
is the standard deviation from statistical theory), and this turns out to be
quite easy to study for a random walk.

Proposition 3.4.3. The standard deviation of the random walk of n steps
of length A, with equal probability of moving right or left, is Ay/n.

Proof. There are 2™ possible such random walks, so the expression to be

evaluated is n 211/2
E N o0 | IR

random walks (€1...6,) “i=1

Fortunately this computation is much easier than it seems at first glance.
If the square is expanded, there are terms like €2 and terms like ¢;e;. The
key point of the proof is that the terms like £;e; cancel, when summed over
all random walks: for half the random walks they give +A2 and for half
—AZ? as can easily be verified.



3.4. Finite Accuracy 141

Thus our expression (8) becomes

F Z., E=) [T

random walks (€1...€n)

for each random walk

~~
there are 2™ possible random walks

In probabilistic jargon, the cancellation of the cross terms follows from
the fact that the €; are independent, identically distributed, with mean 0. In
terms of coin tosses, this means that the i** and j*® toss are independent,
each is the same experiment as the other, and that each of these experiments
has the same probability of sending you to the left or to the right. This is
all that is really used in the proof; the assumption that the ¢; are exactly
+A is unnecessary, fortunately, since in our case it isn’t true. O

The random walk result was fairly easy, but lies at the beginning of a
whole chapter of probability theory, on which we will not touch. Instead,
we will move on from 2’ = g(t) to the more difficult stochastic problem of
solving 2’ = f(t, ), where f depends on z as well as t. We begin with the
most important case, the simple linear equation z’ = a(t)z, and start with
the simplest subcase, where a(t) is a constant, a.

2. Solving &’ = ax in a noisy environment. We were discussing above
the special differential equation ' = g(t), with solutions given by indefinite
integrals. Errors committed during the solution are not amplified, and so
errors committed at the end can cancel those committed at the beginning.
It is quite unclear whether anything similar should be true for a differential

equation like
/

T =ax
where errors committed near the initial time to are amplified by a factor
of e*(t=%) and will swamp out an error made at the end.

There is an intuitive way of understanding how the round-off error affects
the numerical solution of ' = az with z(0) = o, closely related to the
discussion of the nonhomogeneous linear equation in Sections 2.2 and 2.3.
Think that you have a bank account with interest a and initial deposit z
at time 0. At regular intervals, make either a deposit or a withdrawal of
A, choosing whether to make a deposit or a withdrawal at random. How
should you expect these random deposits and withdrawals to affect the
value of the account? The equation becomes z' = a(z + random deposits).

The variation of parameters formula of Section 2.3 is just the right tool
to study this question. Looking back at the discussion in Section 2.3, we
can see what to substitute in the parentheses of equation (8) for the stan-
dard deviation. Thus for 2’ = az, the standard deviation at time t to be
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evaluated is

1 n 291/2
{2_11 Z (e‘“mo — e (:zo + Z e“”"si>> ]
L =1

random walks (€1...€,)

1 n 291/2
— at —Qa8;
-y 2 (G|
i=1

random walks (€1...€,)

with s; = (it)/n if there were n deposits or withdrawals. Again, upon
expanding the square, we find terms like

eZe722%  and geje(oite),

Just as before, the cross terms cancel in the sum. So the standard deviation
is

1 n 1/2 n 1/2
Aeat |:2_n Z Z e—2as,~:| — Aeat (Z e—2as,~) .

random walks (£1...€p) =1 i=1

The term

§ :e—2as,- — E § :e—2as,~£
t n

can be approximated for n large by observing that the sum on the right-
hand side is a Riemann sum for

t 1
/ e—2asds — _(1 _ e—2at).
0 2a

So the standard deviation is about

2ot 1/2
Aﬁ(e 1) :

2at

In particular, we find the term /7 again, and we see that the amplifica-
tion of errors due to the exponential growth of the solutions just changes
the constants in front of \/n by a factor independent of the step, but which
becomes very large when ot becomes large.

This probability analysis says that if up(t) is the approximate solution
of ' = f(t,x) = az computed with perfect arithmetic, then the values
computed by rounding will be randomly distributed around this approxi-
mate solution, with standard deviation C/v/h, where C is usually a small
constant, of order A. This random distribution is illustrated in Figure 3.4.3.

The dots of Figure 3.4.3 represent the computed values of up(ty); most
of these values lie closer to u(ts) than the standard deviation.

The discussion above was for the case of constant coefficients «, but the
diligent reader will observe that it goes through without substantial change
even if the constant « is replaced by a function a(t) (see Exercise 3.4#3).

In fact, the analysis above is more or less true in general, not just for
linear equations, but exploration of that issue must be postponed until we
discuss linearization of nonlinear functions, in Volume II, Chapter 8.
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T

Un(t¢)

Un (t¢ )= Co+C1h®

FIGURE 3.4.3. Random distribution of ux(ts) versus h for z’ = az.

3.5 What To Do in Practice

The examples of Sections 3.3 and 3.4 were made from differential equations
whose solutions were analytically known, so that errors could be precisely
analyzed. Of course, you will be interested in understanding errors primar-
ily when the solution is not known ahead of time. The object of this section
is to see how the discussion of the previous sections can help make good
choices of method and of step-length.

Suppose we have a differential equation =’ = f(t,z) and that we are
interested in finding a solution u(t) for t € [to,ts] with u(tp) = xo. Then it
is useful to focus on the value of ¢ in that interval for which you would expect
the approximate error to be the worst, usually t¢, and use the program that
calculates errors and “orders” for up(ts).

A first, naive (and not so bad) approach, quite adequate if nothing rides
on the outcome, is to compute solutions for a succession of numbers-of-
steps, for instance halving the step each time, and see whether the approx-
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imate solutions ux(ts) appear to converge. Then take as a guess for the
exact solution u(ts) whatever they appear to converge to.

This procedure can be dangerous: for one thing, we know that the solu-
tions should not go on converging forever: round-off error should creep up
on us sometime. Another possible danger is that the convergence we see
may not be the real convergence; it may be that for much shorter steps
the method converges to something altogether different. It may also be
that with the precision with which we are calculating, such short steps are
unavailable.

How can we guard against such dangers? One way, of course, is to obtain
realistic error bounds, but they are usually extremely difficult to find. We
present another approach, realistic in practice.

Our basic assumption is that an approximate solution u(ts), which
equals the actual solution u(ts) plus the error E(h), behaves like

uh(tf) ~ Co + C1h? (7, aga.in)

where p is the order of the method, and h is small, but not so small that
round-off errors dominate. Both Cy and C; are unknown; in fact, Cy is the
actual value u(ty) we are looking for. How can we guess what step size h
is optimal?

Suppose as above that we can find approximate solutions

. to—t
uh(tf)=uN(tf) with h=|027NfI.

Then we look at the difference Dy between successive approximations,

Dy = uN(tf) — UN—l(tf) ~ Cq (2—pN - 2"’N+”)|t0 - tf|p
= 012 NP1 — 2Pt — t4 P,

and the ratio

_ In|Dy_1| —In|Dy| _ In|Dn-1/Dn]| ~ p. (9)
n2 In2

This argument, similar to the one in Section 3.3, has the advantage that
the numbers Dy can be computed without knowing the exact solution. As
before, we expect the equivalence in the relation (9) to be destroyed by
round-off error as soon as that becomes significant.

So one possible approach to the problem is to tabulate values of un/(t )
with the corresponding Ry. Note that the Ry won’t show up until the
third case, since each Ry requires un, un—1, UN—2.

Find, if it exists, the range of steps for which Ry is roughly the expected
p. In this range, the solutions are converging as they should; the convergence
might still be phony, but this is unlikely. Then the optimal precision 18
probably achieved by the shortest step-length in that range, or perhaps the
next shorter step-length below the range.

Ry
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The reason for saying maybe the next shorter is the following: recall from
equation (7) of Section 3.4 that the error

C
E(h) ~ C1h? + 72
which gives graphs for E(h) of the form shown in Figure 3.5.1. (Of course
we do not know the values of the constants, but the behavior we wish to
point out is not dependent on the values of the C;’s.)

//KC1h2
//
o 0 0 ph

Euler method midpoint Euler Runge-Kutta

FIGURE 3.5.1.

As we move down numerical tables with increasing number N of steps
and decreasing step size h, we move left along the curve for error. What
we observe in Figure 3.5.1 is that the minimum for the error E(h) occurs,
moving left, soon after the error curve bends away from the dotted curve
representing C1hP.

The following Examples 3.5.1 and 3.5.2 show that for two differential
equations not solvable in elementary terms, we observe the expected phe-
nomena. The second line of the printout for each N does, in an appropriate
range, tend to orders 1, 2, and 4 as we would expect.

‘We shall continue the discussion following a look at the examples, which
were computed with the Macmath program NumMeths. The “curve-fitting”

mentioned at the bottom of the printouts is explained in this later discus-
sion.
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Example 3.5.1. Consider again z’ = sintz, the equation of Examples
1.5.2; 3.1.2,3; 3.2.1,2. We start at to = 0, zg = 3, and end at t;y = 2

we approximate up(tys), using the full precision (64 bits) available on the
Macintosh.

Table 3.5.1. z’ =sintx

No. of
Steps Euler Midpoint Euler Runge-Kutta
1 3.00000 3.28224001 3.00186186264321 —un(t5)
2 3.14112 3.24403094 2.66813472585461
4 2.84253 2.61377795 2.65369780703221
—0.158 —4.129 4531 =Ry
8  2.75702 2.64048731 2.65387019514893
0.881 4.645 6.388
16 2.70749 2.65078298 2.65396429900677
0.788 1.375 0.873
32 2.68127 2.65320805 2.65397098850082
0.918 2.086 ] 3.814
64 2.63776 2.65378538 2.65397141423697
0.956 2.071 3.974 |
128  2.66090 2.65392555 2.65397144082086
0.978 2.042 4.001
256  2.65744 2.65396005 2.65397144247765 | order
0.989 | 2.023 4.004 | ~4
512  2.65571 2.65396860 | order 2.65397144258098
0.995 2.012 | ~2 4.003
1024 2.65484 2.65397073 2.65397144258743
0.997 2.006 4.001
2048 2.65440 | order 2.65397126 2.65397144258784
0.999 | ~1 2.003 3.997 |
4096  2.65418 2.65397139 2.65397144258787  *
0.999 2.002 3.680
8192 2.65408 2.65397143 2.65397144258788
1.000 2.001 1.757

Curve fitting:

CF interpolation using method R and steps from 7 to 13 , is
2.65397144258792E4+000 + —2.96461702367259E—002 h*

CF interpolation using method M and steps from 6 to 13 , is
2.65397156047038E+000 + —1.90511410080302E—001 h?

CF interpolation using method E and steps from 9 to 13 , is
2.65397177402202E+000 + 4.45219184726699E—001 h! A
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Example 3.5.2. Consider again z’' = z? — t, the famous equation of Ex-
amples 1.1.4, 1.3.3, 1.3.6, and 1.5.1. We start at to = 0, zo = 1, and at

ty = 1 we approximate up(ts), using the full precision (64 bits) available
on the Macintosh.

Table 3.5.2. ¢’ = 22 — t

No. of
Steps  Euler Midpoint Euler Runge—Kutta
1 2.0000 2.75000 5.2760823567 =un(ts)
2 23750 3.73888 7.2621789573
4  2.9654 5.19816 8.7088441194
—1.364 —1.308 —-0.789 =Rn
8 3.8159 6.87271 9.2426947716
0.183 0.548 2.685
16  4.9058 8.22320 9.3421536298
—0.358 0.310 2.424
32 6.1089 8.95433 9.3529005110
-0.143 0.885 3.210
64  7.2220 9.23519 9.3537418047
0.112 1.380 3.675
128  8.0808 9.32167 9.3537987807
0.374 1.699 3.884
256  8.6467 9.34546 9.3538024380
0.602 1.862 3.96ﬂ
512  8.9791 9.35168 9.3538026686 | order
0.768 1.937 3.987| =~
1024 9.1606| order 9.35326 | order 9.3538026831
0.873| =1 1.970 | ~2 3.995
2048  9.2556 9.35366 9.3538026840 | =*
—0.933 —1.986 3.998

Curve fitting:

CF interpolation using method R and steps from 8 to 11 , is
9.35380268407649E4-000 + —1.05668505587010E+003 h*

CF interpolation using method M and steps from 9 to 11 , is
9.35379926109397E+000 + —5.55196762347348E+002 h?

CF interpolation using method E and steps from 9 to 11 , is
9.34643244726150E+000 + —1.88376521685730E+002 A'

Note: The Euler interpolation is not very reliable since Ry is not yet very close

to 1. Yet note also that despite this fact, the interpolation estimate is much closer

to the solution than any of the Euler values calculated so far! A
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On the basis of the above discussion of the range of steps for which
Ry is roughly the expected p, we expect that the * approximations are,
in each of the two preceding examples, the best obtainable by our three
methods—Euler, midpoint Euler, and Runge-Kutta.

If the range does not exist, then with the precision with which you are
computing, the method has not had a chance to converge, and you must
use more steps, go to higher precision, or use a method of higher order.
A shorter step-length is of course easiest, but it will not help if round-off
error becomes predominant before convergence has really occurred.

If an appropriate range does exist, and if it includes several values of N,
then it is reasonable to try fitting a curve of the form

Co + C1h?

to the values of un(ts) in that range, for instance by the method of least
squares. The value for Cy = up(ts) is then the best guess available for the
solution of the differential equation using that method, and the quality of
the fit gives an estimate on the possible error.

In Examples 3.5.1 and 3.5.2 this curve-fitting has been done by the com-
puter, with the results listed at the bottom of each printout.

None of this analysis using the difference of successive approximations
is quite rigorous, but an equation has to be quite nasty for it not to work.
Rigorous error bounds will be studied in Chapter 4; unfortunately, useful
bounds are hard to get. Usually bounds, even if you can find them, are
wildly pessimistic.

Summary. For a first order differential equation =’ = f(t,z) with initial
condition (tg,zo) and a desired interval [to,t¢], choose the value of ¢ in
that interval for which you would expect the approximate solution to be
the worst, usually #;.

A succession uy (ts) of numerical approximations can be made using step

size h = |—t°—2',$d For each N, calculate

Dy =un(ts) —un-1(ts)

and

_ In ,DN—I/DNl ~
N In2 -
Find, if it exists, the range of steps for which Ry is roughly the expected
p, and expect the best value of un(ts) to be that with the shortest step
length in that range, or perhaps the next shorter below that range.

If you desire more precision, use curve fitting, such as least squares, on
the values un(ts) in that range of steps. The result should give an estimated
u(ts) and an estimate on the error.

Then you can compute up(t) over the entire interval [to,ts] using the
stepsize you found best for up(ty).

Ry .
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Exercises 3.1-3.2 Basic Numerical Methods

3.1-3.2#1°. This exercise is not at all as trivial as it might seem at first
glance, and it will teach you a great deal about the various numerical
methods while keeping the computation to a minimum. (You will see that
it’s already a job just to keep all of the “formulas” straight, using proper
t;’s and x;’s at each step, and you’ll be able to figure out how you have to
organize the necessary information.) We use a ridiculously large stepsize in
order that you can really see the results.
Consider ' = z, starting at ¢ = 0, o = 1.

(a) Using stepsize h = 1, calculate by hand an approximate solution for
two steps, for each of the three numerical methods: Euler, midpoint
Euler, and Runge-Kutta.

(b) Solve the equation analytically and calculate the exact solution for
ty =1 and to = 2.

(c) Turn a sheet of graph paper sideways and mark off three graphs
as shown, with large scale units (one inch units are good, with a
horizontal domain from 0 to 2 and a vertical range from 0 to 1 to 8,
for each graph).

I B I

Euler midpoint Euler Runge-Kutta

Using one graph for each of the three methods, construct the approx-
imate solution graphically. That is, use the graph paper to make lines
of exactly the proper slopes, as calculated in (a). For midpoint Euler
and Runge-Kutta, make dotted lines for the trial runs showing the
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actual slope marks at beginning, midpoints, and endpoint, as in Fig-
ures 3.2.1 and 3.2.2. Confirm that the final slope for each step indeed
looks like an average of the intermediate slopes from the trial runs.
The graphical values for z; and z2 should be close to the numerical
approximation values calculated in part (a), and you should add for
comparison the exact values calculated in part (b).

You may be surprised how well Runge-Kutta makes this approximation
in two (very large) steps. This exercise was designed to emphasize graphi-
cally how the “better” methods indeed get closer to the true solution, by
adjusting the slope rather than the stepsize.

3.1-3.2#2. Consider =’ = 22 — t, with to = 0, 2o = 1.

(a) With 2(0) =1 and h = 1, calculate the forward (for positive k) and
backward (for negative h) Euler approximate solution £ = u(t) in
the interval —1 <t < 1.

(b) Make a drawing of the graph of uy(t) as found in part (a). Determine
whether the approximate solution you have just formed is above or
below the real solution.

(c) With z(0) = 1 and step h = 3, calculate by hand (that is, with-
out a program; you may certainly use a calculator to carry out the
operations) the approximate solution up(3) and un(1) by

(i) Midpoint Euler;
(ii) Runge-Kutta.

Add and label these points on your graph of part (b).

3.1-3.2#3. Prove that for 2’ = z? — ¢, with initial condition z(0) = 1,
that the forward Euler approximate solution, for any stepsize h, is a lower
fence.

3.1-3.2#4. Actually work out, numerically, the first three steps of Euler’s
method and of Midpoint Euler for the differential equation z’ = 22 — t2,
z(0) = 0, with stepsize h = 0.1.

3.1-3.2#5. Euler’s method can be run forwards or backwards in time, ac-
cording to whether the stepsize h is positive or negative respectively. How-
ever, Euler’s method run backwards is not the inverse of Euler’s method
running forward: running Euler’s method backwards starting at (to,Zo)
does not usually lead to a (t_1,z—1) such that if you start Euler’s method
at (t_1,7_1), you will get back to (to,zo)-

(a) Verify this fact for ¢’ = z® —t, with 2(0) = 1, h = 3. Go forward one
step, then backwards one step. You should not return to 1.

(b) Make a sketch to show why this is true.
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3.1-3.2#6. A special case of the Runge-Kutta method is for ' = g(¢). In
this case the slope of Runge-Kutta reduces from

1
MRK = a(ml + 2mg + 2mg3 + m4)

to
1
MRK = a(ml + 4mqy + m4).
Show why this is true.

3.1-3.247°. Another numerical method, called the improved Euler method,
is defined as follows for a given stepsize h:

Forn=1,2,...set t,41=t, +h

f(tn,-'lfn) + f(tn+ly Tn + hf(tn, xn))

Tny1 =Tp +h 5 .

(a) Explain on a drawing how 4 is defined from z,.

(b) For the differential equations for the form ‘fi—f = ¢(t) the improved
Euler gives a numerical method for integration, another one with
which you should already be familiar. Explain the method and give
its name.

3.1-3.2#8°. For the differential equation ' = z2, with initial condition
z(0) = 2,

(a) Calculate (by hand, calculator, or computer) an Euler approxima-

tion with stepsize h = 0.1 to find z(1). Does anything seem wrong
numerically?

(b) Calculate a Runge-Kutta approximation with stepsize h = 0.1 to
find z(1). Does this agree at all with part (a)? Now do you think
something might be wrong?

(c) To help find out what is going on, solve the equation analytically.
State why parts (a) and (b) are both wrong, and why you might have
missed the realization there was any problem.

(d) How could you avoid this problem? Do you think changing the step-
size would help? If so, try finding x(1) with a smaller stepsize, and
see if you can solve the problem. If not, can you explain why?

(e) This problem could be helped by a numerical method with a built-in
(automatic) variable stepsize; that is, as the slope gets steeper, the
stepsize is made smaller; e.g., make stepsize inversely proportional to
slope. Explain how this can help.
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(f) Yet another suggestion is to design the numerical method to take
the step h along the approximate solution, instead of along t axis.
Explain how this can help.

3.1-3.2#9. For ¢’ = f(t,z) with z(t9) = o, consider the approximate
solution

uh(t) = ’u,h(t() + h) =z + hmto,zo,h,
with the midpoint Euler slope

h h
Mig,z0,h = f(to + 3,20+ Ef(toal‘o)),

as a function of h. Show that up(t) has the same 2°¢ degree Taylor poly-
nomial as the exact solution x = u(t). That is, expand up(t) about (o, Zo),
expand u(t) about u(tp).

3.1-3.2#10°. Let the points (¢o,zo), (t1,Z1),... be constructed by the
implicit Euler method, as introduced at the end of Section 3.2. That is, for
z’' = f(t,z), use

tiyn =ti+h and zip1 =z + hf(tig1, Tig1).

This second expression is only implicit in x;41, and must be solved at each
step to find z;;1 before proceeding to the next step. For the following four
equations, write (¢;, ;) for 0 <4 < 3, and (tg, o) = (0,1). The equations
are listed in order of increasing difficulty: the first can be done by hand, the
second requires a calculator, and the third and fourth are best done using
something like Analyzer to solve the cubic and transcendental equations
which appear.

(a) ' =4-=x
(b) 2/ =4z — 22
(c) o' =4z — 23

(d) 2’ =sin(tz).

3.1-3.2#11. We saw in Example 3.1.4 that if uy, is Euler’s approximation
to the solution of ' = z with initial condition z(0) = zo, then up(t) =
(1 + h)t/", at least if ¢ is an integral multiple of h.

(a) Find an analogous formula for the midpoint Euler method.

(b) Evaluate your formula at t = 1 with A = 0.1. How far is the answer
* from the number (e).

(c) Find an analogous formula for Runge-Kutta.
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(d) Again evaluate your formula at ¢t = 1 with A = 0.1, and compare the
value with (e).

(e) What other name, in the case of this particular equation, would be
appropriate for the Midpoint Euler and Runge-Kutta calculations?

Exercises 3.3 Error Due to Approximation Method

3.3#1 Consider the equation z’ = z, solved for 0 < t < 2 with z(0) = 1,
as in Example 3.3.1.

(a) Using Table 3.3.1, show that the error for Euler’s method does indeed
behave like

That is, show that the ratio E(h)/h stabilizes as h gets small. Find
an estimate of the constant Cg.

For this equation, the constant can be evaluated theoretically. As can be
shown from Example 3.1.4, the Euler approximation up(t) with step h gives

up(2) = (1 + h)¥".

(b) Find the Taylor polynomial to first degree of (1 + h)%/*, by the fol-
lowing procedure:
(i) Writing (1 4 h)2/? as e(2/h)In(1+h),
(ii) Expanding In(1 + h) in its Taylor polynomial;
(iii) Use the Taylor polynomial of the exponential function, after
carefully factoring out the constant term of the exponent.

(c) Find Cg exactly from part (b), as limy_,o(Ep/h). Compare with the
estimate in part (a).

3.3#2°. (harder) Consider the differential equation 2’ = z as in the last

exercise, and let ux(t) be the approximate solution using midpoint Euler
with u,(0) = 1.

(a) Again using Table 3.3.1, show that E(h) ~ Cysh? for some constant
Cw, and estimate Cjy.

(b) Use the explicit formulae from Exercise 3.1-3.2#11 to find an asymp-
totic development (see Appendix) of the error at t = 2; i.e., find an
asymptotic development of the form

uh(2) =2+ CMh2 + O(h2),

and evaluate the constant C);.
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(c) Compare your theoretical value in part (b) with your estimate in part

(a).

3.3#3. (lengthier) Again consider the differential equation ' = z, and do
the same steps as the last two exercises for the Runge-Kutta method. Con-
ceptually this is not harder than the problems above, but the computations
are a bit awesome.

3.3#4. From Table 3.3.2 in Example 3.3.2, verify that the errors for Euler’s
method, Midpoint and Runge-Kutta do appear to behave as

E(h) = Cgh for Euler’s method,
E(h) ~ Cph?  for midpoint Euler and
E(h) =~ Crxh* for Runge-Kutta

and find approximate values for Cg, Cyr, Crk.

3.3#5. For the following equations, run the program NumMeths over the
given ranges, with a number of steps from 22 to 219 (or 2!2 if you have the
patience, since the speed diminishes as number of steps increases). Observe
which of these experiments give the predicted orders. For those cases where
the “order” is unusual, try to find the reason why.

(a) z'=—tz 0<t<?2 To =2
(b) z'=z%—t 0<t<2 z9=0.5
(c) z' =t 0<t<1 zo=1
d == 0<t<l1 o=1

3.3#6°. Consider ' = 1/(z + t), where successive derivatives are not
difficult to compute, and the exact analytic solution can be found as well.

(a) Calculate the 6th order Taylor series for the solution.
(b) Solve the equation analytically.

(c) Starting at z(0) = 1, compare the exact solution, the truncated sixth
degree Taylor polynomial, and the fourth order Runge-Kutta approx-
imation for two steps, with A = 0.1. Which approximation gives the
better answer? Which is least costly to compute?

(d) Repeat part (c) for (0) = 0. Explain any differences.
(e) Repeat part (c) for z(0) = 2. Explain any differences.

3.3#:7. Consider Example 3.3.5: ' = z2?sint, approximating z(27) with
z(0) = 0.3. Show why symmetry about the line ¢ = 7 leads to cancellation
of dominant terms in the error E(h).

3.3#8°. Let ' = f(t, ) be a differential equation, let u(t) be the solution
with initial condition z(tp) = z¢, and let uy(t) be the Euler approximation



Exercises 155

to this solution. In this chapter we have given numerical evidence that the
error

E(h) = ’U,(tl) - uh(tl)
should have an asymptotic development of the form E(h) = Ch+o(h), and
in Exercise 3.3#1 this is proved for the differential equation z’ = z.

(a) Show that if the equation is simply ' = f(t), then
E(h) = (f(t1) — f(to))R/2 + o(h).

(b) Show that if the equation is linear; i.e., ' = g(¢)z, then the error
also has the form E(h) = Ch + o(h), where this time the constant is
given by the expression

50 =~ (5 )" [[16) + a0l + o)

(c) Show that this expression agrees with that found in Exercise 3.1~
3.2#11.

(d) Set to = 0, and find a number ¢; > 0 such that Euler’s method as
applied to ' = —tz has order greater than 1. Use the computer to
see what the order actually is.

(e) The formula in (b) tells us that the error in Euler’s method will be
of the form Ch + o(h) for practically any function g(t). In order to
make this fail, we must find a sufficiently nasty function g(t) such
that (g(t))? does not have a finite integral. Show that g(t) = 1/[t|*
is such a function if 0 < a < 1.

(f) Show that nevertheless the differential equation 2’ = z/|t|* has unique,
continuous solutions through every point if 0 < a < 1.

(g) Use the program Numerical Methods to study this equation for a =
0.3 and a = 0.8, using Euler’s method, for -1 <¢ < 1and z(-1) = 1.
Can you explain what you observe?

Exercises 3.4 Error Due to Finite Machines

3.4#1°. For ' = z?sint, the equation of Examples 3.3.2 and 3.3.4, con-
struct an analysis like that of Examples 3.4.1 and 3.4.2. That is,

(a) make a calculation using only 18 bits, rounding down;

(b) make a calculation using only 18 bits, rounding round;
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(c) for each of parts (a) and (b), state the range of stepsizes giving the
proper “order”; also compare the magnitude of errors in parts (a) and

(b).

3.4#2. Run the program NumMeths, for number of steps: 2! to 210, for
the differential equation

=z, 0<t<2, =z(0)=0.5,
under all of the following conditions (a total of 18 runs):

method: Euler, midpoint Euler, and Runge-Kutta
number of bits: 10, 35, and 64.
rounding: down, and round.

For each printout

(a) Describe the region in which the terms coming from integration error
and those commonly from round-off error are dominant; and

(b) Say which step length gave the most accurate value and why.

3.4#3. Show that the analysis of Section 3.4.2, “solving £’ = az in a noisy
environment,” follows through in the case ' = a(t)z, for « a function of ¢.

Exercises 3.5 What To Do in Practice

3.5#1. For the following differential equations, solve numerically by vari-
ous methods. Use 20 bits so that you will see the effects of roundoff error.
Find how closely your approximate solution near the bottom of a range of
good numbers of steps (i.e., those with the proper order appearing) com-
pares with an exact analytic solution (as found in Exercises 2.1#2b,d,f
respectively).

(@) z7=01Q4+z)/1-1t) 0<t<?2 z(0) =3
(b) (z—a)+t32’ =0 1<t<2 z(1) = 2e
() z'=(1+2%)/1+1t%) 0<t<1 z(0) = 3.

3.5#-2. For the following differential equations, which are not easy or pos-
sible to solve analytically, solve numerically by midpoint Euler and Runge-
Kutta. Use 20 bits so that you will see the effects of roundoff error.

(a) o' =sin(z? —t) 0<t<2m z(0)=0

(b) ' =sin(z? —t) O<t<2m z(0) = 0.7

(c) o'=z2-t 0<t<5 z(0) =0
/

(d) 2’ =1/(z2+t+1) 0<t<2 z(0) = 0.



4

Fundamental Inequality,
Existence, and Uniqueness

To begin, we must emphasize why we need to get theoretical.

If we have a direction field for a differential equation, we need to know
whether through a given point (i.e., with a given initial condition) there is
a solution. Furthermore, if a solution does exist through such a point, when
can we be sure it is the only one? These are the questions of existence and
uniqueness, and they are not trivial.

Chapters on “existence and uniqueness” are usually viewed as absolutely
essential and central by mathematicians, and absolutely useless or meaning-
less by everyone else. Students in particular have traditionally considered
these chapters as a prime example of a mathematician talking to himself.

But we shall demonstrate the need for these concepts (in Sections 4.1
and 4.2) and develop useful conditions (in Sections 4.3 and 4.4) that will
guarantee existence and uniqueness (in Section 4.5).

Then in Section 4.6 we use these results to bound the error E(h) arising
in numerical approximations of solutions, as discussed in Section 3.3. And
finally in Section 4.7 we can prove general versions of the fence, funnel, and
antifunnel theorems introduced in Sections 1.3 and 1.4.

4.1 Existence: Approximation and Error Estimate

Existence theorems fall in two classes, constructive and non-constructive.
People wishing to use mathematics are probably right to disdain the non-
constructive proofs; they correctly think that proving that something exists
but giving no way of finding it will not help them much.

Constructive existence proofs are quite a different matter. They almost

always consist of two parts: an approzimation procedure and an error esti-
mate. In other words,

constructive ezistence proofs give you a recipe for finding an
approzimation to what you want, and a formula for estimating
how good an approzimation it is.

The existence is then proved by taking a sequence of better and better
approximations, and showing that they converge using the error estimate.
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Historically, the approximation procedure was mainly a theoretical tool.
In most cases, carrying out an approximation involved an amount of com-
putation that could only be handled by hand if the result were of sufficiently
great interest to warrant the time and tedium, and in particular could not
be carried out in a classroom. As a result, teachers were often careless
about emphasizing the actual computability of their approximations, and
the students then naturally felt that the entire subject was a prime example
of mathematicians being impractical.

However in this day of easy computer access, a constructive proof of
existence and uniqueness can be provided that will be useful as well as
instructional.

In Chapter 3 we introduced the approximation procedures, which lead
to existence. We finish in Section 4.4 with the error estimate, in the form
of the Fundamental Inequality, which will immediately give uniqueness as
well.

However, we should mention here that numerical accuracy of approxi-
mation is not the only problem to watch out for. Numerical methods are
an iterative process, which will be discussed at length in Chapter 5. The
pictures which result from numerical approximation do indeed demonstrate
existence, but they can be misleading,.

Peek ahead to Figure 5.4.6 for our favorite equation ' = z2 —t. A
slight increase in stepsize h for the approximate solutions that are drawn
has led to spurious solutions. This drawing emphasizes the need for the
fence, funnel, and antifunnel theorems to be given in Section 4.7. With
these theorems we can prove which portions of the pictures are correct
(the funnel and antifunnel on bottom and top respectively of the parabola
z? = t) and recognize whether an apparent solution is in fact spurious
(the seeming funnel above the lower curve) or incorrect (the jagged ones,
or those that drop down below the parabola). Later, in Chapter 5, we’ll
discuss how to control the stepsize to avoid misleading pictures, but what
you must remember (now and always) is that an apparent feature must be
proved to be there before you can be sure.

4.2 Uniqueness: The Leaking Bucket Versus
Radioactive Decay

You might take the attitude: “O.K., we can see on the computer screen that
differential equations have solutions, determined by the initial conditions.
So I believe in existence—let’s get on to something practical.”

It isn’t quite that simple: for some equations, even some of practical
importance, uniqueness does not hold. That is, there may be more than
one solution for a given initial condition. Here we want to discuss this
situation. What does non-uniqueness mean? How can you tell when this
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will be a problem?

A good example is the leaky bucket (Examples 4.2.1, 3 and 4.3.6), as
contrasted with radioactive decay (Examples 4.2.2, 4 and 4.3.5).

Example 4.2.1. Leaky bucket. Consider a bucket with a hole in the bottom,
as in Figure 4.2.1.

FIGURE 4.2.1. Leaky bucket.

If at a given time you see the bucket empty, can you figure out when (if
ever) it was full? No, you (obviously) cannot!

We shall see (Example 4.2.3) that there simply is not a unique solution to
the differential equation that states this problem. In order to find out why
we have non-uniqueness and what is special about f(t,z) in this example,
we will develop its differential equation.

To study the rate at which the water level drops, we need a physical
assumption about the velocity with which the water leaves the hole. Phys-
ically the following model may be an oversimplification for the situation in
question, but it certainly is reasonable to assume that the velocity v(t) will
depend on the height h(t) of the water remaining in the bucket at time ¢.
After all, the water will flow faster when the bucket is full than when it
is nearly empty (the greater depth of water exerts more pressure to push
water out of the hole).

The volume of water leaving the hole equals the volume of water lost in
the bucket, so

av(t) = AR'(t), (1)
where a = the cross-section of the hole and A = the cross-section of the
bucket.

Furthermore, if one assumes no energy loss, then the potential energy
lost at the top when a small amount of water has left the bucket must
equal the kinetic energy of an equal amount of water leaving the bottom
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of the bucket through the hole. That is, if p is the density of the water, the
mass of water in question is (Ah)Ap, and

(k) Aslah = (5 ) (AR AR,

so
v? = 2 gh. (2)
Combining equations (1) and (2),

(W@)? = 2g(§)2h<t)

W =—Cvh, where C = \/5(%) (3)

The level of water in the bucket obeys (approximately) this equation (3),
cited in physics as Torricelli’s Law. Some specific examples are given in
Exercises 4.1-4.2#2,3.
We shall study the differential equation (3) as 2’ = —Cy/z,for0 <z < 1,
where z = 0 corresponds to an empty bucket and z = 1 to a full bucket.
By separation of variables,

dz
A —C/dt,
and the solution with u(0) =1 (full bucket) is
2
%(t—te)2 for 0<t<te
u(t) = (4)

0 for t > t,

where t. = 2/C, the time required for the bucket to go from full to empty.
You get to verify this solution in Exercises 4.1-4.2#1, where you will also
verify that it is indeed differentiable—even at te—and that it does satisfy
the differential equation. The graph of this full bucket solution occurs in
Figure 4.2.2, the rightmost solution.

This solution for a full bucket initial condition u(0) = 1 uniquely de-
termines the height u(t) of the water at any time t > 0. The problem of
non-uniqueness arises when we look backwards from an empty bucket initial
condition.

For example, an empty bucket initial condition u(te) = 0 could have re-
sulted from a full bucket at any t < 0. Figure 4.2.2 shows some solutions for
this case. The highlighted curve corresponds to the full bucket solution (4)
with u(0) = 1. The empty bucket solutions for u(te) = 0 are all horizontal
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translates (to the left) of that full bucket solution that reaches the ¢-axis
att=1t.. A

[} te ’
1o for full to for empty
bucket bucket

FIGURE 4.2.2. ¢’ = —C+/z.

Contrast the leaky bucket equation, ' = —C'/z of Example 4.2.1, with
the deceptively similar equation ' = —Cz of Example 4.2.2.

Example 4.2.2. Radioactive decay. Consider the disintegration of a ra-
dioactive substance over time, as discussed in Section 2.5. The differential
equation is

z' =-Cz, with C >0, (5)

and initial condition u(tp) = xo; the solution is
u(t) = zoe~Ct—t), (6)

Uniqueness holds for the solutions (6) to this differential equation (5),
and working backwards from any initial condition is no problem, at least
mathematically. For instance, for ¢ < 1,000,000 years, then carbon dating,
as discussed in Example 2.5.3, can determine, from the ratio of z/z¢ in
a given sample of dead organic matter, exactly when that organism died.
(From the physical point of view, for large ¢ the right-hand side of (6) be-
comes zero within the limits of experimental error; this difficulty is explored
in Exercise 4.1-4.2#4.) A

So, from current data the radioactive decay equation can tell you ex-
actly what happened a given number of years ago, but the bucket equation
cannot. We need a mathematical criterion to tell why these differential
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equations behave in such different ways. We shall prepare for this crite-
rion by looking more closely at f(¢,z) for both differential equations in
Examples 4.2.1 and 4.2.2.

In order to emphasize that the criterion does not involve any funny busi-
ness along the boundary of the domain, we shall extend these equations to
the entire ¢, z-plane. Since the bucket equation (3) requires an extension of

the form ¢’ = —C'/|z|, we shall extend the radioactive decay equation (5)
to 2’ = —C|z|.

Example 4.2.3. Extended leaky bucket equation. Consider again the equa-
tion of Example 4.2.1,

' = -C+/|z|, with C >0. (7

The computer solutions are shown in Figure 4.2.3.

N A A,
A N

S A /4
vy — s s s Jr

\
\]
\
\-

FIGURE 4.2.3. 2’ = —-C+/Ja].

Analytically, one solution to equation (7) is u(¢t) = 0, and from separation
of variables (first for z > 0 and then for z < 0) we get the following general
solution:

2
T(t—tl)2 for t <t
u(t)=< 0 for t; <t<t
2
—%(t —t3)®  fort >ty

where #; and to are the points where a solution meets and leaves (respec-
tively, from left to right), the ¢-axis, as shown in Figure 4.2.4, and where
possibly t; = —oo and/or ¢t = oo.
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FIGURE 4.2.4. One solution for ' = —C/|z|.

If 2o # 0, then for any initial condition (o, Zo),
t1 =1t + (2/0)\/56 (fOI‘ To > 0),

te =to — (2/C)vV/—xo (for zo < 0).

Note that in Figure 4.2.3 and 4.2.4 the solutions for z > 0 and for x < 0
each show only half the parabola that you might have expected from the
formula for the solutions—the half with non-positive slope, as required by
the differential equation (7).

The big point illustrated in Figure 4.2.3 is that all the solutions to (7)
meet or cross the t-axis, which is also a solution, illustrating graphically
that there is no uniqueness in any region including the ¢t-axis. For example,
Figure 4.2.5 shows some of the infinite number of solutions for a given
initial condition with ¢ above the axis—there is uniqueness only until the
solution meets the axis.

Furthermore, the t-axis is a weak lower fence a(t), because it is true that
¢’ = f(t,0) =0=10/(t).

This illustrates the failure of the Fence Theorem 1.3.5 for weak fences,
because solutions can slip right through, as in Figure 4.2.5.



164 4. Fundamental Inequality, Existence, and Uniqueness

FIGURE 4.2.5. Many solutions for z' = —C/|z|, starting from same (%o, zo).

We shall return to this example in Sections 4.3 and 4.7, where a single
reason for these difficulties will become apparent. A

Example 4.2.4. Ertended radioactive decay equation. Consider again the
equation of Example 4.2.2,

' = —C|z|, with C >0. (8)

Again, u(t) = 0 is a solution, and from separation of variables (first for
z > 0 and then for z < 0) we get the following general solution:

zoe C(t—to) for g >0
u(t) =<0 for 2o =0
zeC (t—to) for zo < 0.

The solutions to the extended radioactive decay equation (8) are shown
in Figure 4.2.6.
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FIGURE 4.2.6. ' = —C|z|.

The difference between this example and the last is that this time we do
have uniqueness; although u(t) = 0 is a solution to (8), the other solutions

never meet or cross it. (You may not see that in the picture, but look at
the formulas in the analytic solution!) A

We now have an example (4.2.1 and 3) with non-uniqueness, and another

(4.2.2 and 4) with uniqueness. We shall proceed in the next section to
examine the key to the difference.

4.3 The Lipschitz Condition

What makes the difference between the leaky bucket and radioactive decay
examples is that Example 4.2.2 admits a Lipschitz constant while Example
4.2.1 does not. This quantity is named for Rudolf Otto Sigismund Lipschitz,
a German mathematician who in the mid-19th century simplified and clari-
fied Augustin-Louis Cauchy’s original work, earlier in the same century, on
existence and uniqueness of solutions to differential equations. Lipschitz’
work provides a more general condition for existence and uniqueness than

the requirement that df/0z be continuous, as quoted in most elementary
texts.

Definition 4.3.1. A number K is a Lipschitz constant with respect to
for a function f(t,z) defined on a region A of R? (the ¢, z-plane) if

|f(t, 1) — f(t, 22)| < Kl|z1 — T2, 9)
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for all (t,z1), (t,z2) in A. We call this inequality a Lipschitz condition in
T.

A differential equation =’ = f(t,z) admits a Lipschitz condition if the
function f admits a Lipschitz condition. What makes a Lipschitz condition
important is that

the Lipschitz constant K bounds the rate at which solutions can
pull apart,

as the following computation shows. If in the region A, u;(t) and uz(t) are
two solutions to the differential equation &’ = f(¢,z), then they pull apart
at a rate

(w1 — w) ()] = [ £ (£, ua (t)) — £(t, u2(t)] < Klua(t) — ua(?)].

So in practice we will want the smallest possible value for K.

As we will see, such a number K also controls for numerical solutions of
a differential equation the rate at which errors compound.

The existence of a Lipschitz condition is often very easy to ascertain, if
the function in question is continuously differentiable.

Theorem 4.3.2. If on a rectangle R = [a,b] X [¢,d] a function f(t,z) is
differentiable in = with continuous derivative 8f/0z, then f(t,x) satisfies
a Lipschitz condition in T with best possible Lipschitz constant equal to the
mazimum value of |0f/0xz| achieved in R. That is,

of

K = sup B2

(t,z)€R

—P-t

FIGURE 4.3.1.
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Proof. If throughout R the function f(t, ) is continuous and differentiable
in z, the Mean Value Theorem says that

af
t, - f(t, == —Z3),
ft,z1) — f(t,z2) p (m‘)(xl Z3)

where z; < z* < z2, as shown in Figure 4.3.1.
Furthermore, since R is closed and bounded, if df/0z is continuous, the
number K = sup |0f/0z| is finite. o

Example 4.3.3. The differential equation z’ = az + b has Lipschitz con-
stant K = |a| everywhere. A

Example 4.3.4. Consider 2’ = sintz for 0 <t < 3, -5 < z < 5. Since

g, .
——(sintz) = tcostr, sup

< < 3.
ox <l<3

9.
. (sintz)

This value is realized at t = 3 and cos3z = 1, or z = 0, so 3 is the best
Lipschitz constant on this rectangle. A

The equation ' = ax + b of Example 4.3.3 is the archetypal example.
We will use the Fundamental Inequality in Section 4.4 to compare all other
differential equations against this one because we know its explicit solution
and its Lipschitz constant.

We shall see in the rest of this chapter that the Lipschitz condition is the
key hypothesis for theorems giving uniqueness, fences and funnels, and the
Fundamental Inequality. Since the Lipschitz condition is what is useful in
proofs, we have isolated that rather than differentiability as the criterion
for uniqueness.

Usually our functions will satisfy a Lipschitz condition because, by The-
orem 4.3.2, they are continuously differentiable with respect to z. However
f(t,z) may satisfy a Lipschitz condition even if f(t,z) is not differentiable
in z, as the following examples show. Satisfying a Lipschitz condition sim-
ply means satisfying equation (9), and that equation by itself does not
require a differentiable function.

Our familiar Examples 4.2.2,4 and 4.2.1,3 will give us a good look at the
role of the Lipschitz condition.

Example 4.3.5. Ezxtended radioactive decay equation, continued.
For 2/ = —C|z|,

af -C for £ >0
o not defined for =0
z C for £ <0.
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The function f(¢,z) = —C|z| is not differentiable in = at £ = 0, but as
z — 0, |0f/0z| = C, as shown in Figure 4.3.2 (which is a graph of f(¢,x)
Versus ).

f (t,x)

v
x

f(tx)=-C|x|
asx—)o,’:—iiac

FIGURE 4.3.2. f versus z for ' = —C|z| = f(¢, z).

However, the following statement is true for f(¢,z) = —C|z|:
|F(t,21) = £(t,22)| = C|(=|@1] + |z2])| < Cl1 — 2.

Hence even though this f(¢,z) is not differentiable at = 0, it nevertheless
does satisfy a Lipschitz condition in the whole t,z-plane, with Lipschitz
constant K =C. A

Example 4.3.6. Extended leaky bucket equation, continued.
For z' = —-C+/|z|,

af 1/(2y/x) for >0
B = not defined forz =0
T —1/(2+/zl) for z < 0.

f (t,x)
A

—p X

f(t.x) =-C X1

as x— 0‘%}( —> 00

FIGURE 4.3.3. f versus z for 2’ = —Cy/z = f(t, ).
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The function f(t,z) = —C'\/I:B—I is not differentiable in z at x = 0, but
it also, as we shall see, does not satisfy a Lipschitz condition in any region
which contains a point (¢,0). This is because as z — 0, |8f/8z| — oo, as
shown in Figure 4.3.3 (another graph in f(¢,z) versus z).

Therefore there can be no finite Lipschitz constant K. A

Thus we now have the essential difference between the leaky bucket sit-
uation of Example 4.2.1 and the radioactive decay situation of Example
4.2.2. In the first case, there is no Lipschitz condition in any region A in-
cluding the t-axis, and there is no uniqueness; in the second case, there is
a Lipschitz condition throughout the entire plane, and there is uniqueness.
We shall actually prove the theorem in Section 4.5.

Because of Theorem 4.3.2, in our Examples 4.3.6 and 4.3.5 we only
needed to make actual calculations for K around z = 0, where 8f/0z
is not differentiable. Throughout the rest of the ¢, z-plane in both cases, a
local Lipschitz condition holds.

Definition 4.3.7. A function f(t,z) defined on an open subset U of R? is
locally Lipschitz if about every point there exists a neighborhood on which
f is Lipschitz.

For a function f, where the partial derivative 0f/0x is continuous, then
f is locally Lipschitz, as a consequence of Theorem 4.3.2.

We shall show subsequently in Theorem 4.5.1 that the existence of a
local Lipschitz condition is sufficient to assure uniqueness. Example 4.2.2
in the previous section, shows clearly that without a Lipschitz condition,
you may not have uniqueness, as this example does not.

We shall proceed in the remainder of this chapter to show how the Lip-
schitz condition is used in proving the important theorems.

4.4 The Fundamental Inequality

The inequality that we shall state in this section and prove in the next
contains most of the general theory of differential equations. We will show
that two functions u; and up which both approximately solve the equation,
and which have approximately the same value at some tq, are close.

Let R = [a,b] X [¢,d] be a rectangle in the t, z-plane, as shown in Figure
4.4.1. Consider the differential equation =’ = f(t, ), where f is a continu-
ous function satisfying a Lipschitz condition with respect to x in R. That
is,

|£(t,z1) = f(t,x2)| < Kl|z1 — 22|

for all t € [a,b] and 1,22 € [c,d].
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Suppose u;(t) and ua(t) are two piecewise differentiable functions, the
graphs of which lie in R and which are approximate solutions to the differ-
ential equation in the sense that for nonnegative numbers £; and €3,

[y (8) = f(tua ()| < €1, and  |up(t) — f(t,ua(t))] < €2

for all t € [a,b].

Suppose furthermore that u;(¢) and ug(t) have approximately the same
value at some to € [a,b]. That is, for some nonnegative number 6,

lui(to) — ua(to)| < 6.

Figure 4.4.1 shows how all these conditions relate to the slope field for

' = f(t,z).

T - - 1 7 7 7 7 7
|
| )
P uy (t), with slopes
B /r = 7 7 A vitnin £, of f(tx)
-~ — — — ,||, — - A~
|
= -
- — — + ~—~ >~ =
|
- — — — o~ >~ > N NN\
|
- — — — T > N N NN
|
-~ — \}\ AN \ \ \ \ U (), with slopes
within € of (t,x)
c NN N NN \
a to b

FIGURE 4.4.1. Slope field for 2’ = f(t,z).

The diagram of Figure 4.4.1 is not the most general possible, which
could include approximate solutions that cross and/or are piecewise dif-
ferentiable, but it gives the clearest picture for our current purpose. In
particular, this diagram sums up all the hypotheses for the following major
result.
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Theorem 4.4.1 (Fundamental Inequality). If, on a rectangle R =
[a,b] X [c,d], the differential equation =’ = f(t,x) satisfies a Lipschitz con-
dition with respect to x, with Lipschitz constant K # 0, and if u1(t) and
uz(t) are two continuous, piecewise differentiable, functions satisfying

for allt € [a,b] at which ui(t) and uz(t) are differentiable; and if for some
to € [a, b]

[ui(to) — ua(to)| < 6;
then for all t € [a, b,

|u1(t) — ua(t)| < deXlt—tol 4 (-I%) (eXlt=tol 1), (10)

where € = €1 + €.

Before we proceed to the proof, let us study the result. The boxed for-
mula (10) is the Fundamental Inequality, and it certainly looks formidable.
Nevertheless, looking at it carefully will make it seem friendlier. First, no-
tice that it does say the u; and us remain close, or at least it gives a bound
on |uj; — uz|, over the entire interval [a, b], not just at to.

Second, notice that the bound is the sum of two terms, one having to do
with § and the other with €. You can think of the first as the contribution
of the difference or error in the initial conditions, and the second error in
solving the equation numerically.

Both terms have an exponential with a K in the exponent, this means
that the bounds on all errors grow exponentially in time, with the Lipschitz
constant K controlling the growth rate. Note that this exponential growth
with respect to ¢ is in contrast to the error discussion in Chapter 3 for fixed
t; there error functions are polynomials in h.

From some points of view, the Fundamental Inequality (10) is a wonderful
tool. First, it gives eristence and uniqueness of solutions to differential
equations, as we shall prove in Section 4.5.

Second, even if a differential equation itself is only known approximately,
the Fundamental Inequality tells us that an approximate solution to an
approximate equation is an approximate solution to the real equation. This
happens, for instance, in mathematical modeling when the coefficients that
appear in a differential equation describing some situation are measured
experimentally and as such are never known exactly. See Exercise 4.4#6.

And third, the Fundamental Inequality will hold even if a real differential
equation is stochastic. This is the situation where the differential equation
that is written down corresponds to an ideal system, but in reality the
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system is constantly disturbed by random (or at least unknown) noise.
Essentially all real systems are of this type.

On the other hand, although the Fundamental Inequality gives all the
wonderful results cited above, it is quite discouraging. Exponential growth
is very rapid, which means we should not trust numerical approximations
over long periods of time. The fact that the Fundamental Inequality cor-
rectly describes the behavior of differential equations in bad cases is a large
part of why a theory of such equations is necessary: numerical methods are
inherently untrustworthy, and anything that you might guess using them,

especially if it concerns long term behavior, must be checked by other meth-
ods.

PROVING THE FUNDAMENTAL INEQUALITY

The Fundamental Inequality makes a statement about the error approxi-
mation E(t) = |u1(t) — uz(t)| for all ¢, given its value at to. So we have

E(to) <6,

and we want to prove that for all ¢,

E(t) < seXlt—tol 4 (%) (eXlt=tol — 7). (10, again)

This is reminiscent of a fence situation, because we know that at to,
E(t) < right-hand side of (10), and we want to prove that E(t) stays below
the right-hand expression for all ¢ > t9, and then (which must be proved
separately) for all t < to. So indeed we shall use a fence to prove it!

Proof. Any continuous piecewise differentiable function u(t) can be ap-
proximated, together with its derivative, by a piecewise linear function
v(t), simply by replacing its graph with line segments between a sequence
of points along the graph, and being sure to include among that sequence of
points all those points of discontinuity of the derivative u'(t), as in Figure
4.4.2.

FIGURE 4.4.2. Piecewise linear approximation v(t).

So, for any pair of approximate solutions u; () and u2(t) and any positive
number 7, there exist piecewise linear functions v (t) and vz () such that

vi(t) —ui(t)| <7
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and
|oi(t) — wi (&)l <
wherever both u;(t) and v;(t) are differentiable. Let

¥(t) = |1 () —v2(t)f;

the function ~y(t) is continuous and piecewise linear.
Then

Y () < vi(t) — va(t)|
< |uy(t) —ug(t) + 29
S [f(Eua () — £t uz(t))| +e1+e2+2n
< Klui(t) —ug(t)| +e1+e2+2n
< K{|vi(t) —v2(t)| +2n} + &1 + €2+ 27
< Ky(t) + e,
where €, = €1 + €2 + 29(1 + K).
You should justify these steps as Exercise 4.4#1; each step is important,
but not quite obvious. The first inequality is true with left-hand derivatives

and right-hand derivatives at points where they differ. The result of this
sequence of steps,

7'(t) < Kv(t) + ey,

says that the piecewise linear curve +(t) is a strong lower fence for another
differential equation,

z' = Kz + ¢,, with solution z = w(t). (11)

We can apply the Fence Theorem 1.3.5 for ¢t > to, and for K # 0, we have
solved equation (11) as a linear equation in Example 2.3.1

w(t) = :L'()CK(t_to) + (%ﬂ) (eK(t—to) - 1).

If we reverse time and solve for the case where t < ty, we can replace this
equation by

- € -
w(t) = zoeKlt—tol 4 (%) (eKlt tof _ 1).

Because we have (to) < 6, = 6 + 27, we know that () will remain
below the solution w(t) with w(tp) = xo = 6,, so

v1(t) — va(t)] < BeKlt—tol 4 (1) (eKlt—tol _ 1),
K K

and
ur(t) — up(t)] < GpeXlt—tol 4 (E1)(eKlt=tol _1) y 2. (12
n K
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Equation (12) holds for any n > 0, so in the limit as  — 0, which implies
that €, — € and §,) — 6, this is the desired conclusion of the Fundamental
Inequality.

Solving ' = Kz + ¢ for the case where K = 0 and reapplying the Fence
Theorem 1.3.5, is left to the reader in Exercise 4.4#2. O

4.5 Existence and Uniqueness

The Fundamental Inequality

|ua (8) — ua(t)] < eXlt—tol 4 (%) (eKlt—tol 1), (10, again)

gives uniqueness of solutions, the fact that on a direction field wherever
uniqueness holds two solutions cannot cross.

Theorem 4.5.1 (Uniqueness). Consider the differential equation x' =
f(t,z), where f is a function satisfying a Lipschitz condition with respect to
z on a rectangle R = [a,b] X [c, d] in the t, z-plane. Then for any given initial
condition (tg, xo), if there exists a solution, there is ezactly one solution u(t)
with u(ty) = zo.

Proof. Apply the Fundamental Inequality of Theorem 4.4.1. If two different
solutions passed through the same point, their § would be zero. But their
€’s would also be zero because they were both actual solutions. Therefore,
the difference between such solutions would have to be zero. O

More generally, if the function f(t,z) in Theorem 4.5.1 is locally Lips-
chitz, then locally £’ = f(t,z) will have uniqueness. E.g., the leaky bucket
equation of Example 4.2.1 will have uniqueness of solutions for any (t,z)
with = # 0.

Please note, however, that lack of a Lipschitz condition does not neces-
sarily mean that we have no uniqueness of solutions. Good examples are
¢’ = +/|z —t| and 2’ = \/[z] + 1 (Exercises 4.5#1,2).

The Fundamental Inequality also will give, in Theorems 4.5.5 and 4.5.6,
existence of solutions to differential equations, as well as the fact that our
approximation schemes converge to solutions.

You should observe that the statement of the Fundamental Inequality
makes no reference to actual solutions of differential equations, that is,
to continuous functions u(t) that satisfy ' = f(t,z). Rather it refers to
functions up(t) that approzimately solve the differential equation in the
sense that the slope error, |uj},(t) — f(t,un(t))|, is small.

It is reasonable to hope that such functions u(t) approximate solutions,
and this is true under appropriate circumstances. But to make such a state-
ment meaningful, we would need to know that solutions exist. Instead, we
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intend to use the Fundamental Inequality to prove existence of solutions, so
we must use a different approach, by means of the following three theorems.

Theorem 4.5.2 (Bound on slope error, Euler’s method). Consider
the differential equation ' = f(t,x), where f is a continuous function on a
rectangle R = [a,b] X [c, d] in the t, z-plane. Let uy, be the Euler approzimate
solution with step h. Then

(i) for every h there is an ey such that up satisfies

|up () — £ (¢, un(t))| < en

at any point where uyp, is differentiable (and the inequality holds for
left- and right-hand derivatives elsewhere);

(ii) e — 0 as h — 0;

(iii) if furthermore f is a function on R with continuous derivatives with
respect to x and t, with the following bounds over R:

sup |f| < M; sup

of
o<,

of
. <
(9:1:‘ < K,
then there is a specific bound on e, :

lun(t) = F(t, un(t))| < R(P + KM).

Proof. Parts (i) and (ii) are not difficult to prove, using the concept of
uniform continuity, but we choose not to do so here. Such a proof is non-
constructive (that is, it does not lead to a formula for computing €5), and
therefore is not in the spirit of this book.

We proceed with the proof of Part (iii). Over a single interval of the
Euler approximation, that is, for t; <t < t;41,

lun(t) — F(&,un ()] = | f(ti, zi) — f(t, un(t))]
SUf (i) — F(E, @) + £ (E, @) — f(&,un(?))]
<|t- t;|P + |uh(t) —z;|K
<hP+hMK

The bounds P, K, M are introduced by two applications of the Mean
Value Theorem. Thus we have an ezplicit expression for an upper bound of
€h, for any differentiable wuy,. O

Example 4.5.3. Consider ' = sintz, first discussed in Example 1.5.2.
Later in Example 3.2.1 we found at ¢ty = 2 the Euler approximate solution



176 4. Fundamental Inequality, Existence, and Uniqueness

through ty = 0, z9 = 3. Here we shall calculate €5, the bound on slope
error appropriate for that example.

First we need a rectangle R on which to work, which is often the hardest
part in calculating €j; that is, given an interval for ¢, we need to find an
interval for z that will contain the solutions in question.

For this differential equation we already know that ¢t € [0,2], and that
zp = 3; we can also see that the maximum slope is +1 and the minimum
slope is —1; therefore we know that up(ts) cannot move further than 3+2,

s0 up(t) w1ll stay within R = [0,2] X [1,5]. See Figure 4.5.1. We can now
calculate the various bounds over R = [0,2] x [1,5):

sup|—=— » sup |tcos(tz)| <2=K
sup E‘ =sup |z cos(tz)| < 5= P
up | f| = sup |sin(tz)| < 1= M.
x=5 | \ -

N
N
~
7/
—

x=3

NN T
N TN .
x=1 / d
~ >0\
\\\-_4 A S S ST
t=0 t=2

FIGURE 4.5.1. Rectangle for bounding slope error with Euler’s method.
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Therefore, by Theorem 4.5.2,
en <h(P+ MK) < Th. A (13)

We can use the bound &, on slope error to bound the actual error
E(h). The Fundamental Inequality (11) says that through a given point
(to, zo), the actual error between the solution and an approximate solution
is bounded as follows:

E(h) = [u(t) - un(t)] < S5 (X170l — 1) (14)

Equation (14) shows that the bounds on the actual error E depend on the
slope error bound €, as a factor in an expression involving exponentials and
a constant K. So the main thing to understand about numerical estimates
is that:

You cannot escape the exponential term in bounds on actual
error |u(t) — un(t)|. All you can affect is €x, a bound on the
slope error |uj,(t) — f(t,un(t))|.

Furthermore, these formulas (13) and (14) for bounds on ¢ and E(h)
respectively are just that—only bounds, and overly pessimistic bounds at
that; they are wildly overdone.

Example 4.5.4. Consider again z’ = sintz, with to = 0, 2o = 3, t5 = 2
as in Example 4.5.3, where K = 2 and €, = 7 h. Substituting these values
into the estimate (14) gives
h .
B(h) < Sk (eKlt=tol — 1) < ™ @™ _ 1) ~ 191 .
K 2

To compare this with an actual computation, we go back to Example
3.5.1 where, using the interpolated “solution” as u(ty), we find the actual
constant of proportionality between E(h) and h is more like 0.45 than 191.
A

Theorem 4.5.5 (Convergence of Euler approximations). Consider
the differential equation ' = f(t,z), where f is a continuous function
satisfying a Lipschitz condition in = with constant k on a rectangle R =
(@,b] x [c,d] in the t,z-plane. If up and ux are two Euler approzimate
solutions, with steps h and k respectively, having graphs in R, and having
the same initial conditions

un(to) = uk(to) = o,

then for all t € [a,b],

lun(t) — un(t)] < g—h—;ﬂ(emt—tol ~1),
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where €, and € both go to zero as h and k go to zero. Moveover, if Of /Ot
and Of /Oz exist and are bounded as in Theorem 4.5.2, then,

P+ MK

|un(t) — uk(t)| < e

(h+ k) (eKlt=tol 1),

Proof. The first part follows immediately from Theorem 4.4.1 (the Fun-
damental Inequality) and the first part of Theorem 4.5.2, since

& = lun(to) — uk(to)| =0,

because up(to) = uk(to) = zo.
The second part follows from the second part of Theorem 4.5.2, choosing

en=(P+MK)h, er=(P+MK)k, e=cp+ek. O

We now have all the ingredients for a proof of existence of solutions.
Theorem 4.5.5 shows that the Euler approximations converge as the step
tends to 0. Indeed, it says that once your step gets sufficiently small, the
Euler approximations change very little. For instance, you can choose a
sufficiently small step so that the first n digits always agree, where n is as
large an integer as you like.

We have never met a student who doubted that if the Euler approximate
solutions converge, they do in fact converge to a solution; in that sense the
next theorem is really for the deeply skeptical, and we suggest skipping the
proof in a first reading, for it is messy and not particularly illuminating.
Still, if you think about it, you will see that the Euler approximate solutions
with smaller and smaller step have angles at more and more points, so it
is not quite obvious that the limit should be differentiable at all.

Theorem 4.5.6 (Existence of solutions). Consider the differential equa-
tion ' = f(t,z), where f is a continuously differentiable function on a
rectangle R = [a,b] X [¢,d] in the t,z-plane. If the Euler approzimate solu-
tions up, with step h and initial condition up(to) = zo, have graphs which
lie in R for sufficiently small h, then for all t € [a,b],

(i) The limit u(t) = limp—o un(t) exists;
(ii) The function u(t) is differentiable, and is a solution of =’ = f(t,z).

Proof. Part (i), the convergence, comes from Theorem 4.5.5.

For part (ii) (that convergence is to a solution to the differential equation,
and that the result is differentiable) we need to prove a standard epsilon-
delta statement, for which we shall use ¢* and §* to avoid confusion with
our use of € and § in the Fundamental Inequality. This is provided by the
following lemma:
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Lemma. For all t witha <t < b, for all e* > 0, there exists a 6* > 0 such
that if |n| < 6*, then

ultrm =ul® _ puey) | <en

n N e’
N— slope of solution to
= slope of Euler differential equation
approximation

Proof of Lemma. Choose ¢* > 0; we will show that §* = WP-T—*TK) works.
Since by Part (i)
u(t + 1) — w(t) = nf (6, u() = limfun (¢ + 1) — un(t) — nf (tun(0),

we can work with uj, rather than with u. By the definition of u,
= f(ti,un(ts)),

(%)
dn (t+m)

where, as illustrated in Figure 4.5.2, t; is the t-coordinate of the left-hand

end of the line segment that (¢ + 7, un(t +n)) is on, at the points where uy,
is differentiable. So

%[uh(t +1) —un(t) - nf(t,Uh(t))]‘ = | (8, un(ts) — f(t, un(t))]-

¥

Xi 1 T Euler approximation
X
1 i
// N, un(®)]
Yy K 2
A Up(t +M) - up(t)
X
X
X

Pt

t, t t+n tia

FIGURE 4.5.2. Between grid points of Euler approximation.

As in the proof of Theorem 4.5.2,
|f (ts, un (i) — f (& un(®)] < |t — t:|(P + MK).
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Since if || < 6* then |t — t;| < 6* + h, if you take

*

g

" =P ME)

you find
%[uha 1) = un(t) — nf (6, un(®)]| < .

at all points where uy, is differentiable, if || < §* and h < 6*.
Since the quantity in brackets is a continuous, piecewise differentiable
function of 1 which vanishes when 1 = 0, this shows that

|un(t + 1) — un(t) — nf(t, un(t))| < e*|n|

if n < 6* and h < 6*, by the Mean Value Theorem. Take the limit as h
goes to zero, to get

lu(t +n) —u(t) — nf(t,u(t))] < e*nl.
Dividing this by 7 gives the desired result. 0O

By proving the lemma, we have proved the theorem. O

Remark. We have only proved Theorem 4.5.5 when f is differentiable,
because everything depended on Theorem 4.5.2, proved only for f differen-
tiable. Theorems 4.5.2,5,6 however are all true, even without that restric-
tion, but the proofs are nonconstructive.

4.6 Bounds for Slope Error for Other Numerical
Methods

Now it is time to discuss in general the qualitative aspects of errors in
numerical methods, keeping in mind the quantitative results exhibited in
Chapter 3. This section is devoted to understanding how the slope error
bound ¢;, depends on the step h for each of the Euler, midpoint Euler and
Runge-Kutta methods.

We have presented in Section 3.3 pretty convincing evidence that actual

error
E(h) = Cgh for Euler’s method,

E(h) ~ Cph? for midpoint Euler,
E(h) ~ Crih* for Runge-Kutta.

Now we shall discuss the fact that there exist constants Bg, By, and
Bri (differentAfrom the Cg, Cu, and Cri above) such that the slope
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error is bounded by

en = Bgh for Euler’s Method,
en = Byh? for midpoint Euler,
en, = Brxh* for Runge-Kutta.

The first was proved as Theorem 4.5.2; the second we shall now present
(with a lengthier proof) as Theorem 4.6.1; for the third we shall omit
an even more complicated proof in favor of the compelling experimental
evidence cited above for E(h) ~ Crih*, recalling that

E(h) = [u(t) —un(t)| < %(CK“'“’I -1). (10, again)

For further reading, see References for numerical methods at the end of
this volume.

Theorem 4.6.1 (Bound on slope error, midpoint Euler method).
Consider the differential equation ' = f(t,x), where f is a continuously
differentiable function on a rectangle R = [a,b] X [c,d] in the t,z-plane.
Consider also the midpoint Euler approrimate solution uy, with step h.
Then there is an €p, such that uy, satisfies

|un(t) = (£, un(t))| < en

at any point where up, is differentiable (or has left- and right-hand deriva-
tives elsewhere), and ey, — 0 as h — 0.

Furthermore, if f is a function on R with continuous derivatives up to
order two with respect to x and t, then there is a constant By such that

|un(t) — f(t,un(t))| < Buh?.

This computation is not too difficult if you don’t insist on knowing By,

which is a fairly elaborate combination of sup’s of the second order partial
derivatives.

Proof. First we need to decide just what the mid-point approximation is.
Of course we know what it is at the grid-points, as shown in Figure 4.6.1,
but we can take any piecewise differentiable function joining them that we
like. Segments of straight lines are the easiest choice, but you cannot get a
slope error of order at most h? that way. Our choice will be the quadratic
function having slope f(t;,x;) at (ti,x;) and passing through (tit1, Tit1),
also shown in Figure 4.6.1. These properties do specify a unique function

va(t) = i + f(ti, ) (t — t;) + a(t — ;)% for t; <t <ti,.

By the definition of the midpoint approximation scheme,

h h
Tit1 = T; + hf<ti + 5,% + Ef(tnmi)),
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midpoint Euler

i+1 approximation

Xj

slope f (t; x;)

FIGURE 4.6.1. Between grid points of midpoint Euler approximation. Quadratic
function vy (t).

so setting
vh(ti +h) = zip1
gives
h h
a=|flti+g T+ Ef(tiaxi) — f(ti, zi)|/h. (15)

Now that we know what vy (t) is, we need to evaluate

|vR (t) — f(t,vn(2))]-

We only need to do this on one segment of the graph of vy, and without
loss of generality we may assume that (¢;, z;) = (0,0).

First let us evaluate « to first order in A (you may refer to the Appendix
on Asymptotic Development). Suppose that

f(t,z) =a+bt+cx +ri(t,x),

where a+bt+cz is the Taylor polynomial of f at (0, 0) so that the remainder
r1(t, ) satisfies
[ri(t, )| < c1 (8 + z?)

for a constant c¢; that can be evaluated in terms of the second partial
derivatives of f. Substituting in equation (15) above, we find

1
a = 5(b+ac) +r2(h),

where |ro(h)| < c2|h| with ¢ = (c1 + a)/4, so that
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[vh (1) = F(t,vn(t))] = [a + (b + ac)t + 2tra(h)]
second order )]

— la+bt+c| at+ .
terms in ¢

= t (first order terms in h) + (second order terms in t).

Now on the segment of interest, ¢ < h, so there exists a constant Bjs
such that

lvp,(¢) — F(t,vn(t))| < Buh®.

The constant Bjs can be evaluated in terms of the partial derivatives of f
up to order two. In particular, Bys does not depend on the segment under
consideration. a

It is unclear from this derivation whether a wigglier curve joining grid
points might give a higher order dependence on h; however, looking at the
actual evidence in Section 3.3 shows that it won’t.

Although we shall not take space to prove it, the Runge-Kutta method
admits the slope error bound

|ujy (t) — f(¢, un(t))| < Brech®.

In practice, only the bounds for Bg (= P + MK by Theorem 4.5.2) can
actually be evaluated (and even then only in special cases). Bounds for the
constants Bjs and Brg are also sups of various partial derivatives of f, but
partial derivatives usually become complicated so fast that the evaluation
of their maxima is untractable. In any case, the bounds given by the theory
are just that: bounds, and will usually be very pessimistic.

4.7 General Fence, Funnel, and Antifunnel
Theorems

Once the Fundamental Inequality is proved, everything about fences, fun-
nels, and antifunnels becomes more or less easy. We have actually used all
the theorems in Chapter 1, but we can now prove them in greater general-
ity. The basic result of the Fundamental Inequality is to extend Theorem

1.3.5, which was for strong fences, to weak fences by adding a Lipschitz
condition.

Theorem 4.7.1 (Fence Theorem). Consider the differential equation
z’' = f(t,x) with f a function defined in some region A in R? and satisfying
a Lipschitz condition with respect to x in A. Then any fence (strong or
weak) is nonporous in A.

We shall prove this theorem for the case of a lower fence, a(t). The case
of an upper fence would proceed similarly.
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As we saw in Chapter 1, nonporosity is assured if the weak inequalities
(<) are replaced by strong inequalities (<) as in Theorem 1.3.5. On the
other hand, a fence could fail to be nonporous if we use weak inequalities
and fail to impose a Lipschitz condition, as in the leaky bucket of Example
4.2.1.

The idea of the proof is to modify the situation slightly so that the weak
inequalities become strong. The first temptation is to tilt a slightly. But
a moment’s reflection will show that this will probably not work, since in
that case the tilted o will have a graph (top half of Figure 4.7.1) in parts
of A in which we know absolutely nothing about the slopes f, since the
restriction of the hypothesis is only for f along «. Instead we shall tilt the
slopes f (bottom half of Figure 4.7.1).

d
t
== _ e — = titedo(y
Cc
a b
d

tilted f's
b ¢ Jw

FIGURE 4.7.1

Proof. Let f.(t,z) = f(t,z) + €. Then a is a strong lower fence for the
differential equation '’ = f.(¢, ) if € > 0. Moreover, f.(t,z) still satisfies
a Lipschitz condition with respect to = (in fact with the same constant as
for f).

Let uc(t) be the solution of 2’ = f.(t,z) with the same initial value
ue(a) = u(a). We showed in Theorem 4.5.5 that u.(t) exists and is unique
because the assumption of a Lipschitz condition for f implies the Fun-
damental Inequality. The solution u.(t) to the differential equation z’ =
fe(t,z) is an approximate solution to 2’ = f(t,z), so

) - w9 < (5 ) €71 <),
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and in particular for every fixed t we have that u.(t) — u(t) as ¢ — 0.
Since a(t) < u.(t) for all € > 0 and all t > to, we have a(t) < u(t) for all
t. O

This proof is just the first instance of the benefits to be reaped by think-
ing of a solution to one differential equation as approximate solutions to
another which we understand better.

Corollary 4.7.2 (Funnel Theorem). Let a(t) and B(t), a(t) < B(t) be
two fences defined fort € [a,b), where b might be infinite, defining a funnel
for the differential equation =’ = f(t,z). FPurthermore, let f(t, ) satisfy a
Lipschitz condition in the funnel.

Then any solution = u(t) that starts in the funnel at t = a remains in
the funnel for all t € [a,b).

e T TN B (t) = upper fence

P o (t) = lower fence

-

4"/—7/——

FIGURE 4.7.2. Funnel.

Proof. The result follows immediately from Definition 1.4.1 and Theorem
4.7.1. m|

Theorem 4.7.3 (Antifunnel Theorem; Existence). Let a(t) and ((t),
B(t) < a(t), be two fences defined for t € [a,b), where b might be infi-
nite, that bound an antifunnel for the differential equation =’ = f(t,z).
Furthermore, let f(t,z) satisfy a Lipschitz condition in the antifunnel.

Then there exists a solution z = u(t) that remains in the antifunnel for
all t € [a,b) where u(t) is defined.

T el i e -< === O (1) = loOwer fence

IRV —->c-><--- B (t) = upper fence
AT
>

FIGURE 4.7.3. Antifunnel.
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Proof. For any s € [a,b), consider the solutions v,(t) and n4(t) to =’ =
f(t, z) satisfying vs(s) = a(s) and ns(s) = B(s), as shown in Figure 4.7.4.

o (t)

B()

'—>t

b

@ ma|m e L

FIGURE 4.7.4. Backwards funnel inside antifunnel.

Using the funnel theorem backwards (i.e., reversing time), we see that
vs(t) and 7s(t) are defined for ¢ € [a, s], and satisfy

B(t) < ms(t) < ws(t) < aft)

for t € [a, s]. Let I; = [ns(a),vs(a)], as labelled in Figure 4.7.4. As s — b,
if there is a Lipschitz condition to guarantee uniqueness of the individual
7s(t) and v,(t), the intervals I, form a nested family of closed intervals
(Figure 4.7.5). It is a basic and early theorem of advanced calculus that for
a nested family of closed intervals, their common intersection must contain
at least one point . (See Exercise 4.7#4.)

I\

v Sv(t)

o)

B

I Pt
a $1 ) Sz b

FIGURE 4.7.5. Nested farxﬂily of closed intervals on vertical axis.
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The solution u(t) to ' = f(t,z) with u(a) = z¢ is a solution which stays
in the antifunnel. Indeed, for any s € [a,b), we have that 7,(t) and vs(t)
form a backwards funnel for @ < t < s and that u(t) starts inside it, so u(t)
is defined for all ¢ € [a, s] and satisfies

B(6) < my(t) < ul(t) < m(®) < aft)
for t € [a, s]. Since this is true for any s € [a,b), the result follows. O

Theorem 4.7.3 is particularly useful when b = oo, or if f is not defined
when t = b.

The really interesting results about antifunnels are the ones which give
properties which ensure that the solutions which stay in them are unique.
We will give two such properties; the first is a special case of the second,
but is so much easier to prove that it seems worthwhile to isolate it.

Theorem 4.7.4 (First uniqueness criterion for antifunnels). Let
a(t) and B(t), B(t) < a(t), be two fences defined for t € [a,b) that bound
an antifunnel for the differential equation «' = f(t,z). Let f(t,z) satisfy
a Lipschitz condition in the antifunnel. Furthermore, let the antifunnel be

narrowing, with
lim(a(t) - B(t)) =

If8f /0x > 0 in the antifunnel, then there is a unique solution that stays
in the antifunnel.

Proof. Theorem 4.7.4 is identical to Theorem 1.4.5, where the uniqueness
was already proved; Theorem 4.7.3 provides the existence. a

However, this first criterion for uniqueness does not give us all we can
get. It is perfectly possible for an antifunnel to contain several solutions,
for instance, an antifunnel may contain a funnel. (See Exercise 4.7#5.)

antifunnel < \\ﬁ\\ ~ 74?‘%%74/74_ A

%;A,z‘/,/r}funnel
\‘\\_\*

FIGURE 4.7.6. Funnel inside an antifunnel.

But in many important cases, antifunnels do contain unique solutions,
without the condition 8f/0z > 0 being satisfied, as we will presently see
in Example 4.7.6 and also in Exercise 4.7#6. The following theorem gives
a less restrictive criterion for uniqueness:
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Theorem 4.7.5 (Second uniqueness criterion for antifunnels). Let
a(t) and B(t), B(t) < a(t), be two fences defined for t € [a,b) that bound
an antifunnel for the differential equation =’ = f(t,z). Let f(t,z) satisfy

a Lipschitz condition in the antifunnel. Furthermore, let the antifunnel be
narrowing, with

lim(a(t) — A(t)) = 0.

If (0f /0x)(t,x) > w(t) in the antifunnel, where w(t) is a function satis-
fying

b
/ w(s)ds > —oo,
a
then there is a unique solution which stays in the antifunnel.

Note that the first uniqueness criterion is a special case of the second,
with w(t) = 0, since f:Ods =0> —oo0.

Proof. Again, existence of solutions that stay in the antifunnel is provided

by Theorem 4.7.3; let u;(¢) and uz(t) be two such solutions, with u,(¢) >
ug(t). Then as above,

(w1 — u2) (8) = F(t,ur(8)) — £(t, ua(t)) = / L (t, 5(t))ds
> w(t) (ur — ) (¢)

so that the difference between the solutions in the narrowing antifunnel is
a function (t) = (u1 — u2)(t) satisfying

Y (t) = wt)y(t).

As such, v(t) is an upper fence for the differential equation =’ = w(t)z,
and, choosing the solution with z = v(t) such that v(a) = v(a),

7(t) > y(a)els v,

Here we can see that if w > 0, solutions u; and ug pull apart; requiring
the exponent [ at w(s)ds > —oo gives a bound on how fast the solutions
can pull together yet still have uniqueness in the antifunnel. Because the
antifunnel is narrowing, we have y(t) — 0. Thus if f:w(s)ds > —00, we
must have y(a) = 0. This is the desired conclusion. O

A further weakening of the uniqueness criterion of Theorems 4.7.4 and
4.7.5 is given in Exercise 4.7#3. (Third uniqueness criterion for antifun-
nels.)

We will finish this chapter with an example to show how much more
powerful the second antifunnel criterion for uniqueness is than the first.



Exercises

Example 4.7.6. Consider the differential equation of Example 1.5.3 (which
we will later meet in Volume III when studying Bessel functions):

' =14 (A/t?)cos’z,

with A a positive constant.
We have shown that for each C the two curves

a(t)y=t+C and ﬂ(t)=t+0—$

bound an antifunnel.
Of course,

8% [1 + (A/tz)cos2 .7:] = —(A/tz)sin 2z

is both positive and negative in the antifunnel, but
—(A/t?*)sin2z > —A/t?

and

/w&ﬂﬁ%&=—A>—w,
1

so the solution in the antifunnel is unique. A

Exercises 4.1-4.2 Uniqueness Examples

4.1-4.2#1.

(a) Derive by separation of variables the explicit solution to ' = —cy/z
for the physical situation of the leaky bucket in Example 4.2.1. That
is, show that indeed the solution is

2
x=f4—(t—t0)2 if t<to, 0 if t>to.
(b) Graph these solutions in the ¢, z-plane for different values of .

(c) Verify that these solutions are differentiable everywhere, especially at
the bottoms of the parabolas.

(d) Verify that the above solution (a) indeed satisfies the differential equa-
tion everywhere.

(e) Show how (b), despite (c) and (d), shows the nonuniqueness of solu-
tions along z = 0.
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4.1-4.2#2. A right circular cylinder of radius 10 ft and height 20 ft is
filled with water. A small circular hole in the bottom is of 1-in diameter.
How long will it take for the tank to empty?

4.1-4.2#3°. During what time T will the water flow out of an opening
0.5 cm? at the bottom of a conic funnel 10 cm high, with the vertex angle
0 =60°7

Exercises 4.3 Lipschitz Condition

4.3#1. Find Lipschitz constants with respect to x for the indicated func-
tion in indicated regions:

(a) f(t,z)==x2—t 0<t<2 -1<z<0
(b) f(t,z) = sin(tz) 0<t<3,0<z<5
4.3#2°. For the differential equation z’ = cos(z? + t) = f(¢,z),
(a) Compute 9f/0z.

(b) Where in the square —10 < ¢t < 10, —10 < z < 10 is 8f/0x > 57
Where in the square is f /0 < —57

(c) Sketch the field of slopes and of solutions (perhaps with the com-
puter), and mark the regions found above.

4.3#3. Find a Lipschitz constant for
(a) ' =t%e~® on [-5,5] x [-5, 5]
(b) z’' = |22%| on [-2,2] x [-2,2]
(c) ¢ =—z*in® for0<t<2 -3 <z< :

(d) 2’ = (2 + cost)z + 5+/]z| + Lz, for 0 <

&~

<ml<z<2
(e) ' =e’sintcosz, for 0 <t<m, 1<z <2

(f) =’ =etsin(t + 1 tant)cosz,for 0<t <7, 0<z <7

Exercises 4.4 Fundamental Inequality

4.4#1. Consider in the proof of the Fundamental Inequality (10) the string
of inequalities showing that +/(t) < K+(t) + ;. Justify each step.

4.4#2. The Fundamental Inequality is derived under the assumption that
the Lipschitz constant K is different from 0.
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(a) Which functions f(t,z) can have Lipschitz constant K = 07
(b) Derive the Fundamental Inequality in the case where K = 0.

(c) Confirm, by computing Il{imo% (e¥ |lz=2o] _ 1) that the Fundamental

Inequality for K = 0 corresponds to the limit as K — 0 of the
Fundamental Inequality for K # 0.

4.4#3.

(a) Consider the very simple differential equation =’ = f(t). What is the
best Lipschitz constant?

(b) Compute Il{iI—I»IOTI(- (eKle==ol — 7).

(c) Use parts (a) and (b) to tell what the Fundamental Inequality says
about the functions u;(t) that satisfy |u}(t) — f(t)| < e.

4.4#4°. Suppose we have set up a differential equation, =’ = f(t, ) based
on some physical system, but in so doing we have ignored some small forces.
So we believe the actual physical system is governed by the differential
equation =’ = f(t,z)+g(t,z), where all we know about g is that |g(t, z)| <
0.1.

Suppose f has Lipschitz constant 2, and u(t) is a solution to =’ = f(t,x)
with 4(0) = 0 and u(5) = 17. If the physical system starts off with initial
condition z = 0 & 0.03, what can we say about the z value of the physical
system at ¢t = 57 Hint: Use the Fundamental Inequality.

4.44#5. Show that the right-hand side of the Fundamental Inequality could
not be made to grow any more slowly than it does (which is exponentially).
In the jargon we say, “Show that the estimate is sharp.”

4.4#6. Derive the changes to the Fundamental Inequality in a mathemati-
cal modeling situation where the coefficients in a differential equation have
been derived experimentally rather than exactly.

That is, suppose a real system is described by a function z(t) satisfying
the differential equation ' = f(t, ), where f (the forces of the system)
should be measured. Measuring the forces in the system leads to the dif-
ferential equation z’ = f(t, ). If 7 is the error of the measurements, then

!fl(t’z) - f(tw'z)l <n.

Suppose u(t) is the “predicted” solution, i.e., the solution of =’ = fi(t,x)
with initial condition u(0) = zo. Suppose also that v(t) is the observed
solution, when the system is prepared in state zo at time to. Find a bound

for
lu(t) —v(?)]-
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Exercises 4.5 Existence and Uniqueness Theorems
4.541°.
(a) Solve the differential equation z’ = y/|z| + k for k # 0 explicitly.

(b) Show that f(t,z) = y/|z| + k does not satisfy a Lipschitz condition
in z in a rectangle R = [a, ] x [—1,1]. What do you learn from this?

4.5#2. Consider the differential equation =’ = y/|z —t| + ¢ where c is a
constant. Make the following coordinate change: y = z — t, 7 = t. Write
down the corresponding differential equation for y: dy/dr = f(r,y). For
which values of ¢ do we have uniqueness of solutions?

4.5#3. (a) Consider the differential equation =’ = y/|z|+ 1 as in Exercise
4.5#1. Let (to, o) = (0,—3). There is a unique solution through (0, —3).
For z < 0 the solution is

—2¢/]z| + 2 In(v/|z[ + 1) = t + (=2v3 + 2 In(v/3 + 1)).

So the solution crosses the t-axis for ¢t = 2v/3 — 2 In(v/3 + 1). Let t; = 1.
Use the program Numerical Methods to calculate the errors and orders for
Euler, Midpoint Euler, and Runge-Kutta with different numbers of steps.
Graph the stepsize versus solution. Hint: Calculate the exact solution using
the Analyzer program in “reverse.”

(b) Choose another final time, t; > 2/3 — 2log(v/3 + 1). Calculate the
exact solution u(ty) with the same initial condition as before, (to,zo) =
(0,—3). Use again the program Numerical Methods for Euler, Midpoint
Euler, and Runge-Kutta with different numbers of steps to calculate the
errors and orders. Why is the behavior different from part (a)?

4.5#4. Show (without needing to exactly evaluate the coefficients) that
the Taylor series method described in Section 3.2 is in fact of order n.

4.5#5°. Consider Clairaut’s differential equation, z = tz’ — (z')?/2, which
is quite different from those we have been studying because the derivative
is squared.

(a) Show that the straight lines z = C't — C?/2 are solutions.
(b) Show that the parabola = = t2/2 is another solution.
(c) Show that the lines in part (a) are all tangent to the parabola in (b).

(d) Show why the ordinary existence and uniqueness theorem (for explicit
differential equations) is not satisfied by this equation. That is, show
where the hypotheses fail.
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4.546.

(a) Describe the solutions of z = tz’ + (z’)2. Hint: Look at the previous
exercise.

(b) Can you describe the solutions of z = tz’ — f(z'), where f is any
function?

Exercises 4.6 Bound on Slope Error

4.6#1. For each of the following differential equations, find a step h such
that if you solve the equations using Euler’s method and the given initial
condition, you can be sure that your solution at the given point is cor-
rect to three significant digits. (You have calculated Lipschitz constants
in Exercises 4.3#2, but you should worry about whether the approximate
solutions stay in the region in which those computations were valid.)

(@)° 2’ =22~t 2(0)=0; z(2)="?
(b) 2’ =sin(tz) z(0)=5; z(3)=7?

4.6#2. Let up(t) be the Midpoint Euler approximation to the solution of
z/ = —z, with initial condition ux(0) = 1.

(a) Show that 0 < wup(t) <lfort>0and h <1.

(b) Using the same technique as in Theorem 4.6.1, find a function C(t)
such that

lun(t) — e < C(t)R2.

(c) How short should you choose h to guarantee that uj(1) approximates
1/e to five significant digits?

4.6#3°. Let up(t) be the Runge-Kutta approximation to the solution of
z’ = —z, with initial condition u,(0) = 1.

(a) Show that 0 < up(t) <1lfort>0and h <1.

(b) Find a function C(t) such that |ux(t) — e~t| < C(t)h*. This requires
a bit of ingenuity. Let (t;,z;) and (t;+1,%:+1) be two successive grid
points of up(t). First find a formula for z;;, in terms of z; and h.
This formula should suggest a curve joining the grid points; the result
follows from evaluating the slope error of this curve, and applying the
Fundamental Inequality.

(c) How short should you choose h to guarantee that ux(1) approximates
1/e to five significant digits? Check this using the program Numerical
Methods.
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4.6#4. In the text, we say that the slope errors which occur when approx-
imating solutions of 2’ = f(¢,z) by the three methods we have discussed
can be bounded by expressions of the form ChP, where p is the order of
the method and C' can be evaluated in terms of partial derivatives of f up
to some order, which depends on the method. Use the program Numerical
Methods on the following equations, for —1 < ¢t < 1 and z(—1) = 0, to
discover how many derivatives are needed for such a bound to exist.

(a) o' = |z + ¢

(b) o' = —(z+t)|z + t|
(c) 2’ =—(z+t)y/[z +1
(d) 2’ = —(z +t)?V/z +¢

4.6#5. Using the program Numerical Methods, find the order of our three
methods on the two differential equations z' = .8|z — t| and 2’ = .5|z — ¢|
for -1 <t <1 and z(—1) = 0. Can you explain when and why Runge—
Kutta turns out to be less reliable here than, say, midpoint Euler? Hint:
Make a sketch, using isoclines of slope 0, 1, and —1. Observe in which cases
the approximate solution crosses ¢ = ¢, and explain why that makes a
difference.

4.6#6. For the differential equation ' = a|r — t[3/2, as in the previous
exercise, we can expect some surprises if the approximate solution wup(t)
crosses t = 0. Using the program Numerical Methods, try some different
values of a that show different orders of some methods for —1 <t < 1 and
z(—1) = 0. (Note: the computations will be faster if you enter |z — t|3/2 as
|z — t|4/|x — t|, since the computer can then avoid computing logarithms.)

4.6#7. The following exercise shows that Euler’s method does not neces-
sarily converge to a solution if the differential equation does not satisfy a
Lipschitz condition. Consider

o' = |z|7% %z + tsin(%) with z(0) = 0.

Consider the Euler approximations uy,(t) with h = (n + %)-1, as n — 00.

(a) Use the computer program DiffEq for n = 10, 11, 12, and 13, and

observe that the approximations do not appear to converge. (Note:

It is necessary for tg and zo to be close, but not equal, to zero.

This can be arranged if you “uncenter” the domains; e.g., —.5 to
.5000000000001.)

(b) Show that if n is even,

un(h) = 0;
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un(2h) = h%;
1 3/2 1 3/2
n - —(3h)°7“.
un(3h) > 2h > 16(3 )

(c) Furthermore (for n even) show there exists a constant ¢ > 3h such
that part (a) implies we also have

un(mh) > 1—16(7rh)3/2 for 3h<mh<ec

Hint: Reason by induction, showing that

f(mh,un(7h)) > (un(mh))Y/* — xh > %(wh)a/8 —mh > 11—0(7rh)3/8

and note that for ¢ < ¢ we have

1 d(1 5,
0 @\t )

(d) Reason similarly for n odd, showing that then

un(mh) < —%(71'h)3/2 for 3h<mh<e.

Conclude that the approximate solutions u,(t) do not tend to any
limit as n — oo.

(e) Verify that the equation does not satisfy a Lipschitz condition.

Exercises 4.7 General Fence, Funnel, and
Antifunnel Theorems

4.7#1°. Consider 2’ = cos(t + ).

(a) Find funnels and antifunnels (they need not be narrowing). (Warn-
ing: the follow-up questions we ask assume that you found the same
funnels and antifunnels that we did. If you find different ones, you
may not be able to answer some of those questions.)

(b) Which of your funnels and antifunnels are strong and which are weak?
For those that are weak, show which of the weak funnel and antifunnel
theorems of Chapter 4 apply.

(c) For the antifunnels, show at least one solution which never leaves the
antifunnel (big hint: the fences which form a funnel (resp. antifunnel)
are considered part of the funnel (resp. antifunnel)).
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(d) By drawing a computer solution with DiffEq, show that the solutions
tend to be squeezing together, as if they were falling into a narrowing
funnel. Even if your funnels are not narrowing, you may still be able
to explain their behavior. Give it a try. Also, even if your antifunnels
are not narrowing, you may be able to show that only one solution
remains in an antifunnel for all time.

4.7#2. Consider 2’ = cos(ze'). Find narrowing funnels and antifunnels.

4.7#3. Let o(t), B(t) be defined for ¢ > tg, a(t) > B(t), and suppose that
the region t > tg, B(t) < z < a(t) is an antifunnel. Suppose there exists a
function w(t) such that w(t) < (8f/0z)(t,z) for all z with 3(t) < z < a(t),
and that

a(t) — B(t)

—F—= —0 as t— 0.
fe w(s)ds
e’to

Then show there exists a unique solution in the antifunnel, thus replacing
the restriction of Theorem 4.7.5 that an antifunnel narrow to get unique-
ness.

Remark. You can consider the numerator & — 3 as the squeeze on the

ft w(s)ds

antifunnel, and the denominator e’to as the squeeze on the solutions.

Hint: Suppose u;(t) > uz(t) are solutions in the antifunnel and define
v(t) = u1(t) — uz(t). Show that y(¢) is an upper fence for the differential
equation ' = w(t)z. Use the explicit solution of z’ = w(t)z with z'(¢p) =
~(to) to show ~(tg) = 0.

4.7#4. Prove, using decimal notation, that for a nested family of closed
intervals, their common intersection must contain at least one point xg.
This confirms a fact used in the proof of Theorem 4.7.3.

4.7#5. Consider the equation z’' = sintz, and refer back to the analysis
of Example 1.5.2 where an antifunnel is formed by ai(t) and S_¢(t). Show
that the first uniqueness criterion of Theorem 4.7.4 is insufficient to prevent
two (or more) solutions from getting together fast enough to stay in the
antifunnel.
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Iteration

In this chapter we will study iteration in one dimension. (Iteration in two
dimensions is far more complicated and comprises an important chapter

in Volume II.) “Iterating” a function f(z) consists of the following simple
process:

Start with a seed xo, and consider the sequence

z1 = f(20), z2=f(z1), z3=f(z2),.... (1)

The essence of iteration is to use the last output as the next
mnput.

The sequence (1) is called the orbit of zo, and the kinds of questions we
will ask are:

What happens in the long run for a particular seed?

How does “what happens” depend on the seed?

How does “what happens” depend on the function f(z)?

How does “what happens” depend on parameters within f(z)?

Such questions are similar to the kinds of questions asked about differ-
ential equations, and indeed the two subjects are very closely related, as
we hope to show in this chapter. In some sense, a differential equation de-
scribes evolution in continuous time, and an iteration describes evolution
in discrete time. The continuous dependent variable ¢ that has appeared
in earlier chapters has here been “discretized” and appears as an index: z;
means the value of z after 7 units of “t.”

Both differential equations and iteration are included in the area of math-
ematics called dynamical systems. In this book, when we say we will con-
sider a function f(z) as a dynamical system, we mean that we will iterate
it.

The continuous-discrete dichotomy suggests one way in which iteration
is related to differential equations. Since all the numerical methods we have
seen, and in fact just about all the methods in existence, consist of “dis-
cretizing” time, we might expect that numerical methods are simply itera-
tions. This is true, and is the real reason for this chapter: mathematicians
are still trying to understand what numerical methods actually do.
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Iteration arises in contexts other than differential equations. We have
seen that computers find numerical methods for differential equations ex-
tremely congenial; a truer statement is that computers find iteration very
congenial. As a result, a great many other fundamental algorithms of math-
ematics are simply iterations. This includes the most popular of them all,
Newton’s method for solving equations (nondifferential), to be described
in Section 5.3. Other iterative algorithms occur in linear algebra, such as
Jacobi’s method and the QR method, discussed in Volume II, Appendices
L8 and L7 respectively.

Even though iteration is not traditionally a part of the differential equa-
tions curriculum, in this day of interaction between computers and mathe-
matics, it would be a mistake to ignore this important topic which is closely
related to differential equations.

As you read on in this chapter, you will realize that iteration is more
complicated than anything we have studied so far, and problems involving
order versus chaos rapidly come to the fore. It is rather surprising that it-
eration, which looks easier at first view than differential equations, is really
not so. The source of increased difficulty with iteration is that there are no
simple analogs of the fence and funnel theorems, which require conditions
only on the fences.

In Section 5.1 we shall consider how to represent graphically and analyze
a function f(z) under iteration. In the remaining sections we shall examine
some specific iterative systems: In Section 5.2 we show how the famous
logistic model behaves very differently in the cases where population growth
is amenable to a difference equation rather than a differential equation.
Section 5.3 delves into the complications of Newton’s method for calculation
of roots, the iterative scheme that is used within all our MacMath computer
programs.

Section 5.4 examines numerical methods for differential equations. In
Section 5.5 we look closely at periodic differential equations. This is where
we introduce the work of Henri Poincaré, who in the late 1890’s was the
first mathematician to have established and exploited the connection be-
tween iteration and differential equations. His theory of Poincaré sections
revolutionized differential equations, and this whole book consists largely of
an attempt to bring Poincaré’s ideas to the undergraduate audience. Here
we will give the first introduction to Poincaré sections, but the subject
only becomes really serious in higher dimensions; that will have to wait for
Volume II.

Finally, in Section 5.6 we offer as diversion a peek at the delights and
rewards of iterating in the complex numbers. This is one direction of current
research action in dynamical systems.
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5.1 Iteration: Representation and Analysis

THE ITERATES OF A FUNCTION

We need a notation for iteration of a function f(z). We will denote the n*®
iterate of f by

fr=fofo..of,
N ——
n functions f

so that
@) =f(..(f(2)..),

is the n-fold composition of f(z) with itself.

Examples 5.1.1.

If f(z)= ar, If f(zr)=2%+c¢,
(z) = aa fl) =2t 4 o
f°%(z) = a(az) f2(z) =
f(z) = a(aaz))| () =

A

Remark. Many authors simply write f for the n'® iterate, which invites
confusion with powers; consequently we will always use the composition
symbol. As you can see in the first example, we have f°*(z) = o™z, whereas
f™(z) = a™z™; in the second example there is not even a formula for f°"(z),

but f(z) = (z% +¢c)".

Remark. Writing the n*® iterate in closed form, that is, as an explicit
function of n, is analogous to solving a differential equation in terms of
elementary functions. (For example, for ' = az we can write the solution
z(t) = e**z(0).) Such closed form is definitely not always possible, despite
the fact that our examples might seduce you into thinking it is.

The idea of iteration is very simple, but the results are not, largely be-
cause the iterates f°™ can be very complicated. For instance, we shall look
long and hard at the quadratic polynomial f(z) = z2 + ¢, the second ex-
ample of 5.1.1. You might reasonably think that everything there is to say
about quadratic polynomials was said, long ago, and is easy. But note that
for a quadratic, the n*" iterate f° is a polynomial of degree 27, so that
studying quadratic polynomials as dynamical systems involves the study of
infinitely many polynomials, of arbitrarily high degree. This is the source
of the great complication of iteration.

Example 5.1.2. The computer program Cascade will automatically graph
for you any iterate of 2 + c. Figure 5.1.1 on the next page represents the
16" iterate of 22 + ¢, for ¢ = —1.39. The function f°1¢ is of degree 216, so
this picture only begins to show how complicated it is. A
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16th Iterate of x2 - 1.39

3

FIGURE 5.1.1. f°'8(z) for f(x) = 2% — 1.39.

TIME SERIES

For the remainder of this chapter we will be iterating mappings f:R — R
(except for Section 5.6, where we will show some examples of iterations of
mappings f:C — C).

There are many ways of representing an iterative process. Probably the
simplest to understand is a time series. This simply means plotting the
points (n, f°(zo)), perhaps joining them. We already have a program that
will do this for us, and it is good old DiffEq applied as follows:

Suppose we want to iterate a function f.

1. Enter the differential equation z’ = f(z) — z.

2. Apply Euler’s method, using step h = 1.

These two steps yield Zp41 = Tn + (f(zr) — ) = f(zn)-

Remark. Euler’s method can be run forwards or backwards in time. How-
ever, Euler’s method run backwards is not the inverse of Euler’s method
running forward: running Euler’s method backwards starting at z¢ does not
usually lead to an z_; such that f(z_1) = zo. (See Exercise 3.1-3.2#5.)
Consequently, the part of the orbit run backwards from your initial condi-
tion is not relevant to the function you are trying to iterate.

Let us give a few examples of such iterations.
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Examples 5.1.3. Time series for 22 + ¢, c = -1, —1.3, —1.8.
If c = —1, then the orbit of —1 is, from iterating 2 — 1,

To=-1, x =(——1)2~1=0, zo=02-1=-1,....
These results can be summarized by the formula

_(yion
o

n

We see this repetitive pattern, a cycle of period two, in Figure 5.1.2.

lteration of x2 -1.  Note the cycle of period 2.

X
. R oan=30
X = -1 4 L
FIGURE 5.1.2. Time series for 2 — 1.
If ¢ = —1.3, iteration produces a cycle of period four, as in Figure 5.1.3.

lteration of x2 - 1.3.  Note the eventual cycle of period 4.

- ‘ TTTTTTTTTn:go

Xo

FIGURE 5.1.3. Time series for 2 — 1.3.
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If ¢ = —1.8, the orbit appears to be chaotic, meaning simply “without
apparent order,” as shown by the time series in Figure 5.1.4. A

lteration of x2 - 1.801. Note that the orbit looks chaotic.

R IRl
JUMI UL

FIGURE 5.1.4. Time series for z2 — 1.8.

In= 83

GRAPHIC ITERATION

It is also quite easy to iterate a function f(x) graphically, and the computer
program Analyzer will do it for you. The process is as follows:

Begin with some zo. (The y-coordinate is irrelevant; the computer program
uses (zo,0).) Then

(i) Go wvertically to the graph of f:(zo, f(zo))
(i) Go horizontally to the diagonal: (f(zo), f(x0)) = (z1,21)

To iterate you repeat the construction, going vertically to (z;, f(x;)), then
horizontally to (f(z;), f(z:)) = (Zi+1,Zi+1), and so on.

Example 5.1.4. See Figure 5.1.5.
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13 X9

12

14,

The first 15 iterates of 1.86 under x 2- 2
FIGURE 5.1.5. Graphic iteration of 2% — 2 for zo = 1.86.

F1xXeEp PoOINTS

If you play with Analyzer a bit, you will see that the intersections (z¢,z ;)
of the graph of f(z) with the diagonal are important. Such points z f are
called fized points of f, because f(zf) = z5.

You should think of fixed points as representing equilibrium behavior,
which is usually classified as stable or unstable. Fixed points can be classi-
fied as “attracting” (corresponding to stable equilibrium), “repelling” (cor-
responding to unstable equilibrium), or “indifferent” (leading to various
other behaviors).

A fixed point z; is attracting if there is some neighborhood of z; which
is attracted to zy; i.e., if 2o is in that neighborhood, then the orbit of z
is a sequence converging to zo. See Figure 5.1.6.

The fixed point zy is called repelling if there is some neighborhood of f
such that the orbit of any point z¢ in that neighborhood eventually leaves
that neighborhood (though it might still later return).
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WA
f(x)
a repelling fixed point\

(X1, X 1)\
(sz xz)
3 / an initial point
. . . . ) . , which escapes
T T T T T T 3
/ Xo \ X
another initial point

attracting fixed point—+

which leads to the
same fixed point

lteration of x2 - .7
FIGURE 5.1.6. Attracting and repelling fixed points.

The slope m of the graph of f at (zf,zf) determines the type of a fixed
point, as follows: A fixed point z¢ is

attracting if |m|<1;
repelling if |m|>1;
indifferent if |m|=1;

superattracting if m =0.

This derivative criterion for classifying fixed points can be seen from a
Taylor expansion of f(x), centered at z;: Setting = x5 + h gives as the
Taylor polynomial of f,

f(z) = f(zs + h) = x5 + mh + higher order terms in h,

so the deviation from z is simply multiplied (to first order) by m, and the
number m is called the multiplier of f at the fixed point z¢. Theoretical
details are spelled out in Exercises 5.1#3-5, but you can directly observe
the following.

As soon as you are sufficiently close to zs for the linear approximation to
be valid, the point z will repel you if |m| > 1, and suck you in if [m| < 1.
By far the strongest attracting situation occurs when m = 0, when the
first order term in h disappears entirely, which is the reason for the term
superattracting.

If m = +1, a fixed point is called indifferent because many things can
happen, depending on higher terms in the Taylor polynomial of f. We will
explore some possibilities in Exercises 5.1#2.
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The graphic behavior of an iteration attracted to or repelled by a fixed
point depends on the sign of the multiplier, as illustrated in the following:

Example 5.1.5. The polynomial z2 — 1.2 has two fixed points, at
Ty~ 1.7041... andat zy~-—.7041....

Both fixed points are repelling, since the derivatives 2z at these points are
approximately 3.4083... and —1.4083... respectively. Figure 5.1.7 shows
them both, with some orbits escaping from them. Note particularly the
“outward spiralling” behavior of the graph of the orbits near a fixed point
with negative multiplier < —1.

repelling fixed point with
multiplier m > 1 orbits are
repelled on both sides,

do not spiral. \

repelling fixed point
with multiplier m < -1.
Note the orbit being [
repelled by spiralling

away.

lteration of x% -1.2

FIGURE 5.1.7. Repelling fixed points; different behaviors according to sign of
multiplier.

Exercise 5.1#8 asks you to explore a question you should ask about
Figure 5.1.7. What is going on between the two fixed points if both are re-
pelling? Although the explanation belongs in the next subsection, guessing
and experimenting with the computer provides valuable insight. A

Example 5.1.6. A function like —0.15z% + 0.4z + 0.723 + 0.05 exhibits
various iterative behaviors, depending on the values of the multiplier at
each fixed point, as shown in Figure 5.1.8 on the next page. A
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1

/_— attracting fixed pointm <0
approach is spiralling

repelling fixed — 7
points /

{ >
\ | N
\\ ,49/ attracting fixed
1 point, m> 0
superattracting
fixed point,
m=0

FIGURE 5.1.8. Attracting fixed points; different behaviors according to multi-
plier.

PERrIODIC POINTS

Periodic cycles are closely related to fixed points. A collection of distinct
points {zg,1,...,Zn-1} forms a cycle of length exactly n, if

f(z;) = ziy1, for 1 =0,1,2,...,n—2, and f(zpn-1) = Zo.

This is equivalent to saying that each point of the cycle is a fixed point of
the nt® iterate f°", i.e., that f°"(z;) = z;, and is not a fixed point of any
lower iterate of f. The elements of the periodic cycle are called periodic
points of period (or order) n.

Fixed points are a special case of periodic points, of period 1.

A cycle is attracting or repelling if each of its points is an attracting
or repelling fixed point of f°". In particular, if the seed of an orbit is
sufficiently close to a point of an attractive cycle, then the orbit will tend
to a periodic sequence, with successive terms closer and closer to a point
of the cycle.

Examples 5.1.7. Iteration of z2—1.75 gives the two-cycle .5 — —1.5 — .5,
as shown in the top half of Figure 5.1.9.

Iteration of z2 — 1.75488... gives the three-cycle 0 — —1.75488... —
1.3247... — 0, as shown in the bottom half of Figure 5.1.9.
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Xo X1
X X3

X4 Xs

Cycle order 2, for £ — 1.75

X4 Xo =X3 Xz

Cycle order 3, for 2 — 1.75488.. ..

FIGURE 5.1.9. Periodic cycles
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The derivative criterion for a cycle being attracting or repelling comes
from the chain rule. Indeed, the derivative of f°" at zg is

(£ (o) = f'(f(-- - (f(zo) -..) - ... F'(f(20)) - (o)
= f"(@n-1) .- f'(21) - f'(20).

But z¢ = z,, and this is true for any point of the cycle, so we get
mn = (f") (z0) = (") (1) = ... = (f")' (@n-1),

showing that the derivative of f°" is the same at all points of the cycle
(you can fill in the steps in Exercise 5.1#9); this number m,, is called the
multiplier of the cycle.

If |my,| < 1, then points near a point of the cycle will be attracted to
the cycle, which means that their orbits will tend to periodic sequences
of period n, with successive terms closer and closer to successive elements
of the cycle. If |my| > 1, then points beginning nearby fly off, and their
long-term behavior is not governed by that cycle.

Examples 5.1.8. For f(z) = z2 + ¢, f'(z0) = 220, and (f°") =
2oy - -+ Tn_1. We return to the cycles of Examples 5.1.7. For 2 — 1.75,
ma = (f°?)" = 4zoz; = 4(.5)(—1.5) = —3, predicting a repelling cycle order
2. For 22 — 1.7548...., m3 = (f°3) = 8xzoxy = 8(0)(—1.75488...)(1.3247
...) = 0, predicting a (super)attracting cycle order 3. The behavior of the
cycle shows up in the graphical representation when the seed is not an
element of the cycle, as shown in 5.1.10. A

It might seem that periodic points are sort of exotic and rare, but the
opposite is the case. There are usually zillions of periodic cycles; periodic
points x,, are the roots of the equation

f°(z) = =.

If f is a polynomial of degree d, this is an equation of degree d™, with in
general d" roots. Of course many of the roots z, may be complex, which
will not correspond to a periodic cycle on the graph of f(z), but many may
also be real.

The first object of any analysis of an iterative system is to try to locate,
among the zillions of periodic points or cycles, the attractive ones, because
they are the only ones we can see. For specific equations, the program
Analyzer can be an immense help by locating them graphically. Algebraic
calculations proceed as in the next example, where we deal with a whole
parameter family of equations.
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Xo

v

Repelling cycle order 2,
for z2 — 1.75, with zo = .4

Xo

v

Attracting cycle order 3,
for % — 1.75488 ..., with zo = —.3

FIGURE 5.1.10. Repelling and attracting cycles.
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Example 5.1.9. Let us look at the periodic points of period 2 of 2% + c.
They are the solutions of the polynomial equation

(e®+¢)+c—2z=0, (2)

which is a fourth degree polynomial. However, the fixed points are also
solutions of this equation, and they are the roots of the polynomial

(z*4c¢)—z =0,

which must therefore divide polynomial (2). Hence by long division, the
points of period exactly 2 are the solutions of

2+z+c+1=0.

We leave it to the reader to verify (as Exercises 5.1#11) the following
facts:

(a) The periodic points x;, of period 2 are real if ¢ < —3/4.
(b) The multiplier my of the period 2 cycle is 4(c +1).

(c) The cycle of period 2 is attracting if and only if —5/4 < ¢ < —3/4.
A

COMPARISON OF DIFFERENT REPRESENTATIONS

All of the graphical representations of iteration are in common use among
applied mathematicians making iterative models, so it is useful to gain
some familiarity with each and an understanding of the relation between
different representations.

Examples 5.1.10. A time series and an iteration picture, if made to the
same scale, can be lined up to show a one-to-one correspondence. This is
particularly clear for the case of a cycle, as in Figure 5.1.11 where the
correspondence is shown by the horizontal dotted lines. A



5.1. Iteration: Representation and Analysis 211

FIGURE 5.1.11. Iterating 22 — 1.62541; cycle order five. Iteration matched with
time series.

Example 5.1.11. For an equation that iterates to give a cycle of order n,
the iteration picture showing that cycle can be graphically lined up with
a picture of the nt? iterate, again to show a one-to-one correspondence,
between the points on the cycle in the first case and the points where the
n*? jterate in the second case is tangent to the diagonal, as in Figure 5.1.12
on the next page.

The two places where the n'® iterate crosses the diagonal are fized points
of the n*® iterate, i.e. periodic points of period n. Both are repelling. A

There is nothing magic about showing the first correspondence side-
by-side and the second above-and-below. We just point out that you can
work either horizontally or vertically, because of the role of the diagonal
in graphical iteration.

Exercise 5.1#13 ask you to explore these comparisons for other functions.
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FIGURE 5.1.12. Tterating 2 — 1.62541; cycle order five. Iteration matched with
fixed points of 5th iterate.

CHANGES OF VARIABLES IN ITERATIVE SYSTEMS

We have deliberately underplayed changes of variables in the earlier chap-
ters on differential equations. It is much easier, at least at first, to compute
blindly rather than to try to understand geometrically what the computa-
tions mean, and we have tried to steer away from formal manipulation of
symbols. Changes of variable in iterative systems are easier to understand.
Each field of mathematics has its own scheme for “change of variables”;
the one relevant here is conjugation, which is different, for instance, from
the change of variables scheme encountered in integration. Conjugation
proceeds as follows:

If f:X — X is a mapping we wish to iterate, and ¢:Y — X is a 1-1
correspondence between elements of Y and elements of X, then there ought
to be a mapping g:Y — Y which “corresponds” to f under ¢.
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It is not really surprising, but it is important, to realize that

g=¢ lofoy; 3)

we say that ¢ conjugates f to g.

Example 5.1.12 (Nonmathematical). Let X be the set of English nouns,
Y be the set of French nouns, and ¢ the French-English dictionary. Let f
be the “English plural” function, which associates to any English noun its
plural. Then the corresponding function g in French is the “French plural”
function. To go through the formula (3), start for instance with

“oeil”, which the French-English dictionary ¢ will translate
to “eye”; the English plural function f will transform this to
“eyes”. We now need to return to French using the English-
French dictionary ¢~!; when applied to “eyes” this gives “yeux”,
the French plural of “oeil”, and the desired function g. A

Example 5.1.13 (Mathematical). Let f(x) = 2z —22. We can rewrite this
as

1-f(z) = (1~-2)

If we now set p(z) = 1 -1, we see that g(y) = y? “corresponds” to f under
¢. This can be computed out as follows to show that g = =1 o foe:

y 2 l-y 2 21-y-(1-92=1-9> > 1-(1-3*)=4> a
® f p-1

Equation (3) is exactly the same formula that occurs when doing changes
of bases for linear transformations (Volume II, Appendix L2). Example
5.1.13 brings out the real purpose of changes of variables: things are often
simpler in some other variable than the one which seems natural. In Volume
II, we will see this in a different context in Chapter 6; when studying the
central force problem we will pass to polar coordinates, where things will
simplify. In Chapter 7, the passage to coordinates with respect to a basis
of eigenvectors will be the main theme.

One way of seeing that formula (3) is an extremely useful relation to
require between f and g is to see that if ¢ conjugates f to g, then ¢ also
conjugates f°" to g°™. A conjugation diagram like Figure 5.1.13 shows how
the process can go on and on under iteration.

Another important aspect of conjugacy is to see that it preserves quali-
tative behavior of orbits under iteration. If y is a fixed or periodic point of
g, then z = ¢(y) is a fixed (or periodic) point of f, so that periodic points
of f and g “correspond” under ¢, and moreover attracting (resp. repelling)
periodic points correspond to attracting (resp. repelling) points.
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FIGURE 5.1.13. Conjugation of f to g. g= ¢ 10 fo .
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Furthermore, if ¢ and ¢~! are differentiable, the multipliers at corre-

sponding points are equal. This is proved in Exercise 5.1#16.
See Exercises 5.1#15-19 for further exploration of conjugation.

5.2 The Logistic Model and Quadratic
Polynomials

Second degree polynomials are about the simplest mappings next to linear
ones we can think of. In this section we will study the iteration of quadratic
polynomials as functions of a real variable; in Section 5.6 we will give some
hints of what happens for quadratic polynomials of a complex variable.

Mathematical applications in physics, chemistry and engineering only
occasionally give rise to iterative systems as models of real systems; these
topics are usually modelled by differential equations. We will motivate the
iteration of quadratic polynomials from an ecological model: in ecology,
iterative systems are fairly common, and the logistic model to be described
below is the granddaddy of them all.

As we will see in Sections 5.4 and 5.5, the logistic model is also useful in
understanding some differential equations.

PoruLATION GROWTH AND THE LOGISTIC MODEL

Suppose we have some species, whose population goes from generation to
generation (you might think of gypsy moths, or any of many other species
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of insects which live one year, existing only as eggs during the winter). We
will denote the population of the n'® generation by p(n); to say that the
population of this species can be described by an iterative system in one
variable is to say that there is a function f such that

p(n+1) = f(p(n)).

This can also be expressed by saying that the population in any genera-
tion depends only on the population in the previous generation.
A first possible such model is

p(n+1) = (1+a)p(n) (4)

where o is a number (presumably positive if the species is to survive)
describing the fertility rate of the species.

This simplest model (4) is linear, like that of Example 5.1.1, and it is
easy to solve explicitly:

p(n) = (14 a)"p(0).

(Solving an iterative system means giving a formula for z,, in terms of n and
Zo, as above for p(n) = z,.) In particular, if & > 0 the population grows
exponentially. This model describes growth only under ideal circumstances,
for instance in a laboratory trying to raise a maximal number of a particular
species, isolated from any disturbing influences. It can never describe for
long a natural system, which is always subject to such factors as crowding,
competition, and disease.

A more realistic model than (4) takes crowding into account. Assume that
there is some “stable” population ps; which the environment can support,
and that the fertility rate depends on how far the population is from p,.
One possible way to model this is

p(n+1) = (1 + a(m;ﬂ)p(n)- (5)
-] .
It is more convenient to use the stable population as the unit of popula-
tion, i.e., to set g(n) = p(n)/ps. Then equation (5) becomes

g(n+1) = (14 a)q(n) — ag(n)>. (6)

This equation (6) is called the logistic model. You should observe how
similar this discrete logistic model is to the differential equations population
model

7' = a(z — z?) ()

studied in Chapter 2.5. In fact, Euler’s method (Chapter 3.1) with step
h =1 applied to the differential equation (7) leads exactly to the iteration
of (6) (Exercise 5.2#2).
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Back in Section 2.5 we found that the differential equation predicted
something quite reasonable, namely that whatever the initial population
(assumed positive), the population tended to the stable population. It may
well come as a surprise that the iterative model has enormously more com-
plicated behavior, especially if the fertility is large.

More precisely, if the fertility is “small,” so that 0 < a < 2, and if the
initial population is “small,” meaning 0 < ¢(0) < 1+1/a, then the sequence
g(n) will be attracted to the stable population g, = 1, as was the case for
the differential equation (Exercise 5.2#3).

In fact, in this case of “small” fertility, ¢, = 1 is a fixed point of (6), for
any a, with multiplier m = (1 — ). In particular, g, = 1 is an attracting
fixed point if and only if 0 < o < 2 (Exercise 5.2#4).

But as soon as a > 2 the fixed point g, = 1 becomes repelling, and
can attract nothing. We will show in detail what happens for & = 1 and
a = 3; but the analysis we will make cannot be carried out for other values
of @, and playing with a computer for a while is the best way to gain
insight into this remarkable iterative system. It is even more remarkable if
you notice that all this complicated behavior results just from iterating a
second degree polynomial, which is about the simplest thing you can think
of beyond a polynomial of degree one.

Example 5.2.1. Analysis of logistic model (6) if @ = 1. A change of
variables will simplify the problem. Let us center q at g, = 1, i.e., set
z(n) =1 — g(n). Then the mapping

g(n+1) = (1+ a)q(n) — ag(n)? (6, again)

with a@ = 1 becomes
z(n+1) = z(n)2. (8)
Equation (8) is very easy to analyze:

if |z| < 1 then z(n) tends to 0 (very fast);

if |z| > 1 then z(n) tends to infinity (very fast);

if £ = 1 it stays there;

if £ = —1 then it goes to 1 and stays there after that. A

Example 5.2.2. Analysis of logistic model (6) if o = 3. Again a change
of variables helps, using the particular change (to be explained two pages
hence) which gives the simplest result: an iteration of form z? + c. Setting
z(n) = 2 — 3g(n), we find the logistic equation (6) becomes

z(n+1) = z(n)” - 2. (9)

Even in this simpler form (9), it still isn’t easy to see what is going on.
Furthermore, there could be a little problem here, which is explored in
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Exercises 5.2#5. However, if |z| < 2, we can set z = 2 cos(f) and transform
equation (9) into

2cos(f(n + 1)) = 4cos(8(n))? — 2,
which (remembering the formula for cos26) becomes
0(n +1) = 26(n). (10)

This last clever change of variables, £ = 2cos#f, permits us to view graph-
ically the transformation law on z as in Figure 5.2.1.

FIGURE 5.2.1. Circular representation of iteration after change of variables.

The interpretation of Figure 5.2.1 is as follows, using a circle of radius
2: Given z (between —2 and 2), find a point on the circle with z as its first
coordinate; then double the polar angle of the point (i.e., use equation (10)).
The first coordinate of the resulting point is 2 —2 (working backwards from
equation (10) to equation (9)). A

It should be clear from this description that the iterative system of Ex-
ample 5.2.2 with o = 3 behaves in a completely different way from that of
Example 5.2.1 with o = 1. In particular, in the most recent case there is
no z value which attracts others (especially not £ = —1, which corresponds
to ¢ = 1). The values of z just seem to jump around rather randomly, at
least from the point of view of someone who sees only the z-values rather

than the entire “circular” pattern of iteration. This observation leads to
the following diversion:

Example 5.2.3. Pseudo-random number generator. Actually, the function
x? — 2, which was derived in Example 5.2.2, can be used to make quite a
good random number generator. Start with some random z in [—2, 2], your
seed, and write a sequence of 0’s and 1’s by checking whether the orbit of
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zo is positive or negative. Here is a PASCAL implementation, which will
print out an apparently random sequence of “true” and “false.”

PROGRAM PSEUDORANDOM;
VAR z: real;
BEGIN
Writeln(‘enter a seed z with —2 < z < 2); Readln(z);

REPEAT writeln (z > 0); z := z*z — 2 UNTIL keypressed;
END.

Remark. The computer program evaluates > 0 (just as it would evaluate
z + 2), only it evaluates it as a “boolean,” i.e., as true or false.

A random number generator is difficult to make. There should be no
obvious pattern among the digits, and the results should meet statistical
tests, such as giving equal numbers of 0’s and 1’s overall. By empirical (and

theoretical) reasons, this little program based on iteration seems to work.
A

Note again the drastic difference in iterating the logistic model (6) be-
tween the complete predictability of the case @ = 1 and the random char-
acter of the case a = 3.

Examples 5.2.1 and 5.2.2 are misleadingly simple, or perhaps we should
say misleadingly analyzable. We will resort to the computer to see what
happens in greater generality for different values of o.

A CHANGE OF VARIABLES.

In both Examples 5.2.1 and 5.2.2, we made a change of variables. Actually,
this change can be made in general. If we set

¢=———aq,

the iterative system (6) when changed to the z variable becomes

l+a (1+e)?
2 4

Thus we can always transform the logistic model to the simple
quadratic =* + c.

2
Tn41 =T + =z, +ec

Exercise 5.2#1b asks you to show that setting

1+«
z=———ag

2
is equivalent to a conjugation (end of Section 5.1) with
l14a =
o) =% "o

We will usually study the iteration of z? + ¢, because the formulae are
simpler; and then we can change variables back as necessary.
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THE CASCADE PICTURE.

For a feeling of what happens in general to the logistic model (7) of iter-
ation, for different values of c, the program Cascade is quite enlightening.
Choose some interval of values of c¢. The program will then fit 200 values
of ¢ in that interval, along the vertical axis. Starting at the top of the c
scale, for each value of ¢ the program will iterate z2 + ¢ a total of k + £
times, starting at 0. It will discard the first k¥ (unmarked) iterates, and plot
horizontally in the z-direction the next £ (marked) iterates, where k and £
are numbers you can choose. The idea in discarding the first k iterates is
to “get rid of the noise”; if the sequence is going to settle down to some
particular behavior, we hope it will have done so after k iterates. In prac-
tice, k = 50 is adequate for large-scale pictures, but blow-ups require larger
values of k and £. Larger k makes for cleaner pictures at any stage.

The picture we get for —2 < ¢ < 1/4, with k = 50 and £ = 50 is given as
Figure 5.2.2. It certainly looks very complicated.

ce 25 c-axis
x-axis
0 ) >
-5 T
-1 A
Feigenbaum point
-1.40116...
-1.54 + period 6
-1 period 5 |-windows
1+ -1.75
period 3
2

FIGURE 5.2.2. Cascade of bifurcations.

For —3/4 < ¢ < 1/4, there is one point on each horizontal line. There
should be 50 (= £); what happened? All fifty got marked on the same point,
which is an attracting fixed point. Similarly, for —5/4 < ¢ < —3/4, all fifty
points are marked at just two points, which are the points of an attracting
cycle of period 2. Between these two behaviors, at ¢ = —3/4, we say that
the cycle bifurcates, which means splitting in two.

At ¢ = —5/4, this cycle bifurcates again, to give you an attractive cycle
of period 4, which later bifurcates to give a cycle of period 8, and so on.
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All these points of bifurcation accumulate to some value ¢ approximately
equal to —1.40116. ... This value of c is called the Feigenbaum point, after
physicist Mitchell Feigenbaum who in the late 1970’s produced reams of
experimental evidence that such cascades are universal.

After the Feigenbaum point, the picture looks like a mess, with however
occasional windows of order, the open white horizontal spaces. The most
noticeable such window occurs near ¢ = —7/4. There we see an attractive
cycle of period 3, which itself bifurcates to one of period 6, then 12, and so
on.

Actually, there are infinitely many such windows; if you start blowing up
in any region, you will find some, with periodic points of higher and higher
period, and each one ending in a cascade of bifurcations, with the period
going up by multiplication by powers of 2 (Exercises 5.2#6 and 7).

Playing with the program for a while will convince you that there are
windows all over the place; in mathematical language, that the windows
are dense. The computer certainly suggests that this is true, but it has not
been proved, despite an enormous amount of effort.

Consider Figure 5.2.3, a blowup from Figure 5.2.2 of the “window” near
¢ = —1.75. Note the resemblance of each of the 3 branches with the entire
original drawing. In fact all windows are made up this way, with some
number of “tree-like” structures coming down, each resembling the whole.
As we will see in Section 5.3, this structure comes up for many families of
mappings besides quadratics.

FE&“&:‘:%*;;{S* VIR T

FIGURE 5.2.3. Blowup of cascade of bifurcations across window near ¢ = —1.75.
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—c=-1.75

. ~—c=x-179

FIGURE 5.2.4. Further blowup of leftmost portion of Figure 5.2.3.

Figure 5.2.4 is a blowup of the left-hand branch of Figure 5.2.3. Note
that this blowup has a cascade of bifurcations, and a window of period
3 (which actually is part of a cycle of period 9), exactly like the total
picture of Figure 5.2.2. The horizontal scales are different in Figures 5.2.2
and 5.2.4, but one can show that in fact the structures (windows and their
associated periods, as well as the order in which they appear) coincide down
to the finest detail. Even if you scale them correctly, they will still not quite
superpose (but they come amazingly close).

The real justification for the Cascade program described above is the
following theorem:

Theorem 5.2.4. If the polynomial 2 + c has an attractive cycle, then the
cycle attracts 0. In particular, % 4 c can have at most one attractive cycle.

There does not seem to be an easy proof of Theorem 5.2.4. It was found at
the beginning of this century by a Frenchman, Pierre Fatou, who proceeded
to lay the foundations, from the point of view of complex analysis, of the
subject which we will go into in Section 5.6, more particularly in connection
with Theorem 5.6.6. So we shall accept it without proof and discuss what
it tells us.

The significance of the point 0 in Theorem 5 2.4 is that it is a critical
point (point where the derivative vanishes) of z2 + c. In fact, 0 is the only
critical point of £2+c. More generally, when iterating polynomials of higher
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degree d, each attractive cycle must attract a critical point, and so there
are at most d — 1 attractive cycles.

The relationship between Theorems 5.2.4 and the computer program is
the following:

If there is an attractive cycle for z2 + ¢, the Cascade program
will find it, and for each cycle, the cascade will have a window
very much like the ones above.

The Cascade picture relates exactly to the time series picture and the

Analyzer iteration picture, as shown in the following example and explored
further in Exercises 5.2#8.

Example 5.2.5. See Figure 5.2.5. A

=-1.3

FIGURE 5.2.5. Iterating z> — 1.30; cycle order four. Iteration matched with
cascade of bifurcations and time series.
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In the twentieth century, especially since 1980 when computer graphics
became easily accessible, a great deal of effort has gone into understand-
ing the iteration of quadratics. The subject is now fairly well understood.
The detailed description of the “islands of stability,” in which orbits are at-
tracted to attractive cycles, has been explored and described in great detail
by such eminent contemporary researchers as Feigenbaum, John Milnor,
and Dennis Sullivan, as well as others to be mentioned later. Section 5.6
discusses further the iteration of quadratic polynomials, for the case where
a real number z is generalized to a complex number z. A list of references
is provided at the end of the this volume.

5.3 Newton’s Method

Solving equations is something you have to do all the time, and anything
more than a quadratic equation is apt to be impossible to solve “exactly.”
So “solving an equation” usually means finding an algorithm which ap-
prozimates the roots. The most common algorithm is an iterative scheme:
Newton’s method. Newton’s method is used as a subroutine in practically
every computational algorithm—it is one of the real nuts and bolts of ap-
plied mathematics.

Our purpose in this section is first to show the complications that are
inherent in an ostensibly simple method, and second to show a surprising
relation to ideas discussed in the previous section. We shall first discuss,
with theorems, the orderly results of Newton’s method; then we shall ex-
amine the global disorder that also results.

If f is a function (say of one real variable, though we will be able to

generalize in Volume II, Ch. 13), then the iterative system for Newton’s
method is

R €)
Ny(z) ==z @) (11)

The main point to observe about the defining equation (11) for Newton’s
method is that zo is a root of the equation f(z) = 0 if and only if ¢ is a
fized point of Ny.

Moreover, if f'(zo) # O (the general case), then N}(zo) = 0, which
means that Ny has the roots of f as superattracting fixed points. This
means that Ny converges extremely fast when it converges: the number of
correct decimals doubles at each iteration.

In the subsections that follow, we shall examine various aspects of New-
ton’s method.
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GEOMETRIC INTERPRETATION OF NEWTON’S METHOD

It is quite easy to see geometrically what Newton’s method does. At the
point g, substitute for f its linear approzimation

Lgo(2) = f(=0) + f'(m0)(z — 20), (12)
and look for a root of L,,, namely
e f(zo)
TR ()

FIGURE 5.3.1. Newton’s method, starting at zo and at yo.

This is illustrated by Figure 5.3.1 (which you probably have seen before).
Given an initial guess =g, Newton’s method draws a tangent line to f(z),
intersecting the z-axis at x1; the process is repeated from x,, converging
on the right-hand root of f(z). A second example is provided in the same
drawing, starting at yo; in this case Newton’s method converges to the left-
hand root (rather than to the closest root, because of the shallow slope of
the initial tangent line).

Notice that this geometric idea goes a long way towards justifying the
principle that if you start near a root then Newton’s method should con-
verge to the root, since the linear approximation L, is close to f near
Zo-

LoCAL BEHAVIOR OF NEWTON’S METHOD

The following major theorem provides most of the theory concerning New-
ton’s method. It is a fairly hard theorem, and actually hardly worth the
work, if we were only interested in one variable. Indeed, in one real variable,
for roots where the graph of the function is not tangent to the z-axis, there
is the bisection method (as in the Analyzer program), which works more
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slowly and more surely than Newton’s method. But the bisection method
does not generalize to higher dimensions, whereas both Newton’s method
and Theorem 5.3.1 below do.

Theorem 5.3.1. Let f be a function of a single variable and suppose that
f'(zo) # 0. Define

—f(20)

f'(z0)’

x1 = Zo + ho,

Jo = [z1 — |hol, 21 + |hol],
M = sup |f"(z)|.

xz€Jo

ho =

If

f(zo)M
2’ )| <"

then the equation f(x) = 0 has a unique solution in Jy, and Newton’s
method with initial guess xo converges to it.

b
~ ~
X X ooX
h h !
NG 1
J:
1
FIGURE 5.3.2.
f(z1)

Proof. Let h; = — e
1
along the way. First, using the triangle inequality,
|f'(@1)] = | (zo)| — | (z1) — f' (o)l
> |f'($o)| - lel - ol
x

> —If'(wo)l- (13)

y’ We need to estimate hy, and f(z;) and f'(z1)

Estimating f(z,) is trickier, and involves an integration by parts:
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Proof. This is obtained by dividing inequality (14) by |f’(z1)|, then using
inequality (13). Generalize to get statement for k*® step. m]

Example 5.3.3. Consider the equation z3 — 2z — 5 = 0.
Taking o = 2, we find f(zo) = —1, f'(zo) = 10, ho = .1, and Jp =
[2,2.2]. The second derivative of the polynomial is 6z, whose supremum on
Since |Mf(zo)/(f'(z0)?| = .132 < .5, Theorem 5.3.1 guarantees that
there is a root in the interval [2,2.2], and that Newton’s method starting
at ro = 2 will converge to it. A

GLOBAL BEHAVIOR OF NEWTON’S METHOD

You pay for the speed at which Newton’s method converges by the uncer-
tainty of what the method will converge to: if you do not start sufficiently
close to the desired root (whatever that means), the method may converge
to any root, or fail to converge at all. We shall illustrate this statement in
the next subsection, especially Examples 5.3.6-5.3.8, but we begin with a
simpler case, in fact very nearly the only case in which Newton’s method
is actually understood as a dynamical system.

Example 5.3.4. Quadratic equations and square roots. Suppose we want
to solve the quadratic equation

f(@)=(z—a)(z—b)=0

by Newton’s method. Of course, this is a ridiculous thing to do, since we
already know the roots, namely a and b. However, if we want to understand
how Newton’s method works, it is best to start with a simple example.

In this case, Newton’s method as defined by equation (11) gives

2 —(a+bz+ab  z*—ab

M@ = — e ~%—@+h)

There is no trouble in seeing that a and b are indeed superattracting fixed
points, but in this case it is possible to analyze the system completely, by
a clever change of variables.

_ _by—a
z=0o(y) = V1
Then we can show (below) that
¢~ oNfop(y) =y* = g(y) (15)

Remark. The mapping ¢ sends y =0 and y = co to £ = a and z = b.
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The proof of equation (15) is a “simple” computation (Exercise 5.3#8a).
Note that

-1 _l'_a
(p (z)_z_b'
and we have
9(y) =*

—
vl ley

o

Ny

Computing away, we find

by—a - p2_, W=,

21 2
y g —_ = —_ Y = y
¢ y—1 Ny 4—22(;{‘1‘)‘ —(a+b) Y*-1 o %—’;’_—;’—b v

which indeed proves equation (15). This fact allows us to understand every-
thing about Newton’s method for quadratic polynomials, by simply chang-
ing to the variable y where everything is known because g(y) = y%. We
leave it to the reader (Exercise 5.3#8b) to verify the following:

If you start Newton’s method to the right of (a +b)/2, you will
converge to the larger root, and if you start to the left, you will
converge to the smaller root. If you attempt to start at (a+b)/2,
Newton’s method does not converge at all.

To find the square root of a real number a we need to solve the equation
z2—a =0, for a > 0. Newton’s method (11) in this case consists of iterating

Na(x)zw—W:%(z-kg).

By Exercise 5.3#8b you have shown that if the initial z is chosen pos-
itive, Newton’s method will converge to the positive square root of a; and
if xg is chosen negative, the method will lead to the negative square root.
A

DiSORDER IN NEWTON’S METHOD

Various unpleasant things may cause difficulty when applying Newton’s
method. For instance,

(a) Newton’s method does not work if the tangent at f(zo) is horizontal.
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Example 5.3.5. See Figure 5.3.3. A

Ay
f(x)
X0 » x
_ _ — = 4 = T
\ horizontal
fp)=0 tangent never
meets x-axis

FIGURE 5.3.3. Horizontal tangent at zo.

(b) Newton’s method may converge, but to a different root than expected.

Example 5.3.6. Figure 5.3.4 shows an orbit which converges not to the
root closest to the initial point, but to the farthest. A

A
f(x)

tangent

.ﬁ’x
% / X X
root to which

this iteration
converges

FIGURE 5.3.4. Convergence to a further root.

(c) Newton’s method does not work, because the iteration does some-
thing else, such as being cyclic of order > 1, or being attached to a
cycle of period > 1, or being “chaotic.” A
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Example 5.3.7. For 23 — 2 ++/2/2, 0 is part of an attracting cycle period
2.

A 1(x)

X X P
X2 X3
X4 X5

FIGURE 5.3.5. Newton’s method in a cycle.

For quadratic polynomials, only difficulty (a) can occur. Cubic polyno-
mials are a much richer hunting ground for strange behavior.

Example 5.3.8. Consider f(z) = 23 — = + ¢, for which we already know
the roots are 0 and +1. Nevertheless this is a good example for analyzing
the convergence of Newton’s method for different values of zg.

Newton’s method (11) gives

-z 28

3z2 -1 322-1

We will find the values of zg that fall into each of the above classes:

(a) f'(z) =322 —1 =0 when z = +1//3 &~ £.57735, so for these values
of zo Newton’s method fails to converge because of the horizontal
tangent, as shown in the example of Figure 5.3.3.

Nf(l‘) =T —

(b) A cycle order 2 will occur, by symmetry, where N¢(z) = —z.

23

————=—1 when z=0, z= :I:L ~ +.44721.
3z2 -1

V5

The point zo = 0 is a fixed point, which does converge under Newton’s
method, but the others form a cycle of order 2 that does not converge
to a root, similar to that shown in the example of Figure 5.3.5.

(c) As shown in the example of Figure 5.3.4, if zo = —.5, Newton’s
method iterates to neither of the closer roots, but to +1. There are,
in fact, whole intervals of values of zo for which Newton’s method
behaves like this, and we can further analyze this phenomenon.
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For an initial guess zo chosen from the intervals (—1/v/3,—1/+/5) and
(1/4/5,1/+/3), the picture of what happens under Newton’s method is com-
plicated: In Figure 5.3.6 all those initial values that eventually iterate to
the right-hand root (r = +1) are “colored” with a thick line; those that
converge to the left-hand root (r = —1) are “colored” in normal thickness;
those that converge to the center root (r = 0) are “colored” in white. Those
points zg for which Newton’s method does not converge to any root at all
are indicated by the tic marks; there are more and more of them as zg
approaches the inside endpoint of the complicated intervals. A

FIGURE 5.3.6. Convergence of Newton’s method for different zo.

Example 5.3.8 is just the tip of the iceberg as to the delicacy in certain
regions about how close x is to the root being sought by Newton’s method.
If you have a picture of the graph of the function to which you wish to apply
Newton’s method, you may be able to choose xo wisely; if not, try to get
as close as you can—a good choice would be a place where f(z) changes
sign. If your result is somewhere far from what you expected, the picture
may be like Figure 5.3.6.

Let us now study from a different point of view the behavior under
iteration of cubic polynomials. The program Cascade will plot for you the
orbit of 0 under iteration by Newton’s method for the polynomial z3 +
az + 1. (Exercise 5.3#4b asks you about the generality of this expression,
to show that any cubic polynomial can be written this way with just one
parameter if you make an appropriate change of variables.) Just as in the
last section for Figure 5.2.2, the cascade of bifurcations for quadratics, you
can choose a vertical range for o, how many (¢) points to mark and how
many (k) not to mark; only the function to iterate has changed. The picture
you get if you let a vary from —2 to —1, for k£ = 20 and £ = 100, is shown
in Figure 5.3.7.
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oa=-1
cycle _o - p
period 2 T v
" regiori to T B
. blown up
.\réal'réot. as-
. function of _ - -
i&*  parameters -
. oo § . TEAR
/ a=-2
X=-2 xX=2

FIGURE 5.3.7. Orbits under Newton’s method for 2% + az + 1.

The cubic polynomial in question changes its number of roots at ag =
—(3/2)V/2 ~ —1.88988...., where it has a single and a double real root. For
a > ag there is just one real root, and for o < o there are 3 real roots.
This is shown in Figure 5.3.7 by the following:

We see a fairly steady “line” to the left in the region o > g, which is
the single real root, and which frequently does attract 0 (one of the critical
points and the starting point for iteration on each line of this picture). Gaps
in this “line” represent values of a for which 0 is not being attracted to this
root. For a < oy, there is another perfectly steady “line”, representing the
fact that one of the two new roots (that appear when a < ap) consistently
attracts 0. However, in the middle of the picture (where there are gaps in
these “lines”) there appear to be more complicated regions, where 0 does
something other than being attracted to the root, and we see a blowup of
such a region below in Figure 5.3.8.

Figure 5.3.8 is strikingly similar to Figure 5.2.2 for straight (nonNewton)
iteration of quadratics, and in fact reproduces it in full detail. This appear-
ance of the “cascade picture” in settings other than quadratic polynomials
is a large part of why the cascade of bifurcations has attracted so much
attention recently. It appears to be a “universal drawing,” an archetypal
figure which can be expected to show up in many different settings. This
is an instance of the universality of the cascade picture investigated by
Feigenbaum.
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o-axis

=-.19 a=-1.30 X =.22

FIGURE 5.3.8. A cascade of bifurcations for z® + ax + 1.

an attracting orbit of period 4 for Newton's method.

¢« different xy —>

The root of the cubic polynomial

FIGURE 5.3.9. Time series for z° — 1.28z + 1, for different zo.

There are actually infinitely many other blowups of Figure 5.3.7 which
will show the same picture (in fact infinitely many blowups even within the
region already blown up).

Figure 5.3.9 is a superposition of several time series pictures for five dif-
ferent values of zg, for @« = —1.28, which occurs in the middle of Figure
5.3.7. We see some orbits being attracted (very fast) to the root, and an-
other (the middle value of ) being attracted to an attracting cycle of
period 4. (You can tell that it is period 4 rather than period 2 by looking
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carefully at the heights of the wiggles; you will see that there are two dif-
ferent heights.) Incidentally, why should the period be 4 when this value of
a, in the blowup, appears to be in a region of period 2? The answer is in
the overall picture, Figure 5.3.8, where you can see that Figure 5.3.9 covers
just one of two cascades of bifurcation at that level of a.

Figure 5.3.9 exhibits one of the difficulties for Newton’s method, namely
the existence of an attracting cycle other than the roots. Figure 5.3.10
shows another possibility, for & = —1.295: an orbit moving more or less
chaotically (from one of the top two values of zg; it’s a bit too jumbled to
distinguish which), but still never getting near the root (which is reached
fairly quickly from the other two values of zg).

:R :i ‘ ; A more or less chaotic orbit of Newton's method.

! T I 1 LI | I ML L | T

o

\ The root for this polynomial.

«— different xy ——

FIGURE 5.3.10. Time series for z° — 1.295z + 1, for different zo.

GENERALIZATION OF NEWTON’S METHOD TO MORE
VARIABLES

Newton’s method in several variables is an even more essential tool in sev-
eral variables than it is in one variable, and also far more poorly understood.
The bare bones of this generalization are as follows:

Newton’s method as expressed by equation (11) at the beginning of this
Section 5.3 transfers exactly to higher dimensions, where both f and x are
vector quantities. If f: R™ — R" is a function and we look for a solution of
f(0) = 0 near o, we may replace f by its linear approximation

Ly (x) = £(x0) + (dxof) (x — %0) (16)

where dy,f is the (n x n)-matrix of partial derivatives of the components
of f evaluated at xg.
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Example 5.3.9. In Volume II, Section 8.1, we shall use this scheme in R?,

with s
x=[r] wa = [TE0),

this equation (16) would become

of(z,y) 0f(z,y)

Ly [93] _ [f(xo,yo)] " Oz Oy [x—zo].
° |y 9(z0,%0) d9(z,y) Bg(z,y) | LY~V
Oz Or J*
g

If dx,f is invertible, the equation
Ly, (x)=0

has the unique root

X1 = Xo — (dof) " (f(x0)) = Ny (x0).

Exactly as in the single variable case, you niay expect that if x¢ is chosen
sufficiently near a root of f, then the sequence of iterates of N ¢ starting at
xp will converge to the root.

5.4 Numerical Methods as Iterative Systems

In Section 3.3-3.5, we discussed at some length the question of what hap-
pens to numerical methods if we fiz the independent variable t and decrease
stepsize h = At? Now we want to discuss a quite different aspect: what
happens if we fiz stepsize h and increase the independent variable t? It is
really in order to study this second question that the present chapter is
included.

At heart, the kind of thing we want to discuss is illustrated by the two
pictures on the next page as Figures 5.4.1 and 5.4.2.

Figure 5.4.1 was obtained by “solving” =’ = 22 — t2, using DiffEq with
Runge-Kutta, —10 < t < 10, and stepsize h = 0.3. The middle of the
picture is reasonable, but the jagged “solutions curves” to the left and
right are wrong; the solutions of the differential equation do not look like
that. In fact, they look like the picture in Figure 5.4.2.
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FIGURE 5.4.1. Some solutions for ' = 2> — t? by Runge-Kutta with A = 0.3.
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FIGURE 5.4.2. Some solutions for z’ = z* — t* by Runge-Kutta with h = 0.03.

Figure 5.4.2 is obtained from the same program (DiffEq with Runge-
Kutta and —10 < t < 10), changing only the stepsize, to h = 0.03. It is
easy to show that the funnel and antifunnel are really there, so that at least
these properties of the actual differential equation are accurately reflected
by the drawing. In reality, if solutions are drawn for larger t’s, even with
this stepsize the solutions in the funnel will eventually become jagged junk.
You can right now experiment, to find for which ¢ this occurs; after having
read the section you should be able to predict it without the computer.

Exercise 5.4#6 will ask you to do so.
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Where did the jaggles come from? We will explore this question in this
section and see that it comes from a lack of “numerical stability” of the
computation (not a lack of stability of the solution itself, but of the numer-
ical scheme for approximating solutions of differential equations).

A first observation is that each of the numerical methods we have dis-
cussed may be interpreted as an iterative system. Consider for instance
Euler’s method applied to ' = f(t, z):

the1 =th +h
Tntl = Tp + hf(tn,xn)

The successive points (tn,z,) are the orbit of (o, o) under iteration of
the mapping Fj: R? — R? given by

= |t t+h
E, [m] :[ F, ], where Fj, =z + hf(t,z).

We shall study the behavior of F},, the second coordinate of F},.
We definitely do want to study the nonautonomous case, but first we will

see what happens for autonomous equations. If the differential equation is
autonomous, of the form

then, for Euler,
Fi(z) = ¢ + hi(a). (17)

Actually, for autonomous systems it is also true of the other methods
under discussion that there exists an analogous function Fj, for the sec-
ond coordinate of F}, that does not depend on t, although the formulas
corresponding to equation (17) are more complicated (Exercises 5.4#1):

Midpoint Euler gives Fy(z) =z +hf(z+Lf (2));
Runge—Kutta gives the rather awesome formula

Fu@) =+ g (1@ +21 (o + 510 ) 21 (04 51 (0 + 210 ) +

f<x+hf(x+ gf(w+ gf(x)»)).

The following example, although simple and completely analyzable, is
still the most important example in understanding numerical stability.

Example 5.4.1. We will try various numerical methods for the archetyp-
ical linear differential equation =’ = —az, with o > 0. Since the solutions
of this equation are z(t) = e~*¢, all solutions go monotonically to 0, faster
and faster as a gets larger.
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A perfect numerical method with step h would give
Fi(z) = e %Pz,

Now let us examine what in fact our actual numerical methods yield:

(a) Euler’s method with step h comes down to iterating
Fn(z) = x — ahz = (1 — ah)z.

If h is very small, then 1 — ah is quite close to e~®", in fact it is the
value of the Taylor polynomial approximation of degree 1 (Appendix A3).
If h is larger, things are not so good.

Since the n't iterate F°"(z) = (1 — ah)™z, the orbit of z will go to zero

if and only if |(1 — ah)| < 1, which will occur if b < 2/a. Moreover, the
orbit of  under F},

will go monotonically to 0 if h < 1/a,
will land on 0 in one move and stay there if h = 1/q,
will tend to zero, oscillating above and beneath zero if 1/a < h < 2/a.

So we see that only if the step h is chosen smaller than 1/a does the nu-
merical method reproduce even the qualitative behavior of the differential
equation; the numerical method does not even give solutions which tend to
Oatallifh>2/a. A

Euler’s method applied to 2’ = —azx, as in Example 5.4.1, exhibits “con-
ditional stability,” i.e., the stability of approximate solutions depends on
the stepsize. Note the peculiar feature that the more strongly 0 attracts
solutions, the shorter the step must be for the numerical method to reflect
this attraction. This phenomenon, known as “stiffness,” is at the root of
many difficulties with numerical methods. We shall see this particularly in
Volume III when we try to solve analogs of the heat equation. These are
the situations in which implicit methods are particularly useful, as shown
below in part (d).

Example 5.4.2. Let us try other methods on z’ = —az.

(b) Midpoint Euler, applied to the same equation with stepsize h, amounts
to iterating

Fu(z)=z+ h(—a<w+ g(—aw)>> = (1 —ah+ a22h2)x‘

We can analyze this system, exactly as above. For h small, we now see
the second degree Taylor polynomial (again, see Appendix A3), and can
expect the numerical approximation to be quite good. As you can confirm
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in Exercise 5.4#2a, we find that all solutions tend monotonically to 0 if
0 < h < 2/a, but if h > 2/a, the orbit goes to oco.

(c) Runge—Kutta applied to the same equation with stepsize h, amounts
to iterating

h2 2 h3 3 h4a4
Fh(z)=<1—ah+ 2a_ éx+ 2 )z

Exercise 5.4#2b asks you to analyze the iteration of this function and find
for what h do orbits tend to 07 You will find a wider region of conditional
stability.

(d) Implicit Euler applies the equation
Tiv1 = Ti + hf(tiv1, Tiy1) = T — hawiy,
which gives
Tip1 = xz/(l + ah)
The function 1/(1 + ah) has the Taylor series

1—ah+o?h? —a3hrd + ...

)

and for small h is close to 1 —ah. Since the quadratic term is different from
the quadratic term of the Taylor series, one expects that this method will
have the same order as Euler’s method, i.e., order 1. The implicit method’s
great advantage comes from the fact that for all positive h, we have

0<1/(1+ah)<1.

Thus for all step lengths, all solutions tend monotonically to 0, as they
should. So for this equation, this implicit method is much better than the
explicit ones; there will never be any jagged “solutions.” A

Examples 5.4.1 and 5.4.2 are of course exceptionally simple; in general
we cannot hope to analyze iterative numerical methods so simply.

Example 5.4.3. Now we will examine how the simplest numerical method
deals with

7 =z -2 (18)
Euler’s method leads to iterating
Fu(z) =z + h(z — 2?), (19)

a second degree polynomial. It is not too hard to show (Exercise 5.4#3a)
that by choosing h appropriately and making a change of variables, you
can get any quadratic polynomial this way.
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So studying the solutions of equation (18) by Euler’s method is just
another way of studying iteration of quadratic polynomials. We will not
repeat Section 5.2, but will apply the insight gained there to study the
differential equation (18).

First, observe that = 1 is a solution of the differential equation, which
in fact attracts nearby solutions. Also observe, from equation (19), that
z =1 is a fixed point of F},. If we set £ = 1 + u and write F}, in terms of
u, we find

Fr(14+u) =1+ ((1 — h)u — hu?). (20)

From the form of equation (20) we can see that £ = 1 (or u = 0) is an
attracting fixed point if and only if |[1—h| < 1, i.e., if and only if 0 < h < 2.

Figures 5.4.3 and 5.4.4 represents solutions, through several different
starting points each, of equation (18) under Euler’s method (for steps h =
1.95 above and h = 2.1 below). Please observe that in the upper drawing
the approximate solutions are all attracted to the actual solution z = 1,
whereas in the lower drawing they are not, but instead are all attracted to
a cycle of order 2, which represents some sort of “spurious solution.” A

h =195

t=100

FIGURE 5.4.3. Iterating ' = z — 2 by Euler’s method, for stepsize 1.95.

FIGURE 5.4.4. Iterating ' =  — z° by Euler’s method, for stepsize 2.10.
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Example 5.4.4. Now we will try a nonautonomous equation:

' = —tr.
This is the equation of Examples 1.1.1 and 1.1.2, and the exact solutions

are .
z=Cet/?

Figure 5.4.5 shows various approximate solutions, all for stepsize h = 0.3,
for the three numerical methods we have been using. We observe that all
three methods appear to behave properly, giving solutions which tend to 0
as they should, for small ¢. But suddenly, as ¢t becomes large (about 5 for
Euler, 6.6 for Midpoint Euler, 9.3 for Runge-Kutta), solutions stop tending
to 0; in fact, the solution O loses its stability, and solutions fly away from

il N
T

6.66 v

AN 1

)
Euler’s method ‘ \

L~

W 1
Midpoint Euler

C

AYAY A
Runge Kutta

t=0 t=1S
FIGURE 5.4.5. Solving ' = —tz by different methods, for fixed stepsize.
Let us see what the theory predicts. For Fuler’s method, we are iterating

Tnt1 = Tn + h(—tnzyn) = z,(1 — hty,).
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In order for the sequence (z,) to be tending to 0, we must have
|1 —htn| <1,

i.e., t, < 2/h. For h = .3, this means that the solution 0 should lose its
stability at ¢t = 6.666. .. .

For Midpoint Euler, the formula for z,, is a bit more formidable:

h? h3 h2t,,2
Tn+l1 = Tn 1 + n h + .
! ( g Tt (4 ) 2 )

Unlike the case of Euler’s method, this does not become negative. This
explains the different kinds of loss of stability: Euler’s method oscillates
around the correct solution, but midpoint Euler pulls away on one side. As
soon as t, becomes large, the quadratic term dominates. For stability we
must have (Exercise 5.4#+4a)

h2 h3 242
1——+tn(——h)+ht" <1

2 4 2

for h reasonably small this is true, again, when t,, is smaller than about
2/h.

There is a similar formula for Runge-Kutta, but it is long, and we will
not develop it here. It appears from the drawing that the loss of stability
occurs at about £ =9.3. A

Example 5.4.5. For implicit Fuler we get the following from z’ = —tz,
with t, = nh:

Tnt1 = Tn + hf(tnt1, Tni1)
=Tn — htn+1xn+l°

Thus
Tn+1(1 4 tny1h) = n,

and

1
s =205

which goes monotonically to zero. Thus no jaggies will appear in drawings
of the solutions by implicit Euler, regardless of the stepsize h. A

Example 5.4.6. We will return to =’ = z2 — ¢, the ubiquitous equation of
Chapter 1. The question we want to investigate is “Do numerical approx-
imations remain in the funnel?” Figure 5.4.6 shows much of the answer.
All three pictures are for the region 0 < ¢ < 15, and for Euler’s method,
Midpoint Euler and Runge-Kutta with stepsize h = 0.4.

The computer picture clearly shows that the funnel loses its stability, at
approximately ¢ = 6 for Euler’s method and midpoint Euler, and somewhat
later for Runge-Kutta.
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Euler's method

Loss of stability in funnel

|
%

7
Midpoint Euler

N

/

“real” solution

Runge Kutta

Loss of stability in funnel

t=0 t=25
FIGURE 5.4.6. Iterating =’ = 2> — t by different methods, for fixed stepsize.

We will analyze this phenomenon in a moment, but first observe that
Midpoint Euler develops a really unpleasant behavior: a perfectly reason-
able looking but spurious solution appears, designed to fool people who
trust computers. ( We know it is spurious from our analysis in Chapter 1.)

It is not quite obvious how to analyze Figure 5.4.6; the answer is to
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linearize around a real solution. Suppose u(t) is a solution in the funnel,
and suppose that another solution is u(t) +v(t), where we will assume that

v(t) is small. Then, substituting 2 = u + v into the differential equation,
we get

(u+ ) (8) = (u(t) +v(8))* — t = (u(t))® + 2u(tyu(t) + (v(1))* - t.

Since u(t) alone also satisfies the differential equation, this can be rewrit-
ten

V(8) = 2u(t)o(t) + (v(t))2.
Now we will make two approximations. First, we will neglect (v(t))?,
which if v(t) is small should be very small. Second, we will replace u(t) by

—+/t, since this is a good approximation to curves in the funnel. In the final
analysis, we see that v(t) very nearly solves the linear equation

v = —2v/tv, (21)

which is very similar to Example 5.4.3. A similar analysis can be performed,
showing that the zero solution of (21), solved by Euler’s method with step
h, loses its stability at t = 1/h%. In our case, this is t = 6.25, in agreement
with the picture (Exercise 5.4#5a).

A similar analysis can also be carried out for Midpoint Euler, and gives
precisely the same result. Stability is lost when ¢t = 6.25. The authors do not
know an explanation of the spurious solution, or whether this is a common
or exceptional phenomenon.

If we had applied an implicit method to z’ = z2? — ¢, no jaggies would
have appeared. You can prove this in Exercise 5.4#5b. A

Example 5.4.7. We now return to Figures 5.4.1 and 5.4.2, at the beginning
of the section, for the differential equation
o' =z? -2

Exactly as in Example 5.4.6, if we let u(t) be a solution in the funnel
and u(t) 4+ v(t) a perturbation of it, then v(t) approximately solves

v = 2u(t)v(t),
and since u(t) &~ —t, we find that v(t) approximately solves
v = —2tv. (22)

Equation (22) is almost that of Example 5.4.4, up to the factor of 2. So
if we use a change of variables s = v/2t, with w(s) = v(t), then

w'(s) = —sw, (23)
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which is exactly the equation of Example 5.4.4. Since under Runge-Kutta
with stepsize A = 0.3 solutions of (23) lose their stability at s ~ 9.3 and
t=s/ V2, we can expect solutions of

.’L‘,=5172—t2

close to u(t) = —t, solved by Runge-Kutta with stepsize h = 0.3, to lose
their stability at ~ 9.3/v/2 ~ 6.6.
This agrees with Figure 5.4.1, its t-coordinate runs from —7.5 to 7.5.
Exercise 5.4#t6 asks you to perform a similar analysis for Figure 5.4.2
where h = 0.03, and to confirm your calculation by a computer drawing
over an appropriate t domain. A

We conclude this section on conditional stability of numerical approx-
imation with the remark that there exist higher order implicit methods
of numerical approximation that have the precision of higher order meth-
ods like Runge-Kutta, but still have the stability of implicit Euler. However
these methods are far more complicated and beyond the scope of this book.
Consult the references listed at the end of this volume.

5.5 Periodic Differential Equations

This section is much closer to differential equations than the previous sec-
tions of this chapter. It reduces a surprisingly large class of differential
equations to straight and simple iteration as described in Section 5.1. Pe-
riodic differential equations provide a first instance of the main way in
which iterations arise when studying differential equations: Poincaré sec-
tions. This technique was introduced into the subject by Henri Poincaré,
about 1890, and has remained an essential tool. The particular case we will
study is very simple, but still brings out some of the main ideas. This will
be investigated in a more substantial setting in Volume II, Chapter 13 on
iteration in two dimensions.

By a periodic differential equation we shall mean throughout this section

' = f(t,x) (24)

where f(t,z) will be assumed to be locally Lipschitz with respect to z, and,
most importantly, periodic of period T with respect to t.

The periodicity of f means that f(t,z) = f(¢t+T, z) for all ¢, z. Examples
of such functions are

z' = cos(z? +t), which is periodic of period 2, or

z’ = z frac(t), where frac(t) is defined to be the fractional
part of t, which is periodic of period 1.



5. Iteration

246

The term “periodic differential equations” sounds more specialized than

it is, as you can see from additional examples like

1

=g

/

x

(@) } both of which are periodic with any finite period.

Remark. It is important to note that the hypothesis that f is periodic

does not mean that the solutions of =’

f(t, ) are periodic. It does mean

that if you translate the whole field of slopes in the (t,z) plane to the right

by T (or nT, where n is any integer), you find the same field as what you

started with. Equivalently, if (¢) is a solution, then the translate (t —nT)

Iso a solution for any integer n (but not in general the same solution).

1S a.

The differential equations studied in Example 2.5.2 are

See Figure 5.5.1.

Example 5.5.1.

)

(

periodic.

FIGURE 5.5.1. Periodic differential equations.

Particularly in the second drawing it is easy to see that while the direction
field repeats with period 2, the individual solutions -y(t) are not periodic.

However «(t — 2n7) is indeed also a solution, and one that has the same

shape as (t).

A

ion.

t

7

ional Poincaré sec

1mmens

To make the connection of periodic differential equations with iteration,
lest, one-d

we need to define a new function, called a one period later mapping, the

simp

f(t,z), with

Definition 5.5.2. Consider the differential equation z’

tial condit

t

ion zg a

ni

solutions = = 7(t). Let vz, (t) be the solution with
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to, i.e., so that yz,(to) = zo. Then define the “one period later mapping”
P,, as that which associates to zo the value of 7, (t) after one period, so
that

Pto(xo) = ’y"l:o(t() + T)-

The map P;, depends on the choice of ¢p and tells what happens to the
solutions «(t) for each xo.
Py, is constructed as follows, as illustrated in Figure 5.5.2:

X9 = Yx,(to) X1 =Y (to+ T) X% =Y {to+ T) = Py(xp)
A 4 L S
:‘; — 13 3
2 » P Xo="(to)
1

o

to t0+ T

FIGURE 5.5.2. Construction of P;,(zo) for periodic differential equation z’ =
f(t, z) with solutions = = (t).

(i) choose to;
(ii) move vertically to zg at to;

(iii) for every value o for which the solution 74, (t) makes it all the way
across to to + T, the endpoints To = Yz,(to) and 1 = Yz (to + T)
give a point (xg,z1) of the graph of Py,.

In Figure 5.5.2 points 1, 2, 3, and 4 belong to the domain of P;;; the
other values of z¢ do not. Also, as a consequence of the construction, you
can note that

Py = Py,

because the direction field at to + T simply repeats that at to. Exercise
5.5#1 asks you to show this fact directly from the definition, as a good
way to master the role of all the subscripts therein.

For linear equations, Py, is a linear function P;,(z) = az + b, for appro-
priate a and b (Exercise 5.5#8). For separable differential equations, the
graph of P, is sometimes a segment of the diagonal (Exercises 5.5#3c and
d, 5, and 6).
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The computer program I1-D Periodic Equations will compute and draw
these maps P;,, but we warn you that it is quite slow because each in-
dividual point on P;, is computed by following one entire solution on the
direction field, which you already know takes several seconds. You can min-
imize this time by choosing a window for the z-range that only includes
points in the domain of P, i.e., those points for which the solutions make
it all the way across. Exercises 5.5#3 and 4 ask you to do this for the
functions of Example 5.5.1.

For Figure 5.5.3 the program I1-D Periodic Equations has plotted for
another differential equation, ' = sint¢cos(z + t), the period mapping P;,
which is shown on the left; the solutions over one period are shown on
the right, without the slope marks in the direction field. You should follow
carefully (Exercise 5.5#2) the relation between the left and right drawings.

One period later map Py, Solutions over one period T = 2T.

Xy = Yxo(to"’z') TX0= 'Yxo(to) X1T

L

xox—\

Py

0 [~

|« to to*21 |

FIGURE 5.5.3. P;, compared with solutions 7(t) for &’ = sintcos(z + t).

Many features can be seen to correspond on the two drawings in Figure
5.5.3, more particularly attracting fixed points of P;, and attracting peri-
odic solutions of the differential equation. Actually, the correspondence is
very close; the point we want to make is that

Tterating Py, is much the same as solving the differential equa-
tion =’ = f(t,z).
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At least any information about “what happens in the long run” can be
discovered by iterating P;,.
The reason is straightforward. Pick any zg, and set

I =Pto(l‘0), o = Pto(:tl),... .
Then the solution 7, (t) of ' = f(t,z) gives
Yoo (to +T) = T1,  Yao(to +2T) = Z2, ..., Yoo (to + nT) = Tp.

In other words, iterating Py, is just like solving the equation one period
further.

Example 5.5.3. Consider the differential equation
7' = (2% — 1)(cost + 1). (25)

Again, this equation (25) can be solved, to give

1 z—1 .
§ln(z+1) =sint +t+ C, (26)

and the solution (26) can be solved explicitly for z in terms of ¢:

14 0262(t+sint)
z(t) = 1 — C2e2(t+sint) (27)

The solution 7, (t) with 7., (0) = z¢ is then

(zo + 1) + (zg — 1)e2(ttsin)

Yoo(t) = (zo + 1) — (zo — 1)e2Ctsine)’

(28)

so that

zo(1 + ™) + (1 —e*)

zo(l—e*™) + (1 + ™)’
The graph of P,, is a hyperbola. Actually, it is only the left-hand branch

of the hyperbola, the right-hand branch corresponds to solutions which “go

through infinity”; you can check (Exercise 5.5#9) that if

B, (-770) = Yo (27() =

(29)

e41r+1
T > 6—4"__T7 (30)

then the formula (28) for ~,, does not correspond to a genuine solution of
the differential equation, but goes to infinity at some ¢, 0 < t < 27. Figure
5.5.4 shows this graph, together with several orbits. Observe that P;, has
two fixed points, +1, corresponding to the two constant solutions of the
differential equation. Every point z < 1 iterates to —1, and every point



250 5. Iteration

x > 1 leads to an increasing sequence which eventually lands in the region
(30) where P, as given by equation (29), is not defined. A

-
final x /
-1 (1,1) 9,

1 1 I l
) Vinitial x

(1,-1)
Y

/ T irrelevant branch
of hyperbola \/

FIGURE 5.5.4. Iterating P;, for ' = (z® — 1)(cost + 1).
(]

Example 5.5.4. Consider the following differential equation periodic with
period 27:
z' = (sint + o)z — B2 (31)

This is a “Bernoulli equation” (Exercise 2.3#9). The Bernoulli “trick”
involves setting £ = 1/u, transforming equation (31) to

v  sint+a Peost

u? u u?

whereby multiplying by —u? gives
u' = —(sint + a)u + B (32)

Equation (32) is a linear equation, which can be solved by variation of
parameters, to give

t
U(t) = u(O)ecost—l—at + IB/ ecost-—coss—a(t—s)ecossds
0
— U(O)ecost—l—at + g(eat _ l)ecost—at.
In particular, we find

u(2m) = e~ 2 *y(0) + éaf(l — &™) = Au(0) + B,
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where A and B are the constants

A= e—21ra, B = _ﬂ_6(1 _ e—27ra).
a
Now going back to the variable z = 1/u, and as in Definition 5.5.2 calling

Yoo (t) the solution with v;,(0) = zo, we find

1 o o

Thus Py,(z0) = zo/(A+ Bzo). Actually again this is not quite true. Only
the right-hand branch of the hyperbola (33) belongs to the graph of P;
P, (z0) is undefined for o < —A/B. Indeed, in those cases the solution
we have written down goes through oo, and is not really a solution of the
differential equation on the entire interval 0 < ¢t < 2.

From the point of view of iteration, there are three very different cases
to consider: A > 1, A =1, and A < 1; which correspond to « positive, zero
or negative. We will only consider the case B positive, which corresponds

to 8> 0.
rP\ﬂ A<1

1 attracting
fixed point
N

Pto(zo) = ’}’;,;0(27l’) = (33)

A>1

. ttracting ™
repelling 2l A indifferent
fixedy, fixed point fixed point
point s

t

N repelling fixed point
V/

+

FIGURE 5.5.5. For ¢’ = (sint + o)z — 3e°°* 22, graphs of P;, for different values
of A =e 2",

Graphs of P, in these three cases are shown in Figure 5.5.5. We see (as
you can verify in Exercise 5.5#10) that

If A > 1, 0is an attracting fixed point and there is a negative repelling
fixed point;

For A = 1, 0 is an indifferent fixed point, attracting points to the
right and repelling points to the left;

If A <1, 0is a repelling fixed point and there is a positive attracting
fixed point.
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Exercise 5.5#11 asks you to show with graphs how these statements
about Py, translate into statements about the solutions to the differential
equation. A

PROPERTIES OF THE FUNCTION P,

(a) The function P;, is defined in some interval (a,b), where either end-
point can be infinite.

(b) On this interval Py, is continuous and monotone increasing.

Any function g satisfying the two properties (a) and (b) is indeed the
period-mapping function P, for some differential equation, so there is not
much more to say in general. In Exercise 5.5#12 you are asked to prove
this if g is defined on all of R and is onto. The general case is not much
harder, but a lot messier.

Functions satisfying (a) and (b) are especially simple under iteration.
In general, such a function (in fact any differentiable function) will have a
graph which will intersect the diagonal in points ...,z_;, 29, 1,... and

in each interval (z;,z;t+1), the graph will lie either above or below the
diagonal.

Proposition 5.5.5. If the graph of P;, in an interval (z;,z;4+1) between
intersection points x; with the diagonal lies above (resp. below) the diagonal,
then for any z € [z;,Zit+1], the sequence

z, Py(z), Piy(Pro(z)),--.

increases monotonically to ;11 (resp. decreases monotonically to x;).

Proof. Since P;, is monotone increasing by (b), the sequence
z, Pi(z), Piy(Pr(z)),...

is either monotone increasing, monotone decreasing or constant; indeed,
P,, being monotone increasing means that

T <y = Py(z) < Py(y). (34)
Apply inequality (34) to the first two terms of the sequence:

if 2 < P (z) then Py (z) < Piy(Pi(z)),
if 2> Py(z) then Py (z) > Piy(Piy(x)).
The first of these alternatives occur if € (x;,z;41) and the graph of P;,

is above the diagonal in that interval; the second alternative occurs if the
graph is below.
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Similarly, if ¢ € (x;,Zi+1), then Py (z) € (;,zi4+1) by applying (34) to
z and z; or x;41, so the entire sequence is contained in the interval, and in
particular remains in the domain of Pj,.

Thus the sequence is monotone and bounded, so it must tend to some
limit. The limit must be in the interval [z;,z;+1], and it must be a fixed
point of P;, (Exercise 5.5#13). So it must be z; (if the sequence is decreas-
ing) or z;4+1 (if the sequence is increasing). O

Note the phrase “in general” preceding Proposition 5.5.5. It is really
justified; the only way it can be wrong is if the graph of P, intersects the
diagonal in something other than discrete points, most likely in intervals,
as in Exercises 5.5#3c, 5 and 6. We leave the very easy description of what
happens in that case to the reader.

Thus to understand P, under iteration, all you need to do is

to find the fized points of Py, and classify the intervals between
them as above or beneath the diagonal.

Example 5.5.6. Consider the equation

2 = (2 + cos(t))z — (%)ﬁ —a,

(.5,.59)

wonouonwounn

/
S

00D DO OO D

1

1

1

1.36

1.366 Ij >

1 / P'-o
1 3

1

(.25,.25)
FIGURE 5.5.6. Graphs of P;, for 2’ = (2 + cos(t))z — (1/2)z* — a.

which was introduced in Examples 2.5.2 and 5.5.1. In this case, no formula
for P, can be found in elementary terms. However, the graph of P, can
still be drawn from the graphs of solutions, and P;, helps to understand
the strange change in the behavior of the solutions for different values of
a. In Figure 5.5.6 we have plotted the function P,, for various values of a
between 1.3 and 1.38.
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The change of behavior for this differential equation occurs because the
graph of P;, moves as follows: first there are two fixed points, then as

a increases they coalesce into a single fixed point, then they disappear
altogether. A

Example 5.5.6 illustrates again how changes in a parameter cause changes
of behavior of an iteration. As in Section 5.2, this phenomenon is called
bifurcation. In Volume II, Chapter 9 we will further discuss bifurcation
behavior for differential equations. Meanwhile we give another example:

Example 5.5.7. Figure 5.5.7 illustrates how, as a result of small parame-
ter changes and the resulting bifurcations of fixed points, the same initial
condition can lead to an orbit attracted by an altogether different fixed
point. It comes from the differential equation

z' = cos(z? + sin27t) — a

for various values of a as shown, and gives some idea of the sort of compli-
cation which may arise. However, there is nothing exceptional about this
example; it is actually rather typical.

Exercise 5.5#14 will ask you to predict and verify the implications of
Figure 5.5.7 for the solutions to this differential equation. A

4 a=0
N
a=0——
attracting|fixed point\
for a=0. a=.3
a=.5
-4 A 4
=l Ko

attracting fixed
point for a=.3

Period mapping for the
Differential equation
-4 X'=cos(xZ + sin2mt)-a

FIGURE 5.5.7. Graphs of P, for ' = cos(z? + sin 27t) — a.

The properties (a) and (b) make these iterative systems very simple for a
one-dimensional differential equation. Unfortunately, when the dimension
increases, there isn’t anything so simple to say.
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Furthermore, it is the monotonicity of P;, in the examples in this section
that makes them simple. If you look back at Section 5.1, you will see that
non-monotone functions, even in one dimension, can make for any number
of complications.

5.6 Iterating in One Complex Dimension

Although this section is neither directly related to differential equations
nor essential for understanding the basic iteration techniques underlying
the applications to differential equations, it is easy to discuss complex it-
eration at this point. Iterating complex variables is at the heart of cur-
rent research in dynamical systems. This research leads to the most beau-
tiful pictures, which are no longer seen only by mathematicians. These
computer-generated images currently appear on magazine covers and as
art on walls. Because the explanation of how the pictures are made is so
accessible, we cannot resist giving a peek at this topic, right here where
we have already laid all the groundwork in Sections 5.1-5.3. We hope that
this introduction will inspire you to experiment and read further.

Iteration of maps f: R™ — R™ is more complicated than iteration of maps
f:R — R. An important chapter in Volume II will be devoted to such
things. However, iteration of appropriate maps f:C — C often behaves
mathematically more like mappings in one than in two dimensions; this is
particularly the case for polynomials. Further, there are many aspects of
iteration which are simpler in the complex domain than in the real, and
whose behavior sheds important light on the behavior of iteration of real
numbers.

Not only does iteration of polynomials in the complex plane give rise to
beautiful pictures; it is also often easier than iteration in the reals. Easy
examples arise like the counting of periodic points. By the Fundamental
Theorem of Algebra a polynomial of degree d always has d complex roots
counted with multiplicity, whereas no such simple statement is true about
real roots. For instance, every compler quadratic polynomial 22 + ¢ has
2P — 2 complex periodic points of period exactly p, counting multiplicity,
for every prime number p (Exercise 5.6#9). For a real polynomial z2 +c, it
can be quite difficult to see how many real periodic points of a given period
it has: see Example 5.1.9 for the case p = 2. In some cases, questions about
real polynomials cannot at the moment be answered without considering
the polynomials as complex.

Example 5.6.1. Under iteration by x2 + ¢, for how many real values of ¢
is 0 periodic of period p, for some prime number p? Since the orbit of 0 is
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.'L‘()(C) =0

zi(c)=c

za(c)=c% +c

z3(c) = (2 +c)? +c

za(c) = ((¢+)* +c)* +c

this question is simply: how many real roots does the equation z,(c) = 0
have? This is an equation of degree 2P~!, hence it has 2P~ roots (counted
with multiplicity). Note that ¢ = 0 is one of the roots, but in that case
z =0 is a fixed point, hence not of exact period p. The point z = 0 is of
period exactly p for the 2P~ — 1 other roots.

But how many of these roots are real? The answer is (2P~! — 1)/p for
all primes p # 2. Two proofs of this fact are known; both rely on complex
polynomials, and rather heavy duty complex analysis, far beyond the scope

of this book. We simply ask you in Exercise 5.6410 to verify this for p = 3,
5 7,11. A

For this entire section, we return to the basic class of functions studied
for real variables in Sections 5.1 and 5.2—quadratic polynomials of the form
z2 4 c. As has been shown (Exercises 5.1#19), studying z2 + ¢ in effect
allows us to study iteration of all quadratic polynomials.

If ¢ is complex, then £ must also be complex in order for iteration to
make sense. Since the letter z is usually used to denote a complex variable,
we will henceforth write quadratic polynomials as

2% + ¢, where both z and ¢ may be complex numbers.

All the previous real examples are of course special cases.

BOUNDED VERSUS UNBOUNDED ORBITS

Experience has shown that the right question to ask about a polynomial
(viewed as a dynamical system) is: Which points have bounded orbits?

Example 5.6.2. If c is real and you ask which real values of z have bounded
orbits under 22 + ¢, the answer is as follows (shown in Exercise 5.1#10):

(a) If ¢ > 1/4 there are no points with bounded orbits;
(b) If —2 < ¢ < 1/4, the points of the interval
[~(1+vVI—4c¢)/2,(1+VI—4c)/2]
have bounded orbits, and no others.

(c) If c < —2, there is a Cantor set of points with bounded orbits. (Cantor
sets are elaborated in a later subsection.)
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For illustrations of these cases, you can look back to some of the pic-
tures for iterating real variables z? + ¢ in Section 5.1. Figure 5.1.10 has
two examples of case (b); both of the orbits shown are bounded. In the
first case, ¢ = =1.75, the points with bounded orbits form the interval
[-1.9142..., —1.9142...]. An example of an unbounded orbit is provided
by the rightmost orbit of Figure 5.1.6. A

In the complex plane, the sets of points with bounded orbits are usually
much more complicated than intervals, but quite easy to draw using a com-
puter. However, we will need a different type of picture, since the variable
z requires two dimensions on a graph.

PICTURES IN THE z-PLANE

If we choose a particular value of ¢, we can make a picture showing what
happens to the orbit of each point z as follows: Consider some grid of
points in the complex plane, and for each point, take that value for zp and
iterate it a certain number of times (like 100, or 300). If the orbit remains
bounded for that number of iterates, color the point black; if the orbit
is unbounded, leave the point white. (For 22 + ¢ there is a practical test
for knowing whether an orbit is unbounded: whenever an iterate exceeds
|c| + 1 in absolute value, the successive iterates will go off toward infinity—
Exercise 5.6#t4.) The resulting black set will be an approximation to the
set of points with bounded orbits, for that value of c.

The set of points with bounded orbits under iteration of P, = 22 +c (i.e.,
the set of points approximated by the black points of the drawing described
above) is denoted by

Ke={z| (2 +¢)°™ 4 co}.
——

P

The variable z is called the dynamical variable (i.e., the variable which is
being iterated), so K., which lies in the z-plane, is a subset of the dynamical
plane (to be distinguished from pictures in the c-plane or parameter plane,
which will be discussed later). The name Julia set was given to the boundary
of a set K, in honor of a French mathematician, Gaston Julia. Julia and
his teacher, Pierre Fatou, did the seminal work in this field. Technically
the sets of points with bounded orbits are called “filled-in” Julia sets, but
we shall call them simply Julia sets, since we will not need to discuss the
boundaries separately.

Examples 5.6.3. See the pictures shown in Figures 5.6.1 and 5.6.2 on the
next page, all printed to scale inside a square —2 to 2 on a side.
If ¢ = 0, then the Julia set Kj is the unit disk. Confirm by iterating z2.
If ¢ = —2, then the Julia set K_; is the interval [—2, 2] (Exercise 5.6411).
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If ¢ = —1, the Julia set K_; is far more complicated. This is a good set
to explore, as in Exercise 5.6#6, in order to learn about the dynamics of
complex iteration—they are full of surprises for the newcomer. A

Ky

FIGURE 5.6.1. The simplest Julia sets, in the z-plane, iterating 224 cforc=0,
c=-2.

FIGURE 5.6.2. The Julia set for 2> — 1.

The only geometrically simple Julia sets are Ky and K_5. All the others
are “fractal.” This word does not appear to have a precise definition, but
is meant to suggest that the sets have structure at all scales. Some other
Julia sets are pictured in Examples 5.6.4.

Examples 5.6.4. (See Figure 5.6.3 on the next page.) A
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FIGURE 5.6.3. More typical Julia sets, in the z-plane.

Most Julia sets cannot be more than roughly sketched by hand, but we
fortunately live in the age of computer graphics where there are several
kinds of programs that draw them easily on personal computers. See the
references at the end of this section for software to help you sample other
K.’s.

With the infinite variety of patterns for Julia sets, it is not surprising
that a’'great deal of study has gone into being able to predict what sort of
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picture will appear for a given value of c. Fatou and Julia proved a num-
ber of theorems about these sets back in 1905-1920, long before computer
graphics enabled anybody to see accurate pictures. We state them here
without proofs, which can be found in the references.

Theorem 5.6.5. Consider the Julia set K. = {z | (22 + ¢)°™ / co}.
(i) K. is connected if and only if O € K..
(ii) K. is a Cantor set if O € K.

(See below for a definition and discussion of Cantor sets.)

What makes the value zp = 0 special? It is the unique critical point
for 22 + ¢, the value that gives zero derivative. If we wrote our quadratic
polynomials in the form az(1 — z), then the place to start would be the
critical point of that function, zg = 1/2.

One of the main discoveries of Fatou and Julia is that the dynamical
properties of a polynomial are largely controlled by the behavior of the

critical points. One example is Theorem 5.6.5. Another is the following
result:

Theorem 5.6.6. If a polynomial has an attractive cycle, a critical point
will be attracted to it.

For instance a quadratic polynomial always has infinitely many periodic
cycles, but at most one can ever be attractive, since there is only one critical
point to be attracted. A cubic polynomial can have at most two attractive
cycles, since it has at most two critical points, and so on. No algebraic proof
of this algebraic fact has ever been found.

The dominant behavior of critical points is what makes complez analytic
dynamics in one variable so amenable to study. There is no theorem for
iteration in R? corresponding to Theorems 5.6.5 or 5.6.6. As far as we know,
there is no particularly interesting class of points to iterate in general in
R™.

Consequences of Theorems 5.6.5 and 5.6.6 may be seen looking back at
Examples 5.6.3 and 5.6.4; if you iterate 22 + ¢ for any of the given values
of ¢, starting at z = 0, and look at what happens to the orbit, you will find
bounded orbits and corresponding connected K.’s, for all except Ky 3125
and K_g.754+0.1s- Theorem 5.6.5 tells us that these last two Julia sets are
Cantor sets, which we shall finally explain.

CANTOR SETS

Georg Cantor was a German mathematician of the late nineteenth century.
In the course of investigations of Fourier series, Cantor developed world-
shaking new theories of infinity and invented the famous set that bears his
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name. These results were considered most surprising and pathological at
the time, though since then they have been found to occur naturally in
many branches of mathematics.

A Cantor set X C R" is a closed and bounded subset which is
totally disconnected and simultaneously without isolated points.

The first property says that the only connected subsets are points; the
second says that every neighborhood of every point of X contains other
points of X. These two properties may seem contradictory: the first says
that points are never together and the other says that they are never alone.

Benoit Mandelbrot of IBM’s Thomas Watson Research Center, the fathor
of “fractal geometry,” has suggested calling these sets Cantor dusts. This
name seems quite auspicious: it is tempting to think that a dust is made
up of specks, but that no speck is ever isolated from other specks.

The compatibility of the requirements above is shown by the following
example, illustrated by Figure 5.6.4.

Q — interval
1 2 4
3 )
Q 3 first step
0.. 2.
1 2 1 2 7 8
9 9 3 3 9 9 1.
9 .9 L 3 ] = second step
.00 ... 02.. .20... 22..
o - - - we wsi third step
.000....002...  .020....022... 200... 202..  .220....222 ...
L] L]
. . and so on
L] L]

FIGURE 5.6.4. Construction of the Cantor set.

The Cantor set, the one originally considered by Cantor, is the
set X C R made up of those numbers in [0,1] which can be
written in base 3 without using the digit 1.

The set X can be constructed as follows: From [0, 1] begin by removing

the middle third (3,2). All the numbers in the interval (3, 2) are not in

X, since they will all use the digit “1” in the first place after the “decimal”
point. Next remove the middle thirds of both intervals remaining, which
means that the intervals (3, 2) and (Z, 3) are also excluded, those numbers
that will use the digit “1” in the second place. Then remove the middle
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thirds of the four intervals remaining, then remove the middle thirds of the
eight intervals remaining, and so on.

You are asked in Exercise 5.6#13 to show that this set indeed satisfies
the stated requirements for a Cantor set, and to consider the endpoints of
the excluded intervals.

Example 5.6.7. The sets K. can be constructed in a remarkably similar
way when c is real and ¢ < —2. Actually, we will construct only the real
part of K,; but it turns out that in this case the whole set is contained
in the real axis. This fact appears to require some complex analysis in its

proof, so the reader will have to take it on faith. The iteration graph of P,
looks like Figure 5.6.5.

_-B L / g

Iy

=B

FIGURE 5.6.5. Construction of a Cantor set of points with bounded orbits.

In particular, since ¢ < —2, the graph dips below the square
{(z,9)] lz], 1yl < B},

where 3 = (14 /1 — 4c)/2 is the rightmost fixed point. Clearly the points
z € R with |z| > 8 escape to co. But then so do the values of z in the
“dip,” which form an interval I; in the middle of [-4,3]. In particular,
O € I, hence does escape. Now I; has two inverse images I3, I3, one in
each of the two intervals of [—3, 8] — I;. Now each of the intervals I; and
I} has two inverse images, so there are four intervals I3, one in each of
the four pieces of [—3, 8] — Iy — I} — Ij. This process of going back to two
inverse images of each interval can continue indefinitely.

The intervals being removed are not in this case the middle thirds, and it
is not quite clear that no intervals remain when they have all been removed.
In fact, it is true but we omit the proof, which is rather hard. A

Cantor dusts need not lie on a line.
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Example 5.6.8. Consider the polynomial 22 + 2. In Exercise 5.6#5 you
are asked to show that all points z with |z| > 2 escape to co. The inverse
image of the circle |z| = 2 is a figure eight, touching the original circle at
+2i, and the polynomial is a 1-1 map of each lobe onto the disc of radius 2.
Thus in each lobe you see another figure eight, the inside of which consists
of the points which take two iterations to escape from the disc of radius
2. Now inside of each lobe of these there is another figure eight, and so
on. Again, it is true but not easy to prove that the diameters of the figure
eights tend to zero. If the reader will take that on faith, then the Julia set
is clearly a Cantor dust: Any two points of the Julia set will eventually
be in different lobes of some figure eight, hence can never be in the same
connected part of the Julia set; on the other hand, any neighborhood of
any point will necessarily contain whole figure eights, hence must contain
infinitely many points of the Julia set. A

K, (Cantor Dust) Construction of Kj

FIGURE 5.6.6. The Julia set K>, showing the inverse image contours that bound
and define it.
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THE PICTURE IN THE COMPLEX c-PLANE

In the late 1970’s, Mandelbrot (among others) looked in the parameter space
(that is, the complex c-plane) for quadratic polynomials of form 22 + ¢ and
plotted computer pictures of those values of ¢ for which the orbit of 0 is
bounded, after a large finite number of iterations. The computer algorithm
is the same as described for the construction of Julia sets, to iterate 22 + ¢
at each point of some grid, but this time it is ¢ that is determined by the
given point, and the starting value for z is what is fixed, at 0.

The set M that resulted from Mandelbrot’s experiment, shown in Figure
5.6.7, is called the Mandelbrot set. Studying the Mandelbrot set is like
studying all quadratic polynomials at once.

-2 -1 0 1
zllllllllllllllllllll?
m -2
1 -1
0 -0
-1 -1
- L
- -
-2 -2
T T T T T T 17T T T T T 17T T T T 17T T 1771
-2 -1 1 2

FIGURE 5.6.7. The Mandelbrot set, in the c-plane; the values of complex ¢ such
that iterating 22 + ¢ from 2o = 0 gives bounded orbits.
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The Mandelbrot set is marvelously complicated. The closer we zoom in
on the boundary, the more detail appears, as illustrated in Figure 5.6.8,
on pp. 266-267. Notice how jumbled and intertwined are the regions of
bounded orbits (black) and the regions of unbounded orbits (white). Yet
with the advent of high speed and high resolution computer graphics, we
are able, quite easily, to explore this set.

Iteration pictures such as these are made more detailed by using contour
lines representing “escape times,” telling how many iterations are neces-
sary before the result exceeds the value that assures the orbit will not be
bounded. The outer contour is a circle radius 2; outside this circle every
point has “escaped” before the iteration even begins. The next contour in is
the inverse image of the first contour circle; points between these contours
escape in one iteration. The next contour is the inverse image of the sec-
ond; points between this contour and the last will escape in two iterations,
and so on. The pictures in Figure 5.6.8 in fact show only the contours for
escape times; these contours get denser and denser as they get closer to the
boundary of M, so they actually outline it.
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FIGURE 5.6.8. Zooming in on the boundary of the Mandelbrot set, in the c-
plane. Each region that is blown up in the next picture is marked with a black
box and arrow.
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FIGURE 5.6.8. (cont.) The bands represent how many iterations are necessary
for those points to escape beyond the circle radius 2, where they are sure to go
to infinity. In the first frame they are numbered accordingly.
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SELF-SIMILARITY IN THE 2-PLANE AND THE c-PLANE

Some people think that self-similar sets (those that repeatedly look the
same no matter how closely you look, such as the limit of the sequence
of figures shown in Figure 5.6.9) are complicated. The famous self-similar
Koch snowflake is constructed simply by repeatedly replacing each straight
line segment with ..

5

FIGURE 5.6.9. Construction of the Koch snowflake, a self-similar figure.

The Julia sets K. are roughly self-similar. If you blow up around any
point, you keep seeing the same thing, as in Figure 5.6.10 on pp. 270-271.

But the Mandelbrot set is far more complicated than the self-similar sets
of Figures 5.6.9 and 5.6.10, by being not self-similar. Look back at the blow-
ups of the Mandelbrot set and compare Figure 5.6.7 with Figure 5.6.8. As
you zoom in on the boundary in the first picture, it gets more complicated
rather than simpler, and although similar shapes may appear, they are
different in detail at every point. In fact, the Mandelbrot set exhibits in
various places all the shapes of all the possible associated K.’s.
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UNIVERSALITY OF THE MANDELBROT SET

The Mandelbrot set is of intense mathematical interest, among other rea-
sons because it is universal. Somewhat distorted copies of M show up in pa-
rameter space pictures for iteration of all sorts of nonquadratic functions—
higher degree polynomials, rational functions (including Newton’s method
in the complex plane), and even transcendental functions (like Asin z).

Despite its complication, the Mandelbrot set is now quite well under-
stood. The first result in this direction is that it is connected (those “is-
lands” off the edges are actually connected to the whole set by thin “fila-
ments”). Further, a complete description of how the “islands” are connected
up by the “filaments” has been found, but the description is not easy. The
interested reader can get a flavor of how this is done in the book by Peitgen
and Richter. See the References.

To tie things together a bit, one should realize that the part of M on the
real axis is essentially the cascade picture of Section 5.2.

Indeed, the cascade picture is also obtained by letting ¢ vary (only on
the real axis) and plotting for each value of c the orbit of 0. The windows
of order correspond to regions in which the critical point is attracted to
an attractive cycle, the order of which can be read off from the cascade
picture. These windows correspond to islands of the Mandelbrot set along
the real axis, as Figure 5.6.11 on p. 272 illustrates.

Note: This particular drawing was computed with no unmarked points,
that is, with K = 0. You might want to contrast it with Figure 5.2.2. The
white spaces are in the same places, but in Figure 5.6.11, the branches are
greatly thickened.

The universality of the cascade picture exhibited in Sections 5.2 and 5.3
is simply a real form of the universality of M.

Further discussion of iteration in the complex plane is beyond the scope
of this text. References for further reading are listed at the end of this
volume.
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S

FIGURE 5.6.10. The Julia set for ¢ = —0.2+0.75¢ and successive blow-ups. Each
region that is blown up in the next picture is marked with a black box and arrow.
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Y
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FIGURE 5.6.10. (cont.)
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FIGURE 5.6.11. Relation between the Mandelbrot set and the cascade picture.
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Exercises 5.1 Iterating Graphically

5.1#1. Analyze each of the following functions under iteration. Find the
fixed points and determine the classification of each fixed point (attracting,
superattracting, or repelling). Indicate all cycles of order two. Graph the
equation and then iterate it by hand for a representative selection of zg’s.
Finally, use Analyzer to confirm your handwritten iteration and to quali-
tatively determine and indicate regions on the z-axis for which all initial
points converge to the same attracting fixed point.

(@) f(z)=-3z+1 (e) flz)=3
(b) f(x) =3z (f) f(z)=z?
() flz)=2z+1 (8) f(z)=2®
@) flz)=-2z+1 (b) f(z)=1/z

5.1#2. To see that anything can happen with an indifferent fixed point,
analyze as in 5.1#1 the behavior of the following equations under iteration:

(a) fl@)=e-1  (d) f(z)=In(1-2)
(b) f(z)=-= (&) f@)=z+e
(c) f(z)=—tanz (f) f(x) =0.5z + 0.5z2 + 0.125

5.1#3.

(a) Prove, using Taylor series expansion, that the difference between a
superattracting fixed point, z,, and an attracting fixed point, z,, is
the fact that, for sufficiently small |u|,

Tn = f(Zq + u) = 2, + Mu, 0<|M| <1,

while

xn=f(x3+u)=a:s:i:Nup, p=>2.
Hence, for sufficiently small |u|, solutions will converge faster (i-e.,
with fewer iterations) to z, than to z,.

(b) Compare Exercises 5.1#1e,f,g with Exercises 5.1#1a,b. How does this
comparison confirm the preceding result?
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5.14£4°.

(a) Use a Taylor series expansion to prove: If at some fixed point zo of
a function to be iterated f(z), f'(zo) =1 and f”(zo) > 0, then in a
sufficiently small neighborhood of zy, points to the left of x¢ will be

attracted to zo under iteration by f(z), and points to the right will
be repelled. Confirm your result with

fz) = %w“’ + §

(b) What will happen in the neighborhood of g if f”(z) < 07 Confirm
your result with

f(z) =In(1 + ).

(c) Show that anything can happen in the neighborhood of zg if f” (o) =
0 by iterating the following functions:

(i) f(x) =sinz

(i) fl@) =e®—1-~—

(ii) f(z)=e‘”—1—£2——%——z4
(iv) f(z)=ez—1—§2i—x7:+z4

(d) (harder) What will happen in the neighborhood of zo if f'(x) = —1?
Confirm your results with f(z) = —g(z), where g(z) is any of the
functions from (a), (b) and (c). Hint: Write the Taylor polynomial of
£°2 to degree 3.

5.1#05. Near a point zo, we define the triangular regions formed by the
lines  — zo = =(y — f(x0)), as shown.

some f(x) for part (a)

Consider a function f(z) with fixed point at zo.

(a) If f(z) lies entirely within the gray regions, justify with an ¢ — 6
type argument (rather than a differentiability argument) that zo is
an attracting fixed point.

(b) Show that if f(z) is a differentiable function with f’(zo) < 1, then
f(z) indeed lies in the gray region specified.
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(c) Show that if f(z) is a differentiable function with f’(z¢) > 1, then zo
is a repelling fixed point. Note that this is a little harder, and that it
does not prove f(z) will never come back to zp, only that zo repels
near neighbors.

5.1#6. Analyze the following functions under iteration, using your results
from the previous exercises. First try to predict the behavior and then use
Analyzer to confirm your predictions.

(a) f(z) =z +cosz
(b) f(z) =z +sinz
3
(¢) f(z) =cosz + 3~ 1
@) f(@)=Injo+1]
(€) fle)=z+e™®
() f2) =z —e

2 3
(®) f(x)=—(ez—1_%_%_;_:+ws)

(h) f($)=ez—1—z—22—2x—z3

5.1#7. For the following functions, find the fixed points under iteration
and classify them as attracting or repelling. Use the computer to confirm
your results.

(a)° f(x) =z*—32% + 3z
7 1
—pd _ 24
(b) flz)==z i +4a:
5.148.
(a) Refer to Figures 5.1.6 and 5.1.7, iterating 2 — 0.7 and 2% — 1.2 re-

spectively. Tell why, when they look at first glance so similar, they
exhibit such different behavior under iteration.

(b) Referring again to Figure 5.1.7 and Example 5.5, iterating 2 — 1.2,
determine what happens between the two fixed points, since both are
repelling. Try this by computer experiment.

5.1#9. Show that the multiplier m,, for a cycle order n is the same at all
points of the cycle. That is, fill in the necessary steps in the text derivation.

5.1#10°. For Example 5.1.9 iterating z2 + c,
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(a) Find for which values of ¢ there are, respectively, two fixed points, a
single fixed point, and no fixed points.

(b) Sketch graphs for the three cases in part (a) showing how the diagonal
line z = y intersects the parabola z2 + ¢ in three possible ways as the
parabola moves from above the diagonal to below it.

(c) Find for which values of ¢ there will be an attracting fixed point.

(d) Show that c € [—2, ], all orbits starting in the interval

L= [_%(1 FVIT ), (14 VI~ e 4c)]

are bounded, and all others are unbounded.

(¢) Show that the orbit of 0 is bounded if and only if ¢ € [-2, §].
The results of this exercise are used in Section 5.6, Example 5.6.2.

5.1#11. For iterating 22 + c,
(a) verify the following facts about the period two cycle:

(i) The periodic points of period 2 are real if ¢ < —3.
(i) The multiplier my of the period 2 cycle is 4zoz; = 4(c + 1).
(iii) The cycle of period 2 is attracting if and only if —3 < c < —3.
(b) Tlustrate the possibilities in part (a) graphically by sketching the

various parabolas and the diagonal for each, then tracing out some
appropriate iterations.

5.1#12. For each of the following functions, in the manner of Exercise
5.1#10b, analyze the various possible behaviors of the function under iter-
ation for different values of the parameter . That is, determine (graphically
or numerically) which values of o will leads to different possible behaviors.
Then for each «, sketch the curve, the diagonal, and the iterative behavior.

(a) fz)=1-(z~a)®
(b) f@@) =a®—c+a
5.14#13. For each of the following functions,

(a) z2—-1.75 (d) z?-1.30 (g) z?—1.41739
(b) 22 —1.76 () 22 —135  (h) 2% — 145
(c) z2+1 (f) z2-1.39 (i) z2-1.69

(i) Use Analyzer to make computer drawings for iterating them, and
identify the order of any cycles that appear.
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(i)

Use DiffEq to make time series drawings for iterating them, and add
by hand the actual points. For cycles of an odd order or of no order,
you may need to use a ruler to determine where the time series line
bends, as in Example 5.1.10, or refer to a computer listing on the
points on the trajectory.

Use Cascade to graph, with the diagonal, the nt! iterate of a function
that has a cycle order n. (The other purposes of the Cascade program
will come up in Section 5.2.)

Match up the results of parts (i), (ii), and (iii) as in Examples 5.1.10
and 5.1.11. (If your scales are different for the different programs,
your matching lines won’t be horizontal and vertical, but you can
still show the correspondences.)

5.1#14°. Match the numbered Analyzer iteration pictures with the let-
tered time series pictures:

1)

3)

2)

\ 4)
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5)

7)
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8)
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5.1#15. For the function of Example 5.1.12, f(z) = 2z — z2, analyze
the iteration and identify fixed points and cycles. Then use the conjugate
mapping ¢(z) = 1 — = to get g(z) = z2. Likewise analyze g(z) and show

that in fact the qualitative (attracting or repelling) behavior of the orbits
is preserved.

5.1#16. Prove the following statement from the end of Section 5.1: If a

conjugate mapping  and its inverse ¢! are differentiable, the multipliers
at corresponding points are equal.

5.1#17. For f(x) = 2z — 1, find the multipliers for cycles of any period
n. Hint: Use the results of the preceding exercise, which works everywhere

except at the fixed points, where the conjugate mapping is not differen-
tiable.

5.1#18°. For f(z) = 2z and p(z) = 23,
(a) Find the function g(x) which is conjugate to f by ¢, i.e., ! fo.
(b) Show that the multipliers of f and g are different.
(c) Why does (b) not contradict the statement proved in Exercise 5.1#167

5.1#:19. For a general quadratic function f(z) = az?+ bz +d, with a # 0,
show that a conjugate mapping ¢(z) = az + S can always be found such
that f(z) is conjugate to the simpler quadratic map, g(x) = 2 + c. That
is, show how to choose a, 3, and ¢ such that po f = goy, which is another
way to state equation (3) in Section 5.1.7.

Exercises 5.2 Logistic Model and Quadratic
Polynomials

5.2# 1. For the logistic model we study equation (6)
g(n+1) = (L + a)g(n) — aq(n)’ (6)
which may be considered as iterating the quadratic polynomial
Q(z) = (1 + o)z — az®.

(a) Show that the conjugate mapping p(z) = 6z + [ that tran.sforms this
quadratic to the simpler form P(z) = 2® + ¢ (as in Exercise 5.1#19)

can be written
(0(:1:) — (_1_ ' O‘) _z
2a a

(b) Show that the change of variables z = (1+ a)/2 — ag in equation (6)
is equivalent to the conjugation mapping you found in part (a).
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5.2#2. Show that another way to look at equation (6) is as an application
of Euler’s method, with stepsize h = 1, to the differential equation z’ =
a(z — z?) studied in Section 2.5.

5.2#3°. Show that g(n) of equation (6) will be attracted to the stable
population g, = 1 if the fertility « is “small,” 0 < a < 1, and the initial
population is “small,” 0 < ¢(0) < 1+ %, as is the case with the correspond-
ing differential equation.

5.2#4. (harder) Show that g, of the preceding exercise is an attracting
fixed point if and only if 0 < a < 2.

5.2#5°. If f:X — X and ¢:Y — Y are two maps, and ¢: X — Y is a
mapping which is 1-1 and onto such that p o f = g o ¢, then everything
dynamical about (X, f) gets carries into something with exactly the same
dynamical properties for (Y, g). When ¢ is not 1-1 and onto, this is no
longer quite true. Consider, for example,

X = the unit circle in C, f(z) = 2%;
Y = the interval [—1, 1], g(z) = 222 - 1;
¢ the mapping ¢ from X to Y given by ((e?) = cos®.

('1 ,0)

X = unit
circle

The accompanying figure shows two of the mappings: f (from the circle
X to itself) and ¢ (from the circle X to the interval Y)

(a) Show that po f=goe.
(b) Show that ¢ is not 1-1.
(c) Find the fixed points of f and g. Do they correspond under ¢?

(d) Show that both f and g have 2 periodic points of period evactly 2,
and find them. Do they correspond under ¢?

(e) Same as (d) for period three, in which case there are six points.
Hint: in this case the periodic points for g are the numbers cos 2k7/7,
k=1,2,3 and cos2kn/9, k =1,2,4.
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(f) Same as (d) for any period n, and describe how they correspond to
the periodic points of g.

5.2#6.

(a) Make a Cascade picture and by locating “windows,” find values of
¢ that will give cycles orders 3, 4, and 5. Verify your results with
Analyzer iteration pictures at those values.

(b) By suitable blowups of the cascade picture around values giving cycles
orders 3 and 4, find different values of ¢ that will give copies of order
12.

5.247.

(a) Use Analyzer’s root-finding capability and Theorem 5.1 to find the
values of ¢ for which you will find real periodic points of order 3, 4, 5,
and 7. That is, find the roots of equations like ((0+c¢)?+c¢)?+c = 0.

(b) Verify this fact experimentally by making either a time series or an
Analyzer iteration picture for each value of ¢ so found.

(c) Further verify your results by locating suitable “windows” at the
given values of ¢ on the Cascade picture or a suitable blowup of it.
Mark the overall cascade picture with tickmarks on the vertical axis
and labels showing what order cycles will appear for the particular
values of ¢ found in part (a).

5.2#8. For the following functions, make Analyzer iteration pictures and
match them up to a Cascade picture, as in Example 5.14.

(a) 2 —1.48 (b) z?—1.77 (c) 22 -1.76

5.2#9. Consider the polynomial p(z) = 2z — cz?, where c is a number not
equal to zero.

(a) What are the fixed points of p(z)?

(b) Show that p(z) is conjugate to g(z) = z2.

(c) What initial values are attracted under p(z) to 1/c?

(d) Suppose you knew 7 to 1000 significant digits. If you set 2o = 0.3,
how many iterations of p(z) would you need to compute 1/ to 1000
digits? Compare this with the number of steps in long division nec-
essary to achieve 1000 digits.

Remark. This is the algorithm actually used in computers to compute
inverses to high precision.
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Exercises 5.3 Newton’s Method

5.3#1. Write the first five iterates of Newton’s method for calculating the
roots of

(a) x2 — 23 = 0 starting at =g = 5;
(b) z3 +z — 1 = 0 starting at z¢ = 1;
(c) sinz — § = 0 starting at zo = 1.

5.3#2. Notice that if o = 1, Exercise 5.3#1c does not converge very well
under five steps of Newton’s method. Describe why this is so, first graphing
the function sin z — (z/2) with the Analyzer program, and then discussing
the behavior of the iteration of Newton’s method.

5.3#-3°. Let P, be the polynomial 23 — z + b, and N, the corresponding
Newton’s method.

(a) Show that there exists b such that Ny(Np(0)) = 0.

(b) What happens to points z near 0 if you iterate Newton’s method
starting at 27

Hint: Compute diz(Nb(Nb(z)).
5.344.

(a) Show that Newton’s method for finding roots of 23 + ax + 1 amounts
to iterating (22® — 1)/(3z% + ), as in the Cascade picture of Figure
5.3.7. ‘

(b) Show that any cubic polynomial az® + bz + cz + d can be written in
the form 23 + az + 1 if you make the appropriate change of variables,
which you should state.

5.3#5. Show that if p(z) = (2 — a)(z — b) is a quadratic polynomial, with
a # b, then the sequence

2, Np(z), Np(Np(2)), . .-

converges to a if |z —a| < |z — b|.
Hint: Make the change of variables u = (z — a)/(z — b).

5.3#6. Try to understand what Newton’s method does for the polynomial
z2 + 1 on the real axis. Hint: Try setting x = arctan 6.

5.3#7. Refer to the end of Example 5.3.4, about using Newton’s method
to find square roots. For 22 — a = 0, you will get

1
Na(x)zi(m+g), z#0, a>0.
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(a) Draw the graph of N,, showing that it is a hyperbola.

(b) Show that the square roots ++/a are superattracting fixed points for
N,.

(c) Show that for every positive zo, Newton’s method will converge to a
positive root (i.e., z, — 1/a) and that for every negative zo, Newton’s
method will converge to a negative root (i.e., z, — —/a).

(d) Show that +4/a are the only cycles.

5.3#8. Refer to Example 5.3.4 for using Newton’s method to find the roots
to (z—a)(z—b)=0(")

(a) Prove equation (15) in Example 5.3.4 (a “simple” computation with
plenty of chances for errors).

(b) Verify that if z > (a + b)/2, you will converge to the larger root;
if g < (a + b)/2, you will converge to the smaller root;

if £o = (a + b)/2, you will converge to no root at all.

5.3#9°. You might like to see how differently

n@o:%(z—g>a>0

behaves from the N, of Exercise 5.3#7 (if under iteration you hit z, = 0,
just stop):

(a) Draw the graph of T, (it is again a hyperbola). Show that there are
no fixed points. But find a cycle of period 2 and show that the cycle
is repelling by showing that (T'o T')(zo) > 1.

(b) Why is (T o T)(zo) = (T o T)'(x1)? Or, in general, why is for a
periodic cycle, xg,1,...,2¢ = Zo, (I' o ... 0 T)'(x;) the same for
i=0,1,2,....k—1?

Note: The functions T, (z) arise if you study Newton’s iteration for z? +
a = 0 with positive a. One can show that every complex number with
positive real part converges to y/a under iteration with Ng, while every
complex number with negative real part converges to —+/a under iteration.
If z is purely imaginary, then N,(z) is purely imaginary with Im No(z) =
To(Im z).

5.34:10. Prove that each root r of an equation f(z) = 0 is a superattracting
fixed point of Newton’s equation, provided that f'(r) # 0 and f "(r) exists.
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5.3#411°.
(a) Let r be a root of f(z) = 0 and let x = r + ¢, € # 0. Derive an

expression for f(z — €) using a Taylor polynomial with €2 as highest
order e-term. Assume f is twice differentiable.

(b) Assuming f'(z;) # 0 and f is doubly differentiable, use your result
from part (a) to show that

_ ")
—2f'(r)
(c) Using the result from part (b), prove the assertion that if z; =r +¢

and |e| is small enough, the number of correct decimal digits will
approximately double after each iteration.

Ny(z;) —r (x; — )2, c€{[x;i —e,z;]U[zi,z; — €]}

(Remember N correct decimal digits = |error| < 110~V.)

(d) v3 = 1.732050808. Using a calculator choose an initial z > 0 and
iterate N3(z) = $(z + £), Newton’s equation for z2 — 3 = 0. Indicate
the doubling of the digit accuracy. Why is € always “sufficiently small”
in this case?

(e) Try = = e~* also. That is, find roots of f(z) =z —e™".

5.3#12. For each of the following equations, express as f(z) = 0; then find
each N¢(z) and analyze the iterations of each Ny (x) using Analyzer (or the
Analyzer component of the Cascade program with the Newton’s method
option). Then use Analyzer to graph each f(z). Draw the linear approxi-
mations (tangents to the graph of f(z)) to demonstrate why solutions in a
certain region converge to a certain root.

(a) z2—z2-6=0 (b) 2 —z=0 () z=e".

5.3#13. Use the Analyzer component to the Cascade program with the
Newton’s method option to find the roots of each of the following equations:

5
(a) z* + §m3 - gx =1.
(b) 25 — z* + 2% = 1523 — 38z — 24.

; 2
(c) 22® — 1227 + 1925 + 92° — —-Zém“ - 923 + 1922 + 122+ 2 = 0.

5.3#14°. Let us consider a Newton’s method problem in two variables: As
you will see in Chapter 8, a singularity of a system of differential equations
occurs when 2’ = 0 and y' = 0 simultaneously. If

¢’ = f(z,y) = (x - 1)% —y,
2 1

I= = m————
Y =g(z,y) vyt 5 -3
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and you try to find a singularity by Newton’s method, taking as an initial
guess (IB(), yO) = (07 0)7 find (-’131,?]1)- Then find (:1/‘2, ?/2)-

5.3#15. Let f be a differentiable function near ¢, with a degenerate root
at zo, in the sense that at o, f has the asymptotic expansion (as explained
in the Appendix)

f(@o +€) = A" + o(¢¥)

for some k > 1.

k(a) Show that Ny has an attracting fixed point at zy, and compute the
multiplier of Ny at zo.

(b) If you try to solve z*¥ = 0 by Newton’s method, starting at z = 1,
how many iterations will be required to find the root to within 10—6?

Exercises 5.4 Numerical Methods as Iterative
Systems

5.4#1. Considering Euler’s method as an iterative system for an au-
tonomous differential equation ' = f(z), we derived equation (17) Fj(z) =
z + hf(z).

(a) Derive our subsequent statement that the corresponding iterative sys-
tem for midpoint Euler is

h
Fu(@) =2+ 1 (2+ 1)),
(b) More of a challenge is to do the same for Runge-Kutta:

o4t (f(a:) tof (x ; gm)) tof (z + %f(m +31@))

+f(x+hf(x+ gf(x+ gf(z))»).

5.4#2°. Consider ' = —az(a > 0), the equation of Examples 5.4.1 and
5.4.2. .

(a) Analyze the iteration of the function resulting from midpoint Euler,

Fp(z)=z+ h(——a(z + g(——ax))) = (1 —ah+ azzhz)z,

to show that all solutions tend monotonically to 0 as t — oo if 0 <
h<2/a, to o if h > 2/a.
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(b) Analyze the iteration of the function resulting from Runge-Kutta,

h22 h33 h44
Fh(z)=<1—ah+ 2a_ (;1+ 2(:: )z

Find the range of values of h for which the orbits tend to 0 as t — oo,
and show that numerical instability sets in for h > k, where k > 2/a.

5.4#3. Consider &' = ¢ — 2, the equation of Example 5.4.3.

(a) Show that Fj(z) = = — h(z — z2) can be made equivalent to any
quadratic polynomial by a proper choice of h and a change of variables
u=pxr +q.

(b) Show that numerical solutions will never blow up by considering
f=z-2*=(1-z)z=az if a=1-z,
thus treating the differential equation as in Example 5.4.1.
5.4#4. Consider ' = —tz, the equation of Example 5.4.4.
(a) Show that the condition for numerical stability of solutions is

h2 h3 h2t2
= tt [ ——h n <1,
1 2+t<4 )+ 5 <

and that it occurs for t, < approximately 2/h.

(b) Explain the behavior of solutions to this differential equation by con-
sidering it as a case of ' = —ax, of Example 5.4.1.

5.4#5. Consider the equation v’ = —2+/tv, which occurs in the discussion
of Example 5.4.5.

(a) As in the preceding exercises, analyze the behavior of its solutions.

(b) Apply implicit Euler to this equation, with t, = nh, and show that
Un4+1 goes monotonically to zero, regardless of the stepsize h. Explain
why this means that computer drawings of solutions to =’ = z2 — ¢
would show no jaggies.

5.4#6°. For 2’ = z? — t?, with stepsize h = 0.03, calculate at what value
of ¢t the Runge-Kutta solutions will break down into jagged junk. Refer
back to the opening pictures of Section 5.4 and compare the results of your
computer experiments on the second.

5.4#7. For each of the following differential equations, use stepsize h =
0.03 and calculate where the solutions will lose their numerical stability.
Make computer drawings to show these results.

(a) 2’ =v1—-tz (b) o’ =z —¢2 (c) o' =%+t
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Exercises 5.5 Periodic Differential Equations
5.54¢1.

(a) Prove direct from Definition 5.5.2 of the one period later mapping

Py, that Py 47 = P,, a useful exercise in clarifying the roles of the
to’s and zg’s.

(b) Prove that for any s,t the period later mapping P; is conjugate to
P;. Hint: Consider the map Q; +(z) that associates to z the value of
the solution to z’ = f(t,z) through (s, z) at time ¢.

5.5#2. To provide some understanding of Figure 5.5.3 for the differential
equation z’ = sint cos(z + t),

(a) Using the computer program DiffEq, print out a large direction field
(default window is fine) with a number of solutions.

(b) Mark this printout with vertical lines at ¢ = —2m,0, 2r. For these
three values of tg, start solutions at the same z,’s and see that solu-
tions indeed follow the same shape for either of the three ty’s. That
is, for every initial condition (0, zo), try (—2m,z0) and (2, zo).

(c) Make an appropriate P, drawing by hand, showing which groups of
solutions in the direction field go to the nearly horizontal sections of
P,,, and which go to the nearly vertical sections, as in Figure 5.5.3.

(d) Show how the attracting fixed points of P;, correspond to attracting
periodic solutions of the differential equation; look for and mark other
corresponding features.

5.5#3. Find the one period later mapping P;, for the following periodic
differential equations, with to = 0 and T' = 27: (Remember that to keep the
computing time finite, you must adjust your zy range to bracket just the
values for which the solution makes it all the way across from ¢ to to+7'.)
For equations (a) and (b) the direction fields are pictured in Figure 5.5.1.
Make printouts of P;, and of the direction fields, and analyze, as in Exercise
5.5#1.

1

(a) ¢’ = (2+cost)z — §x2 -1
1

(b) 2’ = (2+ cost)z — 59:2 -2

(c) o' = (2 + 1) cost
(d) z' = (2 — 1) cost.
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5.5#4. Give a discussion comparing the preceding Exercises 5.1#3a and
#3b, using the following guides. You can then look ahead to Example 5.5.6
to confirm and extend your comparison for z’ = (2 + cost)z — %zz —ain
general. Proceed as follows.

(a) Show that if z = wu(t) is a solution, then z = u(t + 27) is also a
solution.

(b) With the computer program DiffEqSys, make a computer drawing
for a = —1 showing the following behavior: There are exactly two
periodic solutions

ui(t + 2m) = u;(t) 1=1,2.

Identify a funnel around one of the periodic solutions and an antifun-
nel around the other.

(c) There is no periodic solution for a = —2. By experimenting with the
computer find the value to two significant digits of the constant “a”
between —1 and —2, which separates the two behaviors: where there
exists a periodic solution and where there exists no periodic solution.

(This is a repeat of Exercise 2.4-2.5#2, now that your perspective has a
periodic point of view.)

5.5#5. Solve explicitly and give a discussion comparing Exercises 5.5#3c
and #3d. These examples illustrate the theorem of the next exercise.

5.5#6°. For separable differential equations, sometimes the one period
later mapping P;, will be the identity map, a segment of the diagonal, as
in Exercise 5.5#3c, and sometimes not, as in Exercise 5.5#3d. The key is
an additional “if and only if” hypothesis giving the following theorem:

Consider a separable and periodic differential equation ' =
f(t)g(z) with f(t) = f(t + T) and g(z) differentiable. Suppose
g(a) = g(b) = 0 with a < b. Then the one period later mapping
Py, is the identity on [a, b] if and only if

T
/ F(t)dt = 0.
0

Prove this result. Hint: Show that if a and b are consecutive zeroes of g,

and c € (a,b), then
/I du
¢ 9(u)

is a monotone function on (a, b), tending to positive or negative co as z — a
and z — b.
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5.5#7. Consider the differential equation
z’' = (z% + 1) cost,
which is periodic with period 27.

(a) Solve the differential equation by separation of variables to show that
the solution 4, (t) with initial condition v,(0) = z is

v2(t) = tan(sint + tan~(z)).

(b) Show that for this differential equation, the one period later mapping
is

Py(x) = v5(27) = tan[sin(27) + tan"' z] = z,
which is the identity where Py is defined.

(c) Show that v;(t) only represents a solution of the differential equation
over the entire interval 0 < t < 2 if |sint + tan~! x| < m/2, which
corresponds to |tan™! z| < (7/2) — 1, so

P(a)=z if |z|< tan(zzr— - 1) ~ 64209,

and otherwise Py is undefined.

(d) Using the computer program DiffEg, draw some solutions to the dif-
ferential equation. Then using the program ID Periodic Equations,
draw the graph of Py as discussed in part (c). Show how your two
drawings relate to one another.

5.5#:8°. For a linear differential equation =’ = p(t)z + q(t) that is periodic
in t with period T, prove that P, is a linear function P;, = az + b, for
appropriate a and b.

5.5#9. Corroborate the statement of Example 5.5.3 for the differential
equation
z' = (2% — 1)(cost + 1)
that if
zo > (' + 1)/(e*" - 1),

then the formula

_ (3:0 + 1) + (wO _ 1)62(t+sint)

Yao(t) = (zo + 1) - (o — 1)62(t+sin t)’ (25)

does not correspond to a genuine solution of the differential equation, but
has a pole at some ¢, 0 <t < 2m.
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5.5#10. For Example 5.5.4, with the differential equation
z' = (sint + o)z — B tz?,

verify the three statements explaining how the behavior of P;, changes
according to whether, for A = e~2"* wehave A >1, A=1,0or A< 1, as
shown in Figure 5.5.5.

5.5#11. For Example 5.5.4, show with graphs how the statements explain-
ing the behavior of P, in terms of the values of the parameter A = e~2"*
translate into statements about the solutions to the differential equation
z' = (sint + o)z — Be*stz?.

5.5#12. Prove that any continuous function g: R — R which is onto and
monotone increasing is the period-function g = P, for some differential
equation periodic of period 7.

Hint: the idea is to draw curves in R? joining every point (0,z) to the
point (m,g(z)), which are all disjoint, and fill up [0,7] x R. In order to
guarantee that these curves, continued periodically to [, 27] X R, and so
on, form differentiable curves in R?, we will require that they be horizontal
at the endpoints. One way to do this is to consider, for each z, the graph

of the function
yalt) = g(.’l:)2+ T _ 9(“”)2‘ Z cos(t).

(a) Show that the graph of «, does join (0,z) to (m, g(z)).
(b) Show that every point (¢,z) with 0 < ¢ < 7 is on the graph of v, for

some unique z € R.

Consider the function f(t,z), defined on [0, 7] x R, which associates to
(t,) the slope of the curve through that point at that point.

(c) If f is extended to R? so as to be periodic of period 7 in ¢, show that
it is a continuous function on R2.

(d) Show that the period map P, for the differential equation z’ = f(t, z)
is exactly g.

5.5#13. The proof of Proposition 5.5.5 shows that the sequence Ppn is
monotone and bounded, so must tend to some limit. Show that the limit
must be in the interval [z;, ;11], and must be a fixed point of P;,.

5.5#14. Predict and verify the implications of Figure 5.5.7 for the solutions
to the differential equation &’ = cos(z? + sin 27t) — a from Example 5.5.7.

5.5#15. Show that ' = sin(1/z) + }sint has infinitely many periodic
solutions.

5.5#16. Show that 2’ = sin(z%—t) has a unique periodic solution, unstable
in the forward direction, stable in the backward direction.

5.5#17. Consider the differential equation z’ = cosx + cost.
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5.6#£5. Consider the polynomial 22 + 2. As stated in Example 5.6.8, show
that all points z with |z| > 2 escape to oco.

5.6#6. You can learn a lot about the dynamics of complex iteration by ex-
amining the iteration of z? — 1. Although the resulting picture is symmetric
(because z gives the same result as —z), you will see that the dynamics are
certainly not symmetric.

(a) Calculate the iteration for various complex starting points z. For
example, try zo = 0, 1, —1, 1.5, ¢, —i, 144, 24. (See the notes regarding
calculation in Exercise 5.6#2 above.)

(b) You also have the option of performing these operations geometri-
cally: squaring means to square the absolute value and double the

polar angle; adding or subtracting a real number amounts to a hori-
zontal translation.

(c) Calculate the fixed points.

(d) Show that your results fit with Figure 5.6.2, the Julia set for 22 — 1.

5.64#7. Confirm that there exist 2"~! values of ¢ for which 22 + ¢ iterates
from zg = 0 to a cycle of order n.

5.6#8. For f(z) = 22.

(a) Find the periodic points of periods 2 and 3.

(b) Show that the periodic points of period dividing p are e2k7i/2°~1,
5.6449.

(a) Prove that every complex quadratic polynomial has (27 —2) complex
periodic points of period exactly p, counting multiplicity, for every
prime number p.

(b) How many periodic points of period 4 does a complex quadratic poly-
nomial have?

(c) How many periodic points of period 6 does a complex quadratic poly-
nomial have?

(d) In general, how many periodic points of period k does a complex
quadratic polynomial have?

5.6#10. Consider the question of Example 5.6.1. For how many real values
of ¢ is 0 periodic of period p, for some prime number p? The answer is
(2P~! — 1)/p for all primes p # 2. That fact is too difficult to prove here,
but you should verify it for p = 3, 5, 7, 11. That is, use the program
Analyzer to graph the orbit of 0 under z2? + ¢ and count the roots, using
blowup when you need a clearer picture. (Two notes: (i) The function you
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wish to graph is a function of c; set o = 0 and then change c to = for
entering in Analyzer. (ii) To avoid problems with the blowup, keep the
lefthand endpoint less than —2, and the vertical heights on the order of
+1.)

5.6#11°. Prove that K_s, the filled-in Julia set for 22 — 2, is simply the
interval [—2,2]. For purely real z = a or for purely imaginary z = bi, it is
straightforward to find when the orbits are unbounded. But for z = a + bi,
you will find that a different approach is required. We suggest the following:

(a) Show that for every point z in the complex plane outside the interval
[—2, 2], there is a unique point £ with |£| < 1 such that £ +1/¢ = 2.
Hint: Observe that £ + 1 = z is a quadratic equation for £ in terms
of 2z, and that the two solutions are inverses of each other.

(b) Show that the map (&) = £ + 1/£ conjugates P_5 to Py, as shown
in this diagram:

-8+ 1K
D - {0} > ¢ -[2,2]
Po P2
\ Vv
D - {0} >¢ -[-2,2]
E-E+1/8

(c) Derive the result from the fact that if |¢| < 1 then £2" — 0 asn — oo.

5.6#12. The roots of the polynomial equation P?"(0) = 0 are those values
of ¢ for which 0 is m-periodic, where m divides n. In Exercise 5.6#7 you
have confirmed that there are always k; = 2”1 values of ¢ that are roots
of P2™(0) = 0; this includes fixed points and cycles of lower order.

(a) For each of the first four possible values of n, find the c-values that are
n-periodic and those that are exactly n-periodic. For each n locate
these c-values on the Mandelbrot set and show that they confirm the
following statement.

For any n, each value of ¢ that is a root of P"(0) = 0
lies within a unique “ball” (called a component) of the
Mandelbrot set.
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(b)

()

Verify by experiment with another point in the “2-ball,” such as
(=1.1,0), and another point in the topmost “3-ball” that the orbit of
0 confirms the following statement:

All other points of each component of the Mandelbrot set,
have the property that 0 is not n-periodic, but is attracted
to a cycle of period a.

If you are lucky enough to have access to a graphics program that
follows orbits, fine; otherwise you can do this part and the next just
with algebraic calculation.

Pick a point in another ball or baby Mandelbrot set and determine
what the periodicity of the orbit will be. This should enable you to
appreciate the fact that there exists a whole combinatorial litany of
what you will find where on the Mandelbrot set; that is, what kinds
of cycles the orbit of 0 will be attracted to, for the different values
of ¢ at the different points within M. Now it is time to go looking at
the references, listed at the end of this volume.

5.6#13. For the original Cantor set:

(a)

(b)

Show that it satisfies the defining requirements: that it is closed and
bounded, totally disconnected, and without isolated points.

Show that the endpoints of the deleted intervals can be written two
different ways in base 3 decimals, so that they can have the proper
decimal representation to remain in the Cantor set.



Appendix. Asymptotic
Development

Asymptotic development or asymptotic expansion is the technical way of
saying that one function looks like another function, and since in this book
we will be constantly concerned with making such statements, we save an
appendix for precisely describing the rules of the game.

A1l. Equivalence and Order

The idea we wish to pursue in general is

how to express any function in terms of powers of x, or powers

of (z — zp).

The key property is the notion of equivalence of two functions near a
point zg. Actually, we will frequently be concerned with functions defined
only for x > 0 and the behavior near 0 or oo, so we will only require that
functions be defined on a one-sided neighborhood of a point z.

Most often, it will be behavior near infinity that matters. But the change
of variables

1 1
Y= or r=-+xo
T — o Yy

will transform a right z-neighborhood of zy into a y-neighborhood of +oc;

i.e., if we define
1
9(y) = f(g + xo),

then the behavior of g near +oo will be the same as the behavior of f on
a right-neighborhood of z,.
For the purposes of defining terms, we shall use right-neighborhoods.

Definition A1l.1. For two functions f and g defined to the right of zg,
they are equivalent at xg if

fl=@) _
LT B

This equivalence is noted f =, g, or f = g if z — oo.
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This is not the only possible definition of equivalence, and it does not nec-
essarily correspond to functions behaving “like each other.” For instance,
the functions

sin(z) and sin(z +e™%)

behave very much like each other near o0 (it would be hard to distinguish
them numerically for z > 20) but they are not equivalent in the sense
above. This is because the values of z for which they vanish do not coincide
(although they are very close), so the ratio ricochets near these values, being
zero at some x and undefined at others between the zeroes.

Remark. Definition A1l.1 is only reasonable for functions which have con-
stant sign on the right side of zo; a different definition of asymptotic de-
velopment would be required for functions which oscillate.

Associated with equivalence, there is a natural notion of order on func-
tions defined on a right neighborhood of z.

Definition A1.2. Near but to the right of xo, a function f is of higher
order than a function g if

. f(z)
Ao ~°

If this is true as £ — oo, a function f is said to be of lower order than a
function g.

There is in general no reason to think, given two functions, that either
is of higher order than the other; most often functions are not comparable.

We are now ready to proceed with the task of defining an asymptotic
expansion.

A2. Technicalities of Defining Asymptotic
Expansion

SETTING UP A SCALE

As we noted early in the last section, there is no loss of generality in de-
scribing only functions in a neighborhood of 400, and we will do that in
the rest of this appendix, except where noted otherwise.

The next task is to describe our scale functions, a set S of functions
(defined near +o00) which can be considered to be known and which can be
ranked in a linear order. The particular selection we will make is somewhat
arbitrary, and the reader may at will discard some (fewer functions will
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then be describable) or add some (at the cost of being familiar with some
rather elaborate functions).

Definition A2.1. Our set S of scale functions will be the functions
z%(Inz)PeP®)
where
P(z)=cz™ +...+cpz™

with 3 > ... > v, > 0, and with o, £, and the ¢; arbitrary real numbers.

These functions are the ones which we will consider known near infinity,
and in case you don’t know them, the following may help:

Theorem A2.2. The family S of scale functions has the following proper-
ties:

(a) Every function in S is positive near infinity.

(b) The family S is closed under products, and under raising to any real
power; in particular it is closed under quotients.

(c) Every element of S tends to 0 or co as x — oo except the constant
function 1.

Proof. Statements (a) and (b) are clear upon reflection. Statement (c)
is an elaborate way of saying that exponentials dominate powers, which
themselves dominate logarithms.

Indeed, first suppose that P(z) = 0 and a = 0. Then the scale function
is

(inz)?,

which clearly tends to 0, 1, or o0, if <0, 3=0o0r 8> 0.

Now suppose that P(z) = 0 and « # 0. Then the scale function is

z%(Inx)P,

and it is easy to see that this vends to infinity if & > 0, and to 0 if a < 0.
Finally if P(z) # 0, say

P(z)=ciz"™ +...+ cpz™
=2 (c1 + ™M + ..+ ez’ ),
we need to show that the term e 2" dominates, so that the function tends

to 0 or infinity when ¢; < 0 and when ¢; > 0 respectively. This is left to
the reader. a
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Actually, these properties are the only properties of a scale we will re-
quire, and the reader may add or delete functions at will so long that they
are preserved. Please note that they imply that any two functions in the
scale are comparable: in fact, either two functions are equal, or one is of
lower order than the other. In this way the scale guarantees a linear order-
ing of the known functions.

PRINCIPAL PARTS

This section includes two rather nasty examples of theoretical interest; the
more practical examples will be given in Sections A3 and A4.
Definition A2.3. A function f(z) defined near +oo has principal part

cg(zx) if g € S, c is some constant, and cg(z) is equivalent to f at +oo.
Then we can write f ~ g as

f(z) = cg(z) + lower order terms. (1)
Other ways of expressing that f is asymptotic or equivalent to cg(x) are

f(@) — cg(z) < g(), (1a)
and
f(@) = cg(z) + o(g(x)). (1b)

The “little 0” notation o(g(z)) is in common usage, both to describe the
set of all functions of lower order than g(z) and, as in this case, to refer to
some particular member of that set.

Another notation, “big O”, which must be carefully distinguished from
the “little 0”, is in common usage, especially by computer scientists. Upper
case O(g(z)) means of order at most the same as g(z)—as opposed to lower
case o(g(x)) meaning of order strictly less than that of g(z). In this text
we shall stick with o(g(z)).

A principal part already says a great deal about the function; and fre-
quently knowing just the principal part is a major theorem, as the following
somewhat remarkable example illustrates:

Example A2.4. Consider the function
m(z) = number of prime numbers < .

It is not at all clear that this function should even have a principal part,
but Legendre and Gauss, on the basis of numerical evidence conjectured
that it would be z/Inz. Indeed, the fact that

m(z) ~ z/Inz,

was proved, about 1896, by the French mathematician Hadamard and the
Belgian mathematician de la Vallée-Poussin. The result, called the Prime
Number Theorem, is still considered a hard result, too hard for instance
for a first graduate course in number theory. A
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AsSYMPTOTIC EXPANSION

We are finally ready to finish the theoretical presentation. In many cases
we will want more information about a function than just its principal part,
and there is an obvious way to proceed, namely to look for a principal part
for the difference, f(z) — cg(x), which is of lower order than g(z). That is,
we now write

f(@) — cg(@) = c2g2(z) + o(g2()).
This procedure can sometimes be repeated.

Definition A2.5. For a function f(z) an asymptotic expansion, or asymp-
totic development, occurs when we can write

f(z) = c191(x) + caga(z) + ... + cngn(z) + 0(gn(z))
with the g;(z) € S.

Definition A2.5 means that for each ¢ = 1,...,n we have
f(@) = ajg;(x) € o(gi(x)).
j=1

Thus each term is a principal part of what is left after subtracting from f all
the previous terms. Such an expansion is called “an asymptotic expansion
to n terms.” -

A3. First Examples; Taylor’s Theorem

We are now ready to state more precisely and prove Taylor’s Theorem:

Theorem A3.1. If f(z) is n times continuously differentiable in a neigh-
borhood of g, then

£(2) = f(a@0) + £'(@0)(z 7o) + ..+ = /™ (@) (& ~ z0)" +o{(@ — 20)").

Proof. This theorem is proved by repeated applications of ’'Hopital’s rule:

G [£ (o) + f'(z0)(z — z0) + ... + 3 f™ (o) (z — z0)"]

a:llwo (x — zo)™
. f(®) = [f'(@o) + " (20) (2 — o) + ... + 2y f ™ (o) (T — z0)" Y]
= lim (n-1)
T—To n(.z: — 1'0)"'—1

_ g @) = £ (o) _ 0

T—T0 n!




302 Appendix. Asymptotic Development
At zo = 0, a few standard Taylor expansions are

1 1
ez=1+x+—x2+...+mmn+o(z")

2!
1 -1)"
sinz =z — 5:1:3 +...+ (—2(7—1—;_)—1ﬁ12"+1 + o(z®™t1)

1 —1\n
cosT=1——x2+...+ (=1 22" 4 o(z?"1)

2! T (2n)!

1 —1)n-1
1n(1+m)=x—§x2+...+%zn+o(zn)
(1+z)* =1+az+—a(a2'_ DI S a(a—l)"r'l'(a_"“Ll)z"

+ o(z").

Note carefully that these Taylor series are asymptotic developments in a
neighborhood of 0. It is true that e* looks quite a bit like 1 and even more
like 1 4+ x, and so on, near 0. But it does not look the least bit like 1 near
infinity (or any other point except 0). In fact, the asymptotic development
of e near infinity is itself; it is an element of the scale and hence already
fully developed.

Similarly, the function e is an element of the scale at 0 and fully
developed there, although at infinity we have

1/z

e/ =1+ 1/z+(1/2)1/2" + ...+ (1/n!)1/z" + o(1/z").

It is quite important to keep the notions of Taylor series and asymptotic
development separate, and we will show this with the following example,
actually studied by Euler:

Example A3.2. Consider the function

oo —t
f(2) = /0 1e+ s

This function is well defined for 0 < z < oo. It has an asymptotic
development at 0 which we shall obtain as follows:

First, observe that near 0, we have a geometric series (attainable by long
division):

1
14zt

(—(L‘t)n+1
1+t

=1—at+ (xt)> —... + (=) (zt)" + (2)

This is simply the formula for summing a finite geometric sequence.
Second, we will need to know that

/ t"e"tdt =n!. (3)
0
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This is easy to show by induction on n and is left to the reader.

Third, multiply each term of (2) by e~*, then, remembering that z is
independent of ¢ and hence can be brought outside the integral, we use (3)
to integrate each term with respect to ¢ from 0 to oo, yielding

/oo e dt =1-z+222-3!23+... + (-1)"nl2"
o l+azt ’ )

+ (=1)nHignt / e
o 1+t

=1-z+2z> - 31z3 + ...+ (=1)"nlz" + o(z").

Let us now examine the remainder, to show that it is in fact o(z™). Since
1+ zt > 1, we see that the remainder is bounded by

(n+ 1)!1z™*! € o(z™).

However, this power series

> (-1 nlg”

does not converge for any £ # 0! A

You should think of what Example A3.2 means. Here we have a series,
and the more terms you take, the “better” you approximate a perfectly
good function. On the other hand, the series diverges, the terms get larger
and larger, and the more terms you take, the more the sum oscillates wildly.
How can these two forms of behavior be reconciled? The key point is the
word “better.” It is true that the n'" partial sum is “better” than the
n — 1*8 in the sense that the error is less than 2™ near zero. But nobody
says how close to zero you have to be for this to occur, and because of
the (n + 1)! in front, it only happens for z’s very close to zero, closer and
closer as n becomes large. So we are really only getting better and better
approximations to the function on smaller and smaller neighborhoods of
zero, until at the end we get a perfect approximation, but only at a single
point. .

Also, Example A3.2 should show that even if a function has an asymp-
totic expansion with infinitely many terms, there is no reason to think that
the series these terms form converges, or, if it converges, that it converges
to the function. Somehow, these convergence questions are irrelevant to
asymptotic expansions. In particular, the authors strongly object to the
expression “asymptotic series,” which is common in the literature. It is
almost always wrong to think of an asymptotic expansion as a series; you
should think rather of the partial sums.
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A4. Operations on Asymptotic Expansions

For nice functions, the previous section gave a way of computing asymp-
totic expansions. However, even if a function is perfectly differentiable, the
computation of the successive derivatives that are needed in Taylor’s for-
mula is usually quite unpleasant, it is better to think of the function as
made up from simpler functions by additions, multiplications, powers and
compositions, and then to compute the first several terms of the asymptotic
expansion the same way. We begin with several examples, before developing
the theory which makes it work.

Example A4.1. Consider the function
f(z) = sin(z + tan z),

we will find an expansion near zero (where the function, on the right side
of zero, is not oscillatory) with precision z*. First

sing T — %3- + o(z%)

cosT 11— 4 04 o(z5)
<z— 3”; +0(x4)>{1+ (z—; - g) + (f; - §>2+o(x4)}
= (m - %3- +o(z4)>{l + (%2 + %x“) +0(x4)}

3

=z+ % + o(z4).

tanx

Now we can write

3
sin(z + tanz) = sin <2z + % + 0(z4))

3
=2z — 2% + o(z*). A

3 1 3 3
=2+ — +o(z?) - = (22; + ?’3— + o(m4)) + o(z)

Example A4.2. Consider the function f(z) = /(z + 1) — v/z near oo.
We find \/(z + 1) = /z+/(1 + 1/z), and since 1/z is small near oo, we can

develop
,/1+1—1+11 Ll (S
z 20z 24 z? z?

Ve+1l-—+yz= -;-m’l/z—-;—x_3/2+o(z"3/2). A

leading to
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Example A4.3. Consider the behavior near z = 0 of the function

_zlnlz|
We find

zln|z| z In|z|
Tre 31§15 o)

= -;‘1‘ lnIzl{ (1 - ; - %2 + o(mz)) + o(mz)}

_zlnjz] 2%’lnjz| 23Iln|z|
2 4 8

+ o(z®In|z|). A

Example A4.4. Now for something nastier. How does
fl@) =1 +2)!/?
behave near co? Write
£(z) = (1 + 2)V/" = en(+a))/z

Then we need to write
In(l1+2z) = ln:z:+ln(1 + 1) =Inz + 1 —15 +o<i)
T 2
so that

T T 2 23

Inl+2z) Inz 1 1 (1)

3

Since this function goes to 0 as x — oo, we can apply the power series of
the exponential at 0 to get

Inz 1 1 1
f(:L‘)—1+—+ ) 5‘;;'*'0(;‘5)4'

R ok
Inz (ln:r:)2 + 1 + (Inz) N (lnn;:)?’ ((ln:c)?’).
T

=1 —_—
+ 2z2 2 3 3

In this case the result was not really obvious; it wasn’t even clear that
f(z) tended to 1. A
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A5. Rules of Asymptotic Development

It should be clear from the examples of the last section that there are two
aspects to asymptotically developing functions: one is' combining the parts
found so far, and the other is recognizing what can be neglected at each
step. Here are the rules.

1. Addition. You can add two asymptotic developments terms by term,
neglecting the terms of higher order than the lower of the two preci-
sions, and getting a development of that precision.

2. Multiplication. If

fi(@) = c191(x) + ... + cagn(@) + o(gn())
fa(x) = b1h1(z) + ... + bhm(z) + o(hm(z)),
then you get an asymptotic expansion of f;, fo by multiplying to-
gether the expressions above, collecting terms of the same order, and
neglecting all terms of higher order than
91(@)hm(z) or gn(z)hi(z).

The development obtained has precision equal to the lower of these
two precisions.

3. Powers (and in particular inverses). This is a bit more subtle. The
idea is to factor out the principal part of the function to be raised to
a power, i.e. to write

F(@) = c101(x) [1 + (-Z) (%) ¥ ] 4)

~

~

®

so that we can apply the formula for (1 + ¢)® to the second factor.
We get
«a a o a(a — 1) 2
(f@)* =crgi(1+alp) + ——5— (@) +...).

If the Taylor expansion of (1 + ) is carried out to m terms, the
precision of the development (4) is

g2\"
o —_—
9 (91)
Here we stop the list of rules. A good exercise for the reader is the
problem, very analogous to the Taylor series, of developing
Inf and ef,

or rather of formulating conditions under which it can be done (this
is not always possible without enlarging the scale).
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Answers to Selected Problems

Since many of the problems in this book are unlike those in other differential
equations texts, solutions to a selected subset of the problems are given here.
It is hoped that this will provide the reader with useful insights, which will
make all of the problems stimulating and tractable.

Solutions for Exercises 1.1

1.1#2.b. The isoclines for 2’ = 2% — 1 are of the form z = +1/m + 1, with
slope m. A slope field is shown below, with dashed lines for isoclines. Note
that —1 <m < o0.

/ 3.0

s /---/--f-+/,

S

ST AN
SANENENENAN

/ AR A S AP A

/:ry/y:/: 7/111/7171
-3. /

=z2-1

oo
o =N

33 33

Solutions above z = 1 and below z = —1 appear to become vertical. The
functions x = (1-Ce?)/(1+Ce?) are solutions, with C = (1—x0)/(1420).
Therefore, for C > 0, the solutions lie between z = —1 and =z = 1; for
—1 < C <0, they are above z = 1; for C' < —1, they lie below £ = —1. The
isocline = —1 is a solution, but cannot be written as (1—Ce?!)/(1+Ce?)
for any finite C.

1.1#4.iv.1-0a,2—h,3—-d,4—¢,5-b,6—¢, 7T— f,8—g.
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1.1#5.a—4 (or 8),b—6,c—1,d -2, e—3, f —5. Graph 7 could be
' =z+1.

1.1#9. If t is replaced by —t in the equation z' = f(t,z), we get
d(z)/d(—t) = —z'(-t) = f(—t,z(—t)), so symmetry about the z-axis will

result from the transformed equation =’ = — f(—t, z). Similarly, symmetry
about the t-axis comes from replacing by —z. This leads to the new equa-
tion '’ = —f(t, —z). For symmetry about the origin, replace z by —z and

t by —t, and the new equation will be ' = f(—t, —z). None of the other
sign variants lead to symmetric graphs, in general.

1.1.#13. Implicit differentiation of 2’ = 22 — 1 gives =" = 2z2’ = 2x(x? —
1), so that inflection points can only occur where z = 0, 1, or —1. Note in the
graph for Exer. 1.1#2.b the solutions do have inflection points at z = 0.
No solutions pass through z = 1 or —1 except the two constant solutions,
which do satisfy z” = 0 at every value of t. It can also be inferred that
all solutions above z = 1 are everywhere concave up, those below z = —1
are everywhere concave down, and those between £ = —1 and = = 1 are
concave down where z > 0 and concave up where z < 0.

Solutions for Exercises 1.2-1.4

1.2-1.4#£3.c. A funnel and antifunnel for ' = 22 — 1 are shown below.

1.2-1.4#4. The computer pictures are provided in the text, as Figure
5.4.6. It shows three different sets of computer solutions for =’ = z2 — t,
with stepsize h = 0.4. The three pictures correspond to three different
numerical methods for computing the solutions. You will learn all about
these in Chapter 3. Your program DiffEq uses the third method.
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1.2-1.4#9. (a) In the equation z’ = f(t,z) = z — 2?, f does not depend
explicitly on t. This means that the isoclines are horizontal lines x = con-
stant. Therefore, to check that |z| < 1/2 is an antifunnel, we need only
show that z’ is (strictly) positive for x = 1/2 and (strictly) negative for
x = —1/2. Similarly, 1/2 < z < 3/2 is a funnel because z’ < 0 on the
isocline z = 3/2.

(b) A narrowing antifunnel containing z(t) = 0 can be obtained by using
any monotonically decreasing curve «(t), with limy(t) = 1 as t = —o0
and lim~(t) = 0 as t = oo, as the upper fence. The lower fence can be
any monotonically increasing curve §(t) with limé(t) = 0 as t = oo. For
example, let §(t) = —e~? and (¢) = (r/2 — tan~1t) /7. See drawing a:

[ TR I TR K TR I TR A TR I S S TR AR BT R IR}

chERErre R e e v e v

y(t) = E-2tan’t
2n

A\ VANV

BERIIRRRIE
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A narrowing funnel containing z(t) = 1 can be constructed by using
B(t) = 1+ a/t, a > 0 as an upper fence, and a(t) = 1 — a/t as a lower
fence. To make |3 — 82| > |3, we need |(1+a/t) — (1+a/t)?| > | —a/t?|.
If a > 1, this condition is satisfied for all ¢ > 0. The curve a = 1 — a/t will
be a lower fence if |a/t — a?/t?| > |a/t?|. This holds whenever t > a + 1.
Graph b shows a(t) = 1 — 2/t and 8(t) = 1 + 2/t bounding a narrowing
funnel about = = 1.

1.2-1.4#15. For ¢’ = —x/t, the isoclines are x = —mt. A slope field is
shown in graph a.

(a) Use B(t) = t7'/2 and a(t) = —t~1/2 as upper and lower fences,
respectively. Any solution that starts between these two curves, for t > 0,
will stay between them, and therefore approach 0 as t — oo.

(b) Graph b shows that happens to solutions of the perturbed equation
#’ = —x/t + 2. This is a Bernoulli equation, and in Chapter 2 you will
find that its solutions are z(t) = [Ct — tIn(t)] . Therefore, any solution
of this equation that starts near the z-axis will move away from it for any

C>0.

isoclines: x = mt X
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Solutions for Exercises 1.5

1.5#1.h. The isoclines for =’ = ¢(2 — z)/(t + 1) are of the form z =
(2—m)—m/t. Note that z = 2 is a solution. A narrowing funnel around the
solution = 2 can be constructed by using the upper fence 3(t) = 2+e~%-5
and lower fence a(t) = 2 — e~9-5t. Both of these satisfy the conditions for
a strong fence, for all ¢ > 1. A picture is shown below.

/=t(2—$)

t+1

1.5#10. (a) If 2’ = 22 /(t2+1) — 1, the isoclines of slope m satisfy x2/(t? +
1) = m + 1, hence are hyperbolas of the form z%/(m + 1) — 2 = 1. The
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sketch shows the isoclines of slope 0, —1. The slope is negative where |z| <
(2 + 1)}/2, and positive elsewhere.

hyperbola
x2-t2=1

x

m=0

1

TTeY1T

(b) The region between the isoclines for m = 0 is a funnel for ¢ >
0; therefore, any solution satisfying |u(0)| < 1 stays inside that funnel
for all ¢ > 0. Every solution in this region is a monotonically decreasing
function of t. These solutions cannot approach —oo faster than the lower
fence —(t2 + 1)*/2, hence are defined for all ¢ > 0.

(c) For slope m = (14+/5)/2, the isoclines satisfy z2/[(3+v/5)/2]—1? = 1.
The asymptotes for these hyperbolas are z = £[(3+ v/5)/2]'/?t. Check, by
squaring both sides, that [(3 + v/5)/2]'/2 = (1 + v/5)/2. Therefore, the
slope of these two asymptotes is #(1 + v/5)/2. Since the hyperbola’s slope
increases from 0 to (1+41/5)/2 as t — o0, it is always less than the slope z’
along the hyperbola; therefore, the hyperbola is a lower fence. Along the
line z = [(1++/5)/2]t, the value of 2’ is {[(1++/5)/2]t> —1}/(t*+1), which
is less than (14 v/5)/2. Therefore the asymptote is an upper fence and the
shaded region between the hyperbola and asymptote is an antifunnel. The
dispersion df /0z = 2z/(t>+1) > 0 for z > 0, and this implies that exactly
one solution remains in the antifunnel as ¢t — co.

(d) Solution curves are shown in both graphs below.
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isocline is hyperbola:
2x2 -2=1 X
345, s

5
\ / 1 I 1 I ! - - -
solutionsy !
1
1,

1 7’ - - ~
1 / 7 - -
. <5 ‘ -
x=|:'1_+E:It
2
2
T
I=__1
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Solutions for Exercises 1.6

1.6#3. (a) Use the isoclines 3(t) = (t2 — 1)/3 as an upper fence and
a(t) = (t2 + 1)*/3 as a lower fence. On z = B(t), 2’ = —1 and B/(t) =
2t/[3(t2 — 1)?/3] > 0for t > 1. On z = a(t), 2’ = 1 and /(t) = 2t/[3(t* +
1)2/3] < 1 for all t > 0. The shaded region in the graph below, between o
and 3, is a narrowing antifunnel along x = t2/3. The dispersion 8f/0z =
3x2 > 0 implies that there exists a unique solution z* which remains in the
antifunnel.

X3 -2 =x2

oft) = (+ 1)
| 4 x =t

B = - 1)"

solutions
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(b) To show that any solution in the antifunnel, above the exceptional
solution z*, has a vertical asymptote, let (¢;, ;) be any initial point in this
region. Let u(t) be the solution through (¢1,z;). Then u must leave the
antifunnel at a point (t2,u(t2)) on a(t), with to > t1, and «/(t3) = 1. In
the shaded region where z3 —t2 > 2, the solutions of z’ = z2 will be lower
fences for ' = % — ¢2, and they each have vertical asymptotes. Implicit
differentiation of z® — t? — 22 = 0 gives 2’ = 2(z® — £2)/2/(322 — 2z) — 0
as ¢ — oo. Therefore, the solution u(t) will intersect this curve at some
point (t3,u(t3)) with t3 > t;. The solution of x’ = 2 through this point is
a lower fence. Since it goes to infinity at finite ¢, so will u(t).

1.6#£6. The solutions of ' = £2/2 are of the form z(t) = 2/(C —t). In the
region where 22 — t > x2/2, the solutions of z’ = 22/2 form a lower fence
for 2’ = 22 — t. This region is shaded in the graph. Therefore, the solution
of 2/ = 22 — t through z(0) = 1 has the curve 2/(C —t) as a strong lower
fence, where C = 2. This implies that the solution remains above the curve
a(t) = 2/(2 — t) and must, therefore, have a vertical asymptote at some
value of ¢t < 2.

solution through (0, 1)
lower fence (for t > 0)

:asymptote for lower fence

t
b
€
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i
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Solutions for Exercises 2.1

2.1#2. The answers are:

(a) n(tz)+z—-t=C (f) z=(@+C)/1-Ct)
(b) 1+z)(1-t)=C (s) tan(6)tan(p) =C

(©) (t+2)/(tx)+In(z/t)=C (b sin(6) +sin®(p) = C
(d) (xz —a)=Cel/t (i) tan(z) = C(1—¢?)3
(e) z22=C(t—a)/(t+a) (G) +22=t22+C

Solutions for Exercises 2.2-2.3

2.2-2.3#4. The answers are:

(a) z=tt+1)2+Ct+1)? (e) z=1t"(et +C)
(b) z=Ct*+t/(l1—a)—1/a (f) trz=at+C
(c) z=at+Ct(1—1t?)'/? (8) elx=t+C

(d) = =sin(t) — 1+ Ce~sin(® (h) z =131+ Cel’?)

2.2-2.3#8. Assume a quadratic solution of the form z(t) = o + Bt + 7t2.
Then (t2 4+ 1)(27) + (27t + B)? + k(a + Bt + t2) = t? implies that t2(2y +
4v% + k) + (4B + kB) + (2 + B2 + ka) = t2, which leads to the three
equations

2y +4y  +ky=1
4B+ kB=0
27+ 6% +ka=0.

From the first of these equations the possible values for v are [—(2 + k) &
{(2 + k)% + 16}1/2]/8. If k = —2, then 4 = +1/2. When v = 1/2, 3 is
arbitrary, a = (1 + (32)/2, and there is a family of quadratic solutions of
the form z(t) = t2/2+ Bt + (14 3%)/2. When k = —2 and v = —1/2, Bis 0
and a = —1/2, so there is one extra quadratic solution z(t) = —(t2 4+ 1)/2.
If k # =2, B = 0 and z(t) = v(t2 — 2/k), where 7 can have only the two
distinct values shown in the quadratic formula above. This gives exactly
two quadratic solutions, one opening upward and the other downward. Note
that this method does not find any of the solutions that are not quadratics.
But you can show that there are no other polynomial solutions of degree
n > 2 because the middle term alone would then be of higher degree, and
there would be nothing to match it up to.

2.2-2.3#10. The answers are:

(a) 222 +1+Ce’)=1 (c) a22®=Ce™ —a(t+1) -1
(b) [CA-t)2—qlz=1 (d) z = [tan(t) + sec(t)]/[sin(t) + C]
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Solutions for Exercises 2.4-2.5

the

is

(2 + cos(t))u — u?/2 + , then

(2+ cos(t +2m)z — 2% /2 4+ @, which

2(t) satisfies dz/dt =

(b) The graph below shows the two periodic solutions for @ = —1. The

funnel around the upper solution and antifunnel around the lower one are

same equation because of the periodicity of the cosine function.
shaded in.

2.4-2.5#2. (a) If u(t) satisfies du/dt

u(t + 2m)

(2 + cost)z — x2/2 —

(c) The three graphs below show the slope fields for a = —1.37, —1.375,
and —1.38. Notice that the two periodic solutions exist, but are very close

—1.37. By the time a reaches —1.38 it is clear that no

together, for o

it would have to cross the trajectory shown

, since

t

ion can exis

dic solut
the third figure. This in turn would violate the existence and un

perio
theorem.

iqueness

m
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a=-1.38
For all three graphs —2 <z < 8, —15 <t < 15.

2.4-2.5#£6. The differential equation for N is obtained by setting the per
capita growth rate (1/N)(dN/dt) = r; — roN'/2. This is the net growth
rate, or birth rate — death rate. The equation can then be written as
N' = N(r; — r2N'/2). The slope field for this equation is graphed below.
There are two equilibrium solutions, N = 0 and N = (ry/r2)?. With a
change of dependent variable, N = Z2, the differential equation becomes
2Z7' = N' = N(r; — roNY/2) = Z?(r, — roZ), which can be written
Z' = Z(r1/2 — (r2/2)Z). This is the logistic equation in Z. Therefore, the
solution N = 0 is unstable and (r1/r2)? is stable. This is indicated in the
graph below.

5

z' =z(.5-.3Vx)
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Solutions for Exercises 2.6
2.6#1. The answers are:

(a) t3/3+at—z*=C (d) In(z/t) —tz/(t—z)=C
(b) 222 —tz+t3=C (e) not exact
(c) zt =4tz +C (f) ln(t+z)—-t/t+z)=C

Solutions for Exercises 2.7

2.7#2.c. To solve (1 +t)z’ — kz = 0, with z(0) = 1, let u(t) =1+ a1t +
agt?+-++ = Y ant™. Then v/ (t) = Y nant™ . If these sums are substituted
into the differential equation, we have

oo oo
(1+1¢) E:nant"_1 -k Z ant™ =0.
n=1 n=0

Assuming the sum is convergent, we can write the first term as two sums:

o0 o0 o0
Z na,t" ! + Z na,t" — k Z ant" =0.
1 0 0

A change of index on the first sum allows us to write
o0 o0 oo
Z(n + Dany1t™ + Znantn —k Z ant" =0,
0 0 0

and this gives a recurrence relation for the coefficients, (n + 1)an41 =
(k—n)a,. Therefore, ap = 1, a1 = kag =k, ag = (k—1)a1/2 = (k—1)k/2},
and in general a, = k(k—1)...(k—n+1)/n!. Therefore, the series solution
is u(t) = 1+ kt + k(k — 1)t2/2! + ... = (1 + t)* (the Binomial Series), and
converges for |t| < 1.

2.7#7.c. If the series Y a,t™ is substituted into the equation for z(t), you
will obtain the recurrence relation an+2 = —(n—1)a,/[(n+1)(n+2)]. The
initial conditions determine ag = 1 and a; = 0. Note that with a; = 0, the
recurrence relation implies that all a,,, n odd, will be 0. The series solution
is z(t) = 1 —t2/2! +t*/4! — 3t5/6! + 5- 3t®/8! — - - - with nth term given by

ant?™ = (-1)"1-3-5---(2n — 3)t>"/(2n)!, for n > 2.

This is an alternating series, with terms monotonically decreasing to zero,
which means that the error made by stopping with the nth term is less
in absolute value than the (n + 1)st term. Therefore z(0.5) = 7/8, with
absolute error less than (1/2)*/4! 22 0.0026.
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Solutions for Exercises 2. Miscellaneous Problems
2.Misc#2.(ii). The answers are:

(a) z2+2tx—t2=C (d) 1+2Cz—C*#2=0

(b) 2 +2tz=C (e) t+z)22t+x)3=C

(¢) In(t* +2%)Y2 —tan~Y(z/t) =C (f) texp|(s/t)}/?]=C,
or s = t[In(C/t)]2

Solutions for Exercises 3.1-3.2

3.1-3.2#1. (a) The first two steps in the approximate solutions of z’ = «,
z(0) = 1, with stepsize h = 1, are shown below:

r Euler Midpoint R-K Exact Sol.

0 1.0 1.0 1.0 1.0
1 20 2.5 2.7083333  2.71828183
2 40 6.25 7.33506945 7.38905610

(b) The analytical solution is z(t) = e, with the values shown in the
table above.
(c) Graphical solution:

THREE METHODS FOR NUMERICALLY APPROXIMATING SOLUTIONS TO X' = X
STARTING AT (t,, x) = (0,1)
WITH STEPSIZE: h = 1

FOR TWO STEPS.
E
U
i L 7
E ' E 7 R f
U R U
L ' 6 i N 6
E S G ]
R
. IM 5 . E 5
i
S D K i
4 P 4 U 4
M o [ T
E I / T ]
T N 3 A 3 /
H T /
(0]
D M 2 M 2
E E =
T T y
1 H 1 H 1
(0] (o]
D D
% 2 %~ 2 2
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3.1-3.2#7. (a) This method uses the formula =, = z, + hm, where m
is the average of the slopes at the two ends of the interval. See the drawing
below.

Midpoint Euler approximation for x' = f(t,x)
X
slope m =m”+2m,m P
-
- \
//,’ / slopem =f(t .x+hf(,x))
///
X, —
slopem =f(t,x )
'n tﬂA t
X,,, =X +hm

m = average of slope at two ends of the interval

(b) Let dz/dt = g(t). Then zp41 = n + h[g(tn) + g(tn+1)]/2. This is the
Trapezoidal Rule for integration, which approximates the area under the
curve between t = t,, and t,41 by the area of the trapezoid having sides of
height g(t.) and g(tn+1).

3.1-3.2#8. The Euler and Runge-Kutta approximations of z(1), where
z’ = z? and z(0) = 2, are shown below. The stepsize used is h = 0.1.

t  z (Euler) z(R - K) z (exact)
0 20 2.0 2.0
0.1 24 2.499940 2.5
0.2 2.976000 3.332946 3.333333
0.3 3.861658 4.996857 5.0
0.4 5.352898 9.930016 10.0
0.5 8.218249 82.032516 00
0.6 14.972210 1.017404 x 10712 —10.0
0.7 37.388917  overflow -5.0
0.8 177.1820 —-3.333333
0.9 3316.5292 -2.5
1.0 1103253.14 -2.0

(b) Looking at the results of the Euler approximation, you might think
it was just increasing exponentially. After running the Runge-Kutta ap-
proximation, it appears that something is quite wrong,.

(c) The analytic solution can be found by separation of variables. dz/z? =
dt - ~1/x =t+ C = z = 2/(1 — 2t), where z(0) = 2. Note that this so-
lution is undefined at ¢t = 0.5. It has a vertical asymptote there. This was
not obvious from either approximation.
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(d) A smaller constant step h in the t-direction will not help, because
eventually the distance from the approximate solution to the asymptote will
be smaller than h; then the next step simply jumps across the asymptote
without even knowing it is there.

(e) The only hope for not crossing the asymptote would be a step-
size that gets smaller in the t-direction as the approximate solution ap-
proaches the asymptote. The easiest experiments focus on Euler’s method
for 2’ = f(t,il?), (tn+1,zn+1) = (tnazn) + h(l’ f(t,:l:)), and Change the ex-
pression for the step. The term h(1, f(¢,z)) represents a step length h in
the t-direction. Changing it to h(1/f(¢,z),1) maintains the proper slope,
but forces each step to vary in the t-direction inversely as slope. An alter-
native interpretation for this second step expression is that the step has
constant length h in the z-direction. Using such a modified step greatly
delays the approach to the asymptote, but the approximate solution nev-
ertheless eventually crosses it (e.g., with h = 0.1 at z = 78.7), because
the approximate solution eventually gets closer to the asymptote than the
horizontal component of the step.

(f) A possible refinement of the ideas in (e) is to force the Euler step to
have length h in the direction of the slope, by using

h(1, f(t,2))/V/1+ f2(¢, ).

This actually works better at first, but an approximate solution with this
step also eventually crosses the asymptote, a little higher up (for A = 0.1
at T ~ 79.7).

Our conclusion is that the step variations described in (e) and (f) def-
initely are much better than the original Euler method, but they fail to
completely remove the difficulty. We hope you have seen enough to suggest
directions for further exploration.

3.1-3.2#10. (a) ' = 4 — z, (0) = 1. The implicit Euler formula gives
ZTiy1 = Z; + h(4 — z;41). This is easily solved for z;11 to give z;41 =
(z; + 4h)/(1 + h). Therefore, with h = 0.1, we can find z; = 1.272727,
To = 1.520661, and z3 = 1.746056. This compares well with the exact
solution z(t) = 4 — 3e™*, which gives z(0.3) = 1.777545.

(b) Here, ;11 = @; + h(4xi41 — x2,,), which can be written in the form
ha?,, +(1—4h)z;y1 —z; = 0. The quadratic formula can be used to obtain
zip1 = (4h —1)/(2h) + [(1 — 4h)? + 4hz;])'/2/(2h). This gives the values
z; = 1.358899, zo = 1.752788, and z3 = 2.150522. The analytic solution
z(t) = 4e*/[3(1 + €*t/3)], so the exact value of z(0.3) is 2.101301.

(c) The implicit Euler formula is z;41 = ; + h(4Zi41 — z3 '+1)- In this
case we must solve the cubic equation

had | + (1 —4h)ziy1 — 2 =0

for ;41 at each step. The solution of 0.1z3 + (0.6)z; —1 = 0 is z; =
1.300271; and continuing, o = 1.548397, z3 = 1.725068. In this case the
analytic solution z(t) = [4/(3e~8 + 1)] gives z(0.3) = 1.773210.
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(d) For this last equation, the implicit Euler formula is z;41 = x; +
hsin(t;+12:4+1). Here, the equation at each step must be solved by some-
thing like Newton’s method. For z; = 1 + 0.1sin(0.1z;) we get z; &
1.010084; and continuing, zo = 1.030549, z3 = 1.061869.

Solutions for Exercises 3.3

3.3#2. (a) For the midpoint Euler method, Table 3.3.1 gives

N h  E(h)/h?
512 1/256  2.4558
1024 1/512  2.4594
2048 1/1024 2.4612
4096 1/2048 2.4621
8192 1/4096 2.4626
16384 1/8192 2.4628

so that Cas appears to have a value of approximately 2.463.

(b) To find the asymptotic development of the error, use up(t) = (1 +
h+ h%/2)"/". Then uy(2) = er(2) = ¢(2/R)In(1+h+h%/2) anq using the
Taylor series for In(1+ ), In(1+ h+h?/2) = (h+h%/2) — (h+ h2/2)2/2 +
(h+h?/2)3/3 — - = h — h3/6 + O(h*). Therefore

€® —up(2) = & — M /HHOMY) = 62 _ e2[1 4 (—h?/3+ O(®))
+ [=h?/3+ O(h%))2/21 + -] = €® — 2[1 — h?/3 + O(h3)]
=e’h?/3+ O(h®) = Cph? + O(R3).
The value Cy = €%/3 22 2.46302.

(c) The exact value of Cps compares very well with the experimental
value found in part (a).

3.3#6. (a) The Taylor series can be computed from the successive deriva-
tives of f, as

g=@+t), " =—(@+t) 2@ +1) =—(c+t) (e +1)" +1]

or " = —(z +t)~3 — (z + t) 2. The successive derivatives can be written
as polynomials in (z + t)~!. If we let z = (to + z(to)) ™, the 6th degree
Taylor polynomial is
z(to + h) = z(to) + hz — h2(2° + 2%)2! + h3(32° + 52* + 22°%)/3!
— h*(1527 + 3525 + 262° + 62%) /4!
+ h%(1052° + 31528 + 34027 + 1542° + 242°) /5!
— h®(9452'" + 346520 + 49002° + 33042° + 10442" + 1202°)/6!
+ O(h").
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To find #(0.1), with z(0) = 1.0, for example, this polynomial must be
evaluated with h = 0.1 and 2 =1/(0.0 + 1.0) = 1.

(b) The equation is a linear differential equation for ¢, as a function
of z. That is dt/dz = = +t, or t/(z) — t(z) = z. This gives the result
t(z) =—x—1+4+Ce®. Withz(0) =1,0=-1-1+Ce= C = 2/e.

(c) The table below compares the Taylor series approximation and the
Runge-Kutta approximation with the exact solution. Note that the Runge—
Kutta solution is more accurate, and definitely easier to compute, especially
if the program is already available on your computer.

t exact sol.  Taylor series R-K

0 1.0 1.0 1.0
0.1 1.09138791 1.09138403 1.09138895
0.2 1.16955499 1.16955068  1.16955629

{(d) When z(0) = 0, the solution is undefined.
(e) The table for z(0) = 2:

t exact sol.  Taylor series R-K

0 20 2.0 2.0
0.1 2.04822722 2.04822721 2.04822733
0.2 2.09326814 2.09326813 2.09326816

The Taylor series is more accurate when z(0) = 2, because the value of z
is smaller, so the series converges more quickly.

3.3#8.(a) The exact solution of ' = f(t) is of course

u(t) = [ f(s)ds;

to

Euler’s method gives the lefthand Riemann sum approximation to the in-
tegral as ‘

n—1

un(ts) = ) hf(si) + (t1 = 5n)f (sn),
i=0
where we have set s; = tg + ih, and n is the number of whole increments

of h which fit in [to, t1]. Then

t
Sn

n—1 Sit1
Ba= Y [0 - s+ [ (0= s

Taylor’s theorem says that there exists a function c;(s) with s; < ¢;(s) <
s such that

1£6) = s = /() — sl < LGN 6 gy,
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so that
3

/ f”’ (f(s) = f(s:))ds — / 7 F(5)(s - s0)ds| < suplf "|%'

81

Make a similar argument for the last term of the Riemann sum, and eval-
uate the second integral on the left, and sum, to get

h? & h?
|E(h) — > Zf'(siﬂ < sup|f”|(t1 — to)—ﬁ—-
i=0

The second term within the absolute value is
h t
5 xa Riemann sum for f'(s)ds.
to
An argument just like the one above gives the error:

2

n th h
33160 = [ 7o)l < suplsl s~ )

Putting the two estimates together, and calculating the integral of the
derivative of f, this leads to

2
B(h) — 5 (7(t1) ~ f(t0)) < suplf"|(tx — to) .

(b) Part (a) was relatively straightforward: write everything down explic-
itly and apply Taylor’s theorem. This part is harder. To simplify notation,
let us suppose that t; = ¢y + (n + 1)h. Then the Euler approximation uy,
to the solution of =’ = g(t)z with z(to) = =z, is given at time ¢, by the
product

logun(t1) = (1+ hg(s0))(1+ hg(s1)) -+ (1 + hg(sn))zo.

Since z is a factor of u(t;) and up(t;), we can set zo = 1.
Use logarithms to study the product:

log (1) = 3 10g(1+ ho(s:)) = 3 (ha(s0) ~ ' (o(a0))* + O(%)).

The first term in the sum is a Riemann sum for f:ol g(s)ds, and we saw in
part (a) that

Sohgte = [ o) =5 [ g (e)ds+ 0w,

The next term is a Riemann sum for (h/2) f:ﬂl (9(s))?ds.
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(b) Rounded round (a) Rounded down

N Error order Error order
1024 0.00080421 0.9395 0.00136497 0.4337
2048 0.00037125 1.1152 0.00160149 —0.2305
4096 0.00020340 0.8681 0.00262001 —0.7102
8192 0.00009849 1.0462 0.00488594 —8991

16384 0.000052718 0.9017 0.00965431 —0.9825

(c) Notice that the errors in the rounded round calculation are still de-
creasing, although the order is beginning to fluctuate further away from
1.0000. For the rounded down case, the order of = 1 is seen for N between
64 and 256. It goes to = —1.0 at N = 16384. The smallest error in the 2nd
column occurs at N = 1024.

Solutions for Exercises 4.1-4.2

4.1-4.2#3. At any time ¢, r(t)/h(t) = tan30° = 1/+/3. The area of the
cross-section A at height h is 772 = 7h2(t)/3. From equation (3) in Section
4.2, b'(t) = —v/2g(a/A)Vh = —3a+/2g h~3/2 /7. We are given the constant
area a = 5 x 107°m2, and g = 9.8. The differential equation for h is
W (t) = —Kh=3/2 where K = 1/19.6 x15x 1073 /7 = 2.114 x 10~*4. Solving,
by separation of variables, gives h(t) = [-2.5Kt 4+ C]?/5. At time t = 0,
h(0) = 0.1m. This makes C = (0.1)%/2 = 0.00316. To find the time T when
A = (7/3)h?(t) = a, set h(T) = 6.91 x 10~3. Then T = 6 seconds.

Alt

30°

area a=0.5cm?
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Solutions for Exercises 4.3

4.3#+2. For the equation z’ = cos(z? + t), 8f/0z = —2zsin(z? + t). To
have |8f/8z| > 5 requires |zsin(z? +t)| > 2.5. This can only occur when
|z| > 2.5. The narrow triangular regions where the inequalities f/0z > 5
and 0f/0z < —5 are satisfied are shown in the graph below. These are
found by graphing the functions apart or come together much more rapidly

than in the part of the plane where |z| < 2.5.

fences: 5.
t=-x2-arcsin )‘(—):tm:

isoclines: t=c- x?

shaded regions: - 10 small dispersion
.0 !

x

solutions pull apart.

striped regions:
l5x >
funnels and antifunnels.

Sx=25

= X=- 25

AW
8.0\

X £
G :\'{‘:“" T/ ALES x =- 2.5

% DRSS
o o I .
'

ANTIFUNNEL

z' = cos(z? + t)

large dispersion

large dispersion:
solutions converge
or diverge faster.
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Solutions for Exercises 4.4

4.4#4. Let u(t) be the solution of z’ = f(t,z), with u(0) = 0, and u(5) =
17. Assume f has Lipschitz constant K = 2. If z(t) satisfies =’ = f(¢,z) +
9(t,z), with |g(t,z)| < 0.1, then

u(t) — (t)] < 0.03€?t7tl 4 (0.1/2) (et ~tl —1).
Therefore, |u(5) — z(5)] < 0.03 €% + 0.05(e1® — 1) < 1763. This says that
x(5) can lie between 174 1763 (not a very useful estimate).

Solutions for Exercises 4.5

4.5#1. (a) The differential equation 2’ = (|z|'/2 4+ k) can be solved explic-
itly by solving it in each of the regions x > 0 and z < 0, by separation of
variables. For example, for > 0, 2’ = \/z + k, or dz/(\/z + k) = dt. This
can be integrated to get 2/ — 2k In(y/z + k) = t + C. A similar result
for z < 0 leads to the solution 2|z|'/2 — 2k In(|z|'/2 + k) = t + C, which
holds for all z. If k # 0, there is a unique solution for any initial condition.
Notice that = 0 is not a solution of the equation if k # 0.

X
5

T
Ls
g’ =+/lz] - 05

(b) This differential equation does not satisfy a Lipschitz condition in
any region including x = 0, because 8f/9z = co as ¢ = 0" or z = 0~.
That implies that |f(2,0) — f(¢,«)| can be made greater than K|z| for any
constant K. This problem is meant to show you that a Lipschitz condition
is sufficient, but not necessary, for uniqueness of solutions.

4.5#5. (a) If z(t) = Ct — C?/2, then tz' — (z')?/2 =tC — C?/2 = z.
(b) If z(t) = t2/2, then tz’ — (z/)2/2 =t -t — t2/2 = 12/2 = z.
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(c) The line z = Ct — C?/2 intersects z = t2/2 where t2/2 = Ct —
C?/2; that is, where (¢t — C)2/2 = 0. Therefore the point of intersection
is (C,C?/2). The slope of the parabola at this point is C, so the line is
tangent there. This gives two solutions through every point outside the
parabola; there are none inside. To see that this is true, let (£,Z) be an
arbitrary point in the plane. Set Z = Ct — C?/2 and solve for the constant
C. By the quadratic formula, there will be two solutions if Z < #2/2, one
solution if Z = #2/2, and none otherwise.

(d) In the text, a differential equation is defined to be an equation of
the form 2’ = f(t,z), solved for ' in terms of z and t. If we try to put
this equation in that form, we get ' = t & (2> — 2z)/2. In the region
(t2 — 2z) > 0, i.e., outside the parabola of equation z = t2/2, this gives
two differential equations; both are easily seen to be Lipschitz, and the two
straight lines tangent to the parabola from any point outside it are the
solutions to those two equations through that point. Along the parabola,
the equation is not defined in a neighborhood of any point of the parabola,
so the existence and uniqueness theorem says nothing.

Solutions for Exercises 4.6

4.6#1.a. If 2’ = 22—t is solved by Euler’s Method, with z(0) = 0, the value
of the slope function f(t,z) = 22 —t > —t. This implies that z will remain
above —t2/2. For small enough h, the solution will be strictly negative for
t > 0, so we can take the region R to be 0 <t <2, =2 < z < 0. In this
region M = sup|f| = 4, K = sup|9f/dz| = 4, and P = sup|0f/0t| = 1.
This implies that e, < h(P+KM) < 17h. Now the Fundamental Inequality
gives E(h) < (en/K)(eXIt=tl — 1) 22 12665 h. To make z(2) exact to 3
significant digits, we must make 12665h < 5 x 10~3, which requires that
h < 4 x 10~7. This would take 5 million steps!!

4.64:3. (a) At each step, the initial slope is —z;, and therefore with h < 1,

you cannot reach 0 in one step. The Runge-Kutta slope (m; +2(mz+ms3)+

my4)/6 will be negative, but smaller in absolute value than z;, because my,

mg, and my are each less than m, in absolute value (ie. 0 > my = —x,

0 > mg = —(x; — hz;/2) > my, etc.). With h < 1, you will never go down

to zero, and the entire argument can be repeated for each subsequent step.
(b) Look at the Runge-Kutta approximation:

Tiy1 = ;i + (h/6)(m1 + 2(m2 + m3) + my), where
my = f(zi) = —
ma = f(z; + hm1/2) = —z; + (h/2)z;
ms = f(xi + hmg/2) = —z; + (h/2)zi — (h*/4)z;
my = f(z; + hmg) = —z; + hz; — (h?/2)z; + (R /4)z;.
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Combining these gives
Tip1 = xi[l — h 4+ h%/2 — h3/6 + h*/24].
If we let
up(t) = a1 — (t—t;) + (t — t:)2/2 — (t — :)3/6 + (¢t — t;)*/24],
in the interval between t; and ¢;11, the slope error will be

en = |up(t) — f(t, un(t))]
= |zs[—1+ (¢t —t:) — (t —1:)*/2+ (¢t — 1) /6] + un(t)]
= |zi(t — t;)*/24] < (t —t;)*/24 < h*/24,

since 0 <z; <1,and t —t; < h.
The Fundamental Inequality now gives

lun(t) — e < (en/K) (eXIt7tl —1) < e(e? — 1),
since K = sup |0f/0z| =1 and to = 0. With £ = h*/24, we get
lun(t) — et| < (ef — 1)h*/24 = C(t)R?.
(c) To make |ux(1) —e~1| < 5 x 1078, it is sufficient to take

h < [(24 x5 x 1075) /(e — 1)]/* £ 0.092.

333

A numerical computation with h = 0.10 gives uj(1) = 0.3678798, which is
exact to 6 significant digits, and with h = 0.25 you get up(1) = 0.367894,

a drop to 4 significant digits (e~! = 0.36787944 to 8 decimal places).

Solutions for Exercises 4.7

4.7#1. In the graph below, a funnel between z +t = 3r/dand z+1t =T is
shaded in on the slope field for z’ = cos(t 4 z). The antifunnel is between

z+t=-mand z+t=—3r/4.
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SN FUNNEL

ANTIFUNNEL

z' = cos(t + x)

(b) Both the funnel and antifunnel are weak, since the fences z+¢ = +m
are isoclines of slope —1. The function f(z) = cos(t+z) satisfies |0f/0z| <
1 for all z and t, so f satisfies a Lipschitz condition everywhere on R2. By
Theorem 4.7.1 and Corollary 4.7.2 this implies that both fences z = -t
are nonporous, and that any solution that enters the funnel stays in the
funnel. Furthermore, Theorem 4.7.3 implies that there exists a solution
that remains in the antifunnel for all ¢.

(c) One solution that stays in the antifunnel is z = —7 — .

(d) Notice that the funnel can be defined by z =7 —tandz =7 —t—¢
for any € > 0. Therefore, again by Corollary 4.7.2, any solution between
z=—m—tand z = 7 —t will approach z = m — t as closely as desired
as t = oo. It is also true that any line z = —m — t + € can be used to
form the lower fence of the funnel; therefore all solutions to the right of
z = —m — t leave the antifunnel, so that the only solution that stays in it
for all t is z = —7 — t. A nice finale to these arguments is suggested by
John Hubbard: the curve a(t) = m —t — t~*/3 can be shown to form the
lower fence for a narrowing funnel about the trajectory z = m —t. The
slope o(t) = —1 +t~%/3/3. The slope of the vector field on « is given by

z' =cos(t+z)=cos(t+m—t— t1/3) = cos(m —t /3 = -1+ t=2/3/2

for ¢ large, and this is therefore greater than o'.
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Solutions for Exercises 5.1

5.1#4. (a) The required Taylor Series expansion is
f(zo +R) = f(zo) + f'(xo)h + f" (zmo)h?/2! + O(K3).
Given f(zo) = o, f'(z0) = 1, and f"(x0) = a? > 0, this becomes
f(@o + h) =z + h + (a®/2)h? + O(h®).

If 2o + h is any nearby point (i.e., with a®h2?/2 small relative to h), it will
map into a point further away from zq if h is positive, but closer to zg if h
is negative. See graph below for f(z) = z3/3 + 2/3.

3 4+2

(@) flz) = —3 (b) f(z) =In(1 +z)

(b) If f"(zo) = —a® < 0, then f(zo + h) = zo + h — a®h?/2 + O(h3), and
the iterates will be attracted to zp on the right and repelled on the left.
See right-hand graph above for f(z) = In(1 + z).

(c) If f”(zo) = 0, behavior at zo depends on the first nonzero derivative.
For example, if f(zo + h) = zo + h + f*) (zo)h*/k! + O(h¥*1), then there
are 4 cases, depending on whether k is even or odd, and whether f(*)(x)
is positive or negative.

(d) If f'(zo) = —1, the series is

f(zo + h) = zo — h+ f"(x0)h2/2! + f" (zo)h3/3! + O(hY).

The iterates oscillate about zg, so convergence depends on whether f(f(zo+
h)) is closer to, or further from zo than zo + h. Applying the Taylor Series
to f(f(zo + h)) gives
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f(f(zo +h)) = 2o — [~h+ f"h%/2+ f"h*/6 + ]
+ (F"/2)[-h+ fR 24 4 (f7/6)[=h+ fR% + - ]
+ o=z 4+ h{1 = [(f")2/2 + £ /3]h%} + O(h).
Therefore, convergence depends on the sign of [(f”(z0)2/2+f"'(z0)/3]. Two
examples are shown below. For f(z) = —In(1+z), (f”(0))2/2+ f"(0)/3 =

—1/6 < 0, and z can be seen to be repelling. In the case of f(z) = —sin(z),
the sum of the derivatives is 1/3 > 0 and the point = 0 is attracting.

5 5

(c) f(x)=-In(1+ ) (d) f(z) = —sinz

5.1#£7.a. Setting z* — 322 + 3z = z, we get solutions z =0, 1, and —2 as
fixed points. The derivatives are f'(0) = 3, f'(-2) = —17, and f'(1) = 1.
Therefore 0 and —2 are repelling fixed points, and at £ = 1 we need to
calculate f”. Since f”(1) = 6 > 0, this implies that x = 1 is repelling on
the right and attracting on the left. For verification, see the graph below.

10

f(x)=z*-32*+3z
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5.1#10. (a) The fixed points of f(z) = z? + ¢ must satisfy 22 4+ ¢ = , or
z =1/2 % (1 - 4c)/2 /2. Therefore, there are 2 real fixed points if ¢ < 1/4,
one fixed point if ¢ = 1/4, and none if ¢ > 1/4.

(b) The graphs below show how the parabola intersects the line y = z
in each of the three different cases in (a).

5 5

c<1/4 c=1/4

/

-

c>1/4
f@)=22+¢

(c) A fixed point z¢ is attracting if |f'(zo)| = |1 £ (1 — 4¢)¥/?| < 1. If
the plus sign is used, this inequality is never true. With the minus sign,
|1 — (1 —4c)/?| < 1 implies —3/4 < ¢ < 1/4.

(d) Let o denote [1/2 + (1 —4c)'/2/2]. Since P.(z) =  + ¢ has no local
maxima, the maximum of 22 + ¢ on the interval I, = [~a, o] is realized at
an end point; since P.(—a) = P.(a) = o, the maximum is in the interval
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I.. The minimum is ¢ = P.(0); so P.(I.) C I. precisely if ¢ < 1/4 (for I,
to exist at all) and if ¢ > —(1/2)[1 + (1 — 4¢)'/?] or 1+ 2¢ > —(1 — 4¢)/2,
which occurs precisely if ¢ > —2 (and, of course, ¢ < 1/4).

(e) If ¢ € [-2,1/4], the result is already proved in (d), since 0 € I,. For
¢ > 1/4, the orbit of 0 is strictly increasing since P.(z) > z for z > 0 and
¢ > 1/4, so it must increase to oo or a fixed point; by (a) there is no fixed
point in this case. If ¢ < —2, ¢® + ¢ > (1/2)[1 + (1 — 4c)!/?], and on the
interval (e, 00), we have P.(x) > x, hence the sequence P°%(0), P23(0),...
is increasing, tending to +o0o as above.

-5
flx)y=2+¢c, 2<c<1/4

5.1#14. The answers are 1 —¢,2—g,3—f,4—e,5—d,6—h, 7—a, 8—0.
5.1#18. (a) For p(z) = 2%, o~ (z) = z'/3, and

9(z) = 7 (f(p(2))) = 7 (22%) = 2'/32.

(b) The functions f and g are both linear, so that their multipliers are 2
and 21/3 respectively.

(c) The fact that the multipliers are not equal does not contradict the
statement proved in Ex. 5.1#16, because the hypothesis that “p~! is
differentiable” is not satisfied at z = 0.

Solutions for Exercises 5.2

5.2#3. For the map g(n+1) = (1 +a)q(n) — a(g(n))?, let =, denote g(n).
Then the equation becomes ;1 = (1 + @)z, — az? = f(zn). The fixed
points of this map are points zs such that f(z,) = zs, or (1+a)zs — ar? =
z5. This gives 5 = 0 or 1. The derivative is f'(z) = (1 + a) — 2az, so

f'(0) =1+ a and /(1) = 1 — a. Therefore, for 0 < a < 1, g, = 1 will be
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an attracting fixed point of the map, with positive derivative. Moreover,
for z € [0,1], we have z < f(z) < 1, so any sequence zg, 1 = f(zo),
xy = f(z1),... with £ € [0,1] is strictly increasing and bounded by 1.
Hence the sequence must tend to a fixed point, which must be 1 (rather
than 0).

- ——
R

-1
a=15<2 a=25>2

f(z) =01+ a)z — ax?

5.2#5. Let f(z) = 22, for z on the unit circle X, g(y) = 2y% — 1 for
y € [-1,1] =Y, and ¢(e*) = cos(#) be the map from X to Y.
(a) To show that p o f = g o ¢, we simply calculate:

o f(e”) = p(e*) = cos(26),

and .
g o (%) = g(cos()) = 2cos?(8) — 1 = cos(26).

(b) The function ¢ is not 1-1 since p(e¥) = p(e#(27—9)),

(c) For €% to be a fixed point of f, we need €2 = ¢, or ¢ = 1.
Therefore 1 is the only fixed point in X, under f. For fixed points of g, it
is necessary that 2y? — 1 = y, so that y = 1 or —1/2. We see that the fixed
points ¢ = €% and y = 1 correspond under the map ¢, but the point —1/2
does not correspond to a fixed point of f. Note that —1/2 is cos(27/3).

(d) The period 2 points of f must satisfy f°2(z) = f(2%) = 2* = 2.
That is, 2(z3 — 1) = 0. Therefore, the period 2 points of f are e2™/3 and
e™/3, The point z = 1 is a fixed point. Period 2 points of g must satisfy
9(9(y)) = y, or 2(2y2 — 1)2 — 1 — y = 0. This polynomial is divisible by
2y® — y — 1, so the period 2 points are roots of 4y% + 2y — 1 = 0; that is,
y = —1/4 + \/5/4. Note that these can also be written as cos(4r/3) and
cos(47/5). Once again, one of the period 2 points of f corresponds under
¢ to a period 2 point of g, but the other does not.
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(e and f) At this point it becomes imperative to look at the map ¢
and see what it is telling us. For any n, a period n point of f is a point
€' such that fo"(e®) = €' that is, €2"% = €%, or (2" — 1)§ must be
an integral multiple of 27. Therefore the period n points of f are all e
such that § = [2r/(2™ — 1)]k for positive integers k such that the points
are distinct and are not period m points for some m < n. The period n
points of g are all y in [—1,1] for which ¢g°*(y) = y and g°™(y) # y for
m < n. Since |y| < 1, we can write y = cos(f) for some 6 € [0,7]. Then
9(y) = g(cos(#)) = 2cos?(f) — 1 = cos(26), and g°™(cos(#)) = cos(2"6). So
we are looking for values of 0, 0 < § < 7, such that cos(2"8) = cos(6). Two
real numbers a and b have the same cosine if either a = b + 2km (k any

integer), or a = (2m — b) + 2mm. Thus for any n we need to find all values
of 6 in [0, 7] such that

2"0 =0 +2kr or 2"0=2(m+ 1)m—6,

where k and m are non-negative integers, such that cos(f) is not a fixed
point of g of order < n. Now we can use this information to find the fixed
points of period 3. For f they are e? with § = 2kn/7, k = 1,2,3,4,5, and
6. For g they are cos(f) with § = 2kw/7, k = 1,2, and 3; and cos(#) with
0 = 2mmw/9, m = 1,2, and 4. Note that cos(6m/9) has already been shown
to be a fixed point of g. Note also that 3 of these points correspond under
the map ¢, but the other 3 do not. This will be the general pattern for all
n.

Solutions for Exercises 5.3

5.3#3. If P, is the polynomial 23 — z 4 b, then the corresponding Newton’s
method formula is

Ny(z) = 2= (22 —2+b)/(322 — 1) = (223 — b) /(322 — 1).

Therefore, Ny(Ny(0)) = Ny(b) = (2b% — b)/(3b% — 1). This will be 0 if, and
only if, b(26> —1) = 0, or b = 0, £27'/2. If b = 0, 0 is also a fixed point
of the map N, but for b = 1/+/2, for example, 0 is a point on a period
2 cycle. Furthermore, (d/dz)(Ny(Np(z)) = Nj(No(2))Nj(2), and Nj(z) =
(62% — 622 + 6b2) /(322 — 1) = 0 at z = 0. This implies that the period 2
cycle will be superattracting. If you start the Newton’s method for a root
of 2% — 2+ (1/+/2) near 0 it will rapidly begin to cycle, rather than converge
to a root.

5.3#9. The graph of T, is shown below. To show that there are no fixed
points, set T,(x) = (¢ — a/z)/2 = z. This gives > = —a, and with a > 0,
there are no real solutions. A period 2 point must satisfy T,(To(z)) = .
This leads to the equation [(z/2 — a/(2z)) — a/(z/2 — a/(2x)) = z, or
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3z* + 2az2 —a? = 0. This can be factored to give (z2+a)(3z%—a) = 0, and
since a > 0, the only real roots are z = £4/a/3. To show that the 2-cycle is
repelling, look at (d/dz)(T o T)(z) = (d/dz)(T(T(z)) = T'(T(z))T'(z) =

T'(Va/3)T'(—v/a/3) =4 > 1.

ns ’

(b) By the Chain Rule, the derivative of (ToT o---0T) = (T°") is
T'(T°"Y(z)) (d/dzx)[T°" '(z)] and by induction on n, this is T'(T°"!(z))
T'(T°"2(z))---T'(T(z))T'(z). If = belongs to an n-cycle, this is just the
product of the derivative of T' at each point in the cycle, and is the same
no matter which point of the cycle you start at.

5.3#11. Assume f(r) =0and z =7 +¢.

(a) Then f(z —€) = f(r) = 0, but by Taylor’s Theorem with remainder,
f(x—¢€) = f(z) —ef'(z) + €2f"(c)/2 where c lies between = and z — «.
Therefore, 0 = f(z) —ef'(z) + €2f"(c)/2. If f'(z) # 0 we can divide by f’
and get f(z)/f'(z) = € — €2 f"(c)/(2f'(x)).

(b) Applying (a) to the function N(z;), gives

Ng(zi) —r =zi — f(z:)/f'(z:) — 7
=i — e — 2 f"(c)/(2f'(z:))] — 7
= (zi —e =) + 2 f"(c)/(2f' (z:))
=e’f"(c)/(2f'(z:))-
Setting € = z; — r gives the desired result.

(c) Part (b) implies that if we take an initial guess z; = r+ ¢, then the
next iteration Ny (z;) will satisfy the inequality

INg(@:) —r| < 2" (c)/(2f'(z))]-
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If z; is close enough to the root r, f'(r) # 0 = f'(z;) £ 0, and
|f"(c)/(2f'(x;))| will be less than some positive constant B. Therefore, if
€ = O(10™"), then the error at the next step will be O(10~2") = O(e?).

(d) The table below shows successive iterates of N3(z) = (z + 3/z)/2,
with 29 = 1. Any initial value zo > 0 will converge to /3 because the map
N3 has a superattracting fixed point at z = /3, and it is the only fixed
point in the right-half plane.

step N3(z) abs. error
1 2.0 2.68 x 101
2 1.75 1.79 x 10~2

3 1.732142857 9.20 x 10~3
4 1.732050810 2.43 x 10—°
5 1.732050808 exact to 9 decimal places

(e) The same type of table is shown below for the solution of the equation
z—e~* = 0. In this case, the Newton function is Ne(z) = z—(z—e~%)/(1+
e?)=e*1+2z)/(1+e2).

step Ne(z) abs. error

1 10=ux 4.33 x 107!
0.5378828427 2.93 x 10~2
0.5669869914 1.56 x 10~*
0.5671432860 4.41 x 10~°
0.5671432904 exact to 9 decimal places

Uk W N

5.3#14. Let ' = f(z,y) = (z—1)2 -y and ¢ = g(z,y) = y+22/2—1/2.
The zeros of 2’ and 3’ can be seen to lie on two parabolas which intersect at
the points (1,0) and (1/3,4/9). To solve the nonlinear system by Newton’s
method, we must solve the linear system:

f(zo+ h,yo + k) = f(x0,0) + fz(zo,Y0)h + fy (o, yo)k =0
9(zo + h,yo + k) = g(x0,%0) + 9=(T0, Yo)h + gy(T0,Y0)k = 0

for the increments h and k. The matrix of partial derivatives is

- [ - )

Using the initial guess (zo,y) = (0,0), Newton’s method leads to the

system h] _ [-£(0,0)
M](0,0) [k] = [—9(0,0)] ’

o B =Ll

which gives
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Therefore, (z1,y1) = (To+h,yo+k) = (1/4,1/2) is the next approximation.
The second approximation is found by repeating the process with (zg, yo)
replaced by (z1,y;). This leads to the system

e )= [5e)

having solution (h, k) = (3/40, —1/20). Therefore (2, y2) is (13/40,9/20) =
(0.325,0.45) which is quite close to the solution (1/3,4/9).

Solutions for Exercises 5.4

5.4#2. (a) Let w = ah. Then Fj(z) = [1 — w + w?/2]z, and we need to
see where |1 — w + w?/2| < 1. This is a parabola with minimum 1/2 at
w = 1, and remains below 1 for 0 < w < 2. Therefore, the iterates tend to
0if 0 < ah < 2, 1ie, for h < 2/a. If h > 2/a, = will be multiplied for a
value > 1 at each step, and the iterates will tend to co.

(b) For Runge-Kutta Fj(z) = [1—w+w?/2—w3/6+w?*24]z, where again
we have let w = ah. It can be shown that the fourth degree polynomial
p(w) =1—w+w?/2 —w?/6 +w*/24 has a unique minimum greater than
0 at w = 1.596, and ranges between 0 and 1 for 0 < w < 2.78529356.
Therefore, for h < 2.78529356/c, the iterates will tend to 0, and for h
larger than that, they will tend to co. This shows that the Runge-Kutta
method has a slightly larger interval of stability than Euler’s method.

5.4#6. Theoretically, we know that the solutions of z’ = z2 — ¢2 must
enter the funnel and approach —t as ¢ = co. If a solution starts at a point
near the funnel, so that z(t) = —t + w(t), with w(t) small, then

w'(t)=2'(t)+1=[-t+wt)? -2+ 1=—2tw(t) + [wit)]®+ 1;

and for large ¢ the approximation w’(t) = —2tw(t) is reasonable. The
Runge-Kutta step for the differential equation z’ = az was shown in prob-
lem 5.432(b) to be 41 = zn(1 — ah + a®h%/2 — a3h3/6 + a*h?/24). Tt
was shown there that the polynomial 1 — z + 22/2 — 23/6 + 2%/24 has
values between 0 and 1 for 0 < z < 2.7853, and is greater than 1 for
z > 2.7853. Therefore, with h = 0.03, this multiplier will be < 1 for
a < 2.7853/0.03 = 92.8. For the linearized equation w’ = —2tw, this means
that the solution will be stable as long as 2t < 92.8, or t < 46.4. A nu-
merical Runge-Kutta solution programmed on an IBM PC appeared to
converge to z(t) = —t until ¢ reached about 49. At that point it was clear
that there was some kind of instability in the method. Results using the
graphics program DiffEqSys are shown below. The trajectory starting at
the dot appears to stay in the funnel for t < 46. At that point it seems to
head off on a spurious trajectory, and finally breaks down completely into
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jagged junk. The solution between the dashed lines is correct; that in the
shaded regions is not.

90

.'E’=1'2—t2

Solutions for Exercises 5.5

5.5#6. Choose c € [a, b], and consider

T du
G(a:)=/c 9@ for z € [a,b).

Then G(z) is monotone (increasing if g(z) > 0 for z € [a, b], and decreasing
if g(z) < 0), and tends to oo as ¢ — a or £ — b. In particular, the

expression © ,
G(a(t) = / %‘f / £(s)ds

defines z(t) implicitly as a function of ¢, and this function with z(to) = ¢
is the solution of our differential equation. If

/OT f(s)ds = /t:0+T f(s)ds=0

this means that G(z(to + T)) = 0 = G(c), so z(to + T) = ¢, and the
one-period later mapping is the identity on [a, b].

5.5#8. Let ©' = p(t)z + ¢q(t) be a periodic linear differential equation.
Then we can solve the equation by variation of parameters and get

z(t) = A(t)z(to) + B(t), where A(t) = exp{/t p(T)dT}
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and

B(t) = A(?) t [1/A(s)lq(s)ds.

Then z(to+T) = A(to+T)z(to) + B(to+T) which is of the form az(to)+b,
with constants a and b.

Solutions for Exercises 5.6

5.6#-4. If z satisfies |z| > |c| + 1, then |f(2)| = |22 + ¢| > |2%| — |¢| >
(le| +1)%2 — |c| = 1 + |c| + |¢|?. On the next iteration,

1£2(2) > (L+ el + [e[*)? = le| > 1+ |e| + 3]ef?,

and by induction on n, |f°"(z)| can be seen to be > 1+ |c| + K,|c|> where
K, =2K,_; +1, K; = 1. Since the sequence K,, = oo with n, the orbit
for z will be unbounded.

5.67#11. (a) Clearly, if £ is a solution of £ +1/£ = z, then by the quadratic
formula, ¢ is either & = [z + (22 — 4)Y2]/2 or & = [z — (2% — 4)1/?])2.
Furthermore, these two values of ¢ are reciprocals; so exactly one of |&;| or
|2| is < 1, or else |¢1| = 1. In this latter case, z = & +1/&; = e + e =
2cos @ for some 6, and z lies in the closed interval [—2,2].

(b) To show that ¢ = £ + 1/¢ conjugates P_5 to Py, we need only check
that P_op(§) = ¢Pp(&) for any ¢ in the unit disk. Simply compute:

P_3(p(€)) = Pa(E +1/8) = (£ +1/8)* —2=¢+1/€,

and p(Po(€)) = p(€?) = €2 + 1/¢2.

(c) For any £ € D (the unit disk), the orbit of ¢ under P, converges to
the fixed point 0, since |£| < 1. This implies that the corresponding point
z = ®(£) converges to ®(0) under iteration by P_,. But ®(0) is the point
at oo. Therefore the orbit of z is unbounded.
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Electrical circuit, 1
Epicycles, 5
Equilibrium, 85, 104, 203

stable, 203

unstable, 203
Equivalence, 297
Error, 125, 171
Error bounds, 144
Error estimate, 157
Estimates, 129
Euler, 180
Euler approximate solution, 112
Euler approximations, 177
Euler’s method, 111, 175, 200, 237,
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Exactness, condition for, 86
Exceptional solution, 34
Exchange, 85
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Family, 13
Fatou, Pierre, 257
Feigenbaum point, 220
Fence theorem, 27, 183
Fences, 23, 34, 44
nonporous, 27, 30
porous, 27
strong, 27
weak, 27
Fertility coefficient, 82, 83
Fertility rate, 215
Field of slopes, 11
Filaments, 269
Fixed points, 203, 216, 223
attracting, 203, 206, 240
indifferent, 204
repelling, 203, 206
superattracting, 204, 223
Forces, 6
Fractal geometry, 261
Fundamental inequality, 169, 171,
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Funnel, 31, 34
Funnel theorem, 31, 185

Index

General solution, 101

Glucose, 104

Graphic iteration, 202

Gravitation, law of, 4

Grid method, of solution sketch-
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Gronwall’s inequality, 169, 171,
174

Half-life, 103
Harmonic oscillators, 3
Harvesting, 84
Homogeneous, 109
Hunting licenses, 83

Implicit Euler method, 152,

239
Implicit methods, 124, 244
Implicit solutions, 71
Improved Euler method, 151
Infusion, 104
Initial condition, 13, 111, 171
Interest, 79, 102, 116
Intravenous, 104
Inverse image, 263
Islands, 269
Isoclines, 14, 34
Iterates, 199
Iteration, 197

circular representation, 217

Iteration picture, 210, 222
Iterative algorithms, 198

Jacobi’s method, 198
Julia, Gaston, 257
Julia sets, 257

Koch snowflake, 268
Kutta, W., 119

Leaking bucket, 158, 162, 168
Least squares, method of, 148
Leibniz’ notation, 68

Level curves, 85

Linear approximation, 224
Linear equations, 3, 91
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Linear first order equation, 71
homogeneous, 71
nonhomogeneous, 71

Lipschitz, 165

Lipschitz constant, 165, 169

Lipschitz condition, 165, 183

Locally Lipschitz, 169, 174, 245

Logistic equation, 82

Logistic model, 214, 218

Lottery, 81

Malthusian growth rule, 103
Mandelbrot, Benoit, 261
Mandelbrot set, 264
Mapping, 212, 227, 247

one period later, 246
Midpoint Euler, 118, 180, 237, 238,

242

Midpoint Riemann sum, 117
Modified Euler, 118
Monotonicity, 255
Multiplier, 204, 214, 216

Neanderthal, 85
Newton, Sir Isaac, 4, 6, 114
Newton’s laws, 4
of cooling, 104
Newton’s method, 125, 198, 223,
224, 232
generalization of, 234
Nonautonomous, 241
Nonhomogeneous linear equation,
76
Nonlinear, 7
Nonlinear equations, 1
Numerical approximation, order
of, 129
Numerical methods, 172, 235

Orbit, 229, 232, 256
bounded, 256
unbounded, 256

Order, 11, 206, 297

Parameter plane, 257
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Parameter space, 264

Particular solution, 76, 101

Period, 206

Periodic cycles, 206

Periodic differential equations,
198, 245

Periodic points, 206

Periodic solutions, 84

Picard iteration, 94

Piecewise differentiable, 29, 170

Planets, 5, 6

Planets program, 8

Poincaré, 8, 9, 198

Poincaré Lemma, 91

Poincaré sections, 245

Pollutant, 104

Pony tail, 98

Population, 82

Population growth, 214

Power series, 92, 106

Predator, 7

Prey, 7

Principal part, 300

Probabilistically, 140

Pseudo-random number genera-
tor, 217

Ptolemy, 6

QR method, 198

Quadratic, 218

Quadratic convergence, 226
Quadratic equations, 227
Quadratic polynomials, 214, 240
Qualitative, 7

Quantitative, 7

Radioactive decay, 2, 158, 161,
164, 167

Radioactive isotope C4, 85, 103

Radiocarbon, 85

Radius of convergence, 93

Raindrop, 105

Random walk, 140

Range of steps, 148

Riemann sum, 119, 142
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